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ABSTRACT

A finite metric (or more properly semimetric) om points is a non-rggtive vector
d =(dj) 1<i < j < nthat satisfies the triangle inequality; < dy + dj.. The L! (or Manhattan
)ydistance [{—yl between tw vectors x=(x) and y=(y;) in R™ is given by
K-vh= 5 Ix - vil. Ametricd is L! - embeddable if there exisestorsz;, z,, ..., z, in R™

1<ism
for somem, such thatd; = — z; for 1<i < j <n. A cut metricis a metric with all distances
zero or one and corresponds to the incidersmor of a cut in the complete graph mrertices.
The cut coneH,, is the corex mne formed by taking all non-gdaive mmbinations of cut met-
rics. It is easily shown that a metric li¢ — embeddable if and only if it is contained in the cut
cone. Inthis expository paper we provide a unified setting for describing a number of results
related toL! — embeddability and the cut coneeWbllect and describe results on taeifl struc-
ture of the cut cone and the complexity of testinglthe embeddability of a metric. One of the
main sections of the paper describes the role'of embeddability in the feasibility problem for
multicommodity flows. The Ford and Fulkerson theorem for #igtence of a single commodity
flow can be restated as an inequality that mustaie $or all cut metrics A more general result,
known as the Japanese theorenvegia ondition for the existence of a multicommodityvilo
This theorem gies an nequality that must be satisfied by mlétrics For multicommaodity flavs
involving a small number of terminals, it is kmo that the condition of the Japanese theorem can
be replaced with one of the-Fullkerson type. W review these results and siidhat the gis-
tence of such érd-Fulkerson type conditions for flows withvieterminals depends critically on
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the fact that certain metrics aé — embeddable.

1. Introduction

This paper is concerned with sets of distances between all pairs of a finitengatinfs.

Such distances must be norgaere and satisfy the triangle inequalitiformally, a metricon n

points is a non-rgative vector of length gg d=(dj), 1<i < j<n satisfying the triangle
inequality:
dij < dik + dkj for distinct i, j, kD{l, - ,n}. (1.1)

Here and throughout the paper we define
djizdij Whenj>i, dii=0 1<isn

Strictly speaking we should refer tbas asemimetricsince we allo d; =0 wheni and j are

distinct. For brevity, we will use the termmetric. It is convenient to consided as a vector in

n

R?. For example, ay vector of Iengthggconsisting of IS and 2 is a netric, since (1.1) is

always satisfied. The ector d =(0,0,1,1,1,1)is not a metric on 4 points, since
1=dp3>dip +di3=0.
One of the fundamental problems in the theory of metrics is the isometric embedding prob-

lem, which we nw describe forL! distances. The.! distancelX -y} between tw vectors

x=(x)andy=(y;)inRMisgivenbylk—yh = > |x —V;|. Thisis sometimes referred to as
1<i<m

the Manhattan distance, or Hamming distangemetric d is L' — embeddable if there exisee-
tors zy, 2o, ..., Z, in R™ for somem, such thatd; =z -z} for 1<i < j<n. For example,
consider first the metric on 4 points obtained from the complete bipartite Keaply consider
ing the usual graph metric : distances axegby the length of the shortest paths in the graibh.
vertices 1 and 2 are in one part, the metrid is (2, 1, 1, 1, 1, 2)This metric isL! - embeddable:
consider the embedding inf’ with z; = (1, 0) z, = (0, 1) z3 = (1, 1) 4 = (0, 0). Next consider

the metric obtained from the complete bipartite gr&ph. It turns out that this metric is not
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L! - embeddable, no matterwdigh the emdedding dimensianis chosen. This can be sto
by ad hoc methods. One of the purposes of this paper is to find inequalities that are satisfied for
all L — embeddable metricspbviolated by metrics which are nbt — embeddable, such as that

induced byK 3.

A metric d is called acut metricif for some non-empty{1, ..., n—-1}

_01i0s, jB ails, j0S

= 1.2
EO otherwise (1.2)

ij

A cut metricd is just the incidenceector of a cut in the complete grafly with S denoting the
subset of vertices on one side of the cut. Thatigs one wheneer edge (, j) crosses the cut,
and zero otherwise. It foles from the triangle inequality that all metrics with distances zero and

one are cut metrics, unless all of the distances are uniformly either all zero or all one.

The set of all metricd on n points is a polyhedral cond,, in R(g) called themetric cone
The facets of this cone are the triangle inequalities (1.1). The cone generated by atjaior-ne
combinations of cut metrics is called thigt cone(also known as thelamming Cong H,,. For a
fixed subses, the corresponding cut metricvgs us py multiplication by positie salars) an
extreme rayor generatorof H,. Since S and its complement @& the same metric, there are
2"1 — 1 extreme rays oH,. Itis easy to shw that a metric om points isL* - embeddable if
and only if it is contained in the cut coné,. An important problem that we will discuss in this
paper is the characterization of facetdf A complete description of the facetslaf, gives us
a <t of inequalities for testing whether or not a metritis- embeddable. Such a list must nec-

essarily include the triangle inequalities, and indeed these are all fatgts of

Other definitions of L!-embeddability hae gpeared. The hypercube or
Hamming N- cubeis the set of all binary vectors of lengthin RN. Itis not hard to she that
a rational metricd is L! — embeddable if and only kd embeds isometrically into aypercube
for someN and somek > 0 [3]. Above, we in fact gavea hypercube embedding of the metric

induced byK; , with k = 1. Consider the metric induced by. It is easy to see that there is no
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hypercube embedding witkk =1. There is an embedding witk =2: (1,0,0,0), (0,1,0,0),
(0,0,1,0), (0,0,0,1). A similar embedding exists for eldgh

Closely related to these so-callégypercube embeddingare intersection patterns. eV
review the connection here asveml results for intersection patternsvilagplication in
L! - embeddability. Arintersection pattertis specified by an integer mati&= (cj) of dimen-

sionn x n. C is an intersection pattern if there exist finite s&td = 1, ..., n such that
IAinAjlzcij l<i<gj<n.
The sequencéy, i =1,... nis called aealization DefineN = |_ﬁlA1-| to be he size of the real-
1=

ization. For example, consider the pattern witls 3 and

01 0 10

=0 O

C DO 1 1D
1 1 20

A realization of size 2 fo€ is given by A ={a}, A, ={b}, A3 ={a, b}.

The relationship between intersection patterns and hypercube embeddingnidygihe

following.
Proposition 1.1
(@ IfC=(cj) is an n x nintersection pattern with gén N, thend is a metric om + 1 points
embeddable in a Hammirg-cube, where
dijzcii+cjj_2Cija 1Si<an, di,n+1=Cii1 1<i<n
(b) If dis a metric om + 1 points that is embeddable in a HammiNecube, therC = (c;) is
ann x nintersection pattern, with a realization of sidewhere

1 - -
Cij =§(di,n+1+dj,n+1—dij ), l<isjsn

For example, consider the metrit= (2, 1, 1, 1, 1, 2)nduced byK, , with the usual graph metric.
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Performing the transformation of part (b) of the proposition we obtain #8 Batrix C given
above. The hypercube embedding K , given previously can be seen to be a 0-1 encoding of the

realization of size te given for C.

An important class of inequalities thatgifacets ofH,, are thek — gonalinequalities intro-
duced by Deza[36] [18] and lateindependentlyby Kelly[47] [48]. For an integer k the

k — gonalinequalities hee the form:

1<i<js<n

for integershy, ..., b, satisfying
n
b =1, le b, | = k. (1.4)

The triangle inequality (1.1) is 3-gonal, and is obtained by ¢atovb with all components zero
except by =b; =1 and b,=-1. The first interesting me inequality is the so called
pentagon inequalityand is obtained by theewgtor b with all components zero xeept

bi =bj = b, =1andbs = b, = -1, for distinct indices, j, k, s,t. This yields the inequality

dj +dy +dj +dgt < dig + djs + dys + dip + djp +dit (1.5)

The reader may verify that the metric induceddyy; violates a pentagon inequality: Lt j, k}
be the vertices in one part afsl t} be the vertices in the othéhe left hand side of (1.5) is 8

and the right hand side is 6.

A metricd is k — gonalif it satisfies all of th&k-gonal inequalities. It is easy to verify that a
metric space that ik-gonal is also K —1)-gonal. Amore surprising result is that if a metric
space is (R+1) - gonalthen it is also (R+ 2) — gonal36] [18] [47]. However, 2k-gonal met-

rics arenot necessarily (R + 1)-gonal. Ametric ishypermetridf it is (2k + 1) — gonalfor all k.

An inequality isvalid over a st if it is satisfied for wery element in the setAn important
property of thek — gonal inequalities is that theare valid over the cut cone[36] [18] [47].In

other words, if a metric i4.! — embeddable then it isyhermetric. Inour example, since the
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pentagon inequality is validver the cut cone, we ka a poof that the metric induced W, 3 is

not in the cut cone, ie. it is nbt — embeddable.

Some, but not all, of thk — gonal inequalities formfacetsof H,, and forn < 6 hyperme-
tricity is equizalent to L — embeddability. Thisvas proved for n < 5 in[36] and forn = 6 in[9].
For largern there exist facets dfl,, which are nok — gonalfor ary k. In Section 2 of this paper
we collect these and other known results on the facial structutg.oThis section is rather tech-

nical and may be skipped by readers interested in applications.

In Section 3 of the paper we discuss some complexity issues reldtéd embeddability.
Most of the problems turn out to be computationally intractable, although efficient algorithms
exist in some special case®/e dso discuss the relationship of some results on the complexity of

edge factoring of graphs to hypercube embeddings.

In Section 4 of the paper we shdow results about.! — embeddability are at the heart of
the feasibility problem for multicommodity flows. The Ford and Fulkerson theorem foxitie e
tence of a single commodity flocan be restated as an inequality that must be valid for all
cut metrics A more general result, known as the Japanese theoregs,aggondition for the gis-
tence of a multicommodity fla This theorem gies an hequality that must be satisfied by all
metrics For multicommodity flows iwolving a small number of terminals, it is kuo that the
condition of the Japanese theorem can be replaced with one obitid-tHlkerson type. W
review these results and slidhat the existence of suclofg-Fulkerson type conditions for fies
with few terminals depends critically on thact that certain metrics até — embeddable. Inte-

gral feasibility is related to embeddability into hypercubes.

Finally in Section 5 we briefly mention some polytopes related to the cut cone.

2. L - embeddability, Hyper metricity and Facets of H,,.

In this section we suey known results on the relationship bf — embeddability to yper-
metricity and on the facets &f,,. As we emarled in the introduction, ak — gonal inequalities

are valid wer H, and some form facets. &\all such &cetshypermetricfacets. V& begn by
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defining an eqwelence between sucladets, which will simplify the task of describing tlaedét

producing inequalities.

Integer vectorsb=(by,...,b,) andc=(cq,...,c,) are switching equivalentf there
exists an inde setJ {1, ..., n} such that
C =-— by idJ (21)
C = b i I]] (22)
> b =0. (2.3)
i0

It is easy to verify that i is switching equialent tob andb is switching equialent toc, thena
is switching equialent to c. Integer wectorsb=(by,...,b,) and c=(cq,...,c,) ae
permutation equivalent there «ists a permutatiom = (77(1), ..., 77(n)) of the integers 1...,n
such that; = b,;), i =1,...,n. We s|ay thatb is equivalentto c if b can be transformed by
a witch and or permutationWe sy thatb = ( by, ...,b,) defines afacetof H,, if it satisfies

(1.4) and the inequality (1.3) determines a facdd gf Deza [20] proed the following.
Theorem 2.1 Letb=(by,...,b,) andc=(cq,...,C,) be two integer sequences satisfying
(1.4).
(@) Ifbis equivalent toc thenb defines a facet dfl,, if and only ifc defines a facet dfi,,.
(b) bdefines a facet dfl,, if and only ifb’ = (by, ..., by, 0) defines a facet ofl 4.

In view of Theorem 2.1, we may assume that getesequences determining facets are
labeled such that

bi=2b,>---2bf >0>bsyy=2---2 by, (2.4)

A list of hypermetric facets fo, is canonicalif all hypermetric facets oH, can be obtained
from the list by permutation and/or switching and/or the addition of zerysesgmportant prob-
lem is to find such lists of canonical hypermetric facet$ipf For laige n, a omplete list of
such facets is not known. Wever, an important classes of facet-producing integer sequences are

known and will be described in Section 2.1. In Section 2.2 we giomplete list of all canonical
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facets forH,, n< 6. We dso list some known facets fot; and Hg. From the point of vies of
the complexity ofH,,, there is interest in the lgest intger g(n) such that there is g(n) — gonal
facet ofH,. Since H,, is polyhedralg(n) is finite. Theset ofhypermetricalso form a cone but it
was unknawvn until recently whether or not this cone is polyhedral. This has been sefitlethaf
tively by Deza, Grishukhin and Laurent[30%ince the cone is polyhedral it means for each
there is a smallest irger f(n) such that ann point metric is hypermetric if and only if it is
f (n)-gonal. Notight bounds onf (n) are knavn. In Theorem 3 of [31], Deza and Maeharawho
that for each there exists a maximaln), 0 < c¢(n) < n, such thatd® is hypermetric for eery n
point metricd. In Section 2.3 we gie a guadratic lower bound and exponential upper bound for
g(n). Finallyin Section 2.4 we discuss the problem of finding theety of realization of met-
rics. Thestudy of non-hypermetric facets is beyond the scope of this.dapearesults on these

facets the reader is referred to[4] [23] and the referenaes @i the Footnote at the end of the

paper.

2.1. Special and Linear Facets

Whenk is close ton, a mmplete characterization of facet producikg gonal inequalities
is knavn. Calla vectorb satisfying (2.4)special if b = (1, 1,-1) or b, =—1. Thisis equv-
alent to saying that all but possibly one of thgaige cmmponents ob are-1. We all b linear
if b, =—1. Special and lineaatets were completely characterized by Deza[20], although in the

terminology of intersection patterns. This result is restated in the following theorem.
Theorem 2.2

(a) If bdefines a facet then eithe=(1,1,-1);orf =n-2,b;=1;0r3< f <n-3.
(b) Ifbis special and g f < n-3then it defines a facet if and only if

n-f-12(by+by)-sign|b; - by |. 2.5)

(c) If bislinear then it defines adet if and only if it satisfies the condition in (a).

We all an integer gctorb’ special- like (respectrely linear — like) if it is equivalent to a
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special (respeately linear) vectorb. All known hypermetric facets oH,, are special-like. This
indicates the power of the previous theorem, and the neetetdivady characterize special-kk
facets. The next simple lemma is useful for such a characterizdfiomo vectors are switching
equialent then their components must sum to the same value. With (2.1) and (2.2Vvihissob

necessary condition is also sufficient.

Lemma 2.3 b andc are switching equilent if and only if

Proof: We dbserved the necessity algoFor sufficieng, let
J :{I . bi :_Ci}-

Then
0=3(b-c)=F(b-c)+3(b-c)
i=1 i0J [IN)

=ZZbi.

i0d
Thereforel satisfies (2.1)-(2.3)1
The next result characterizes speciaélid linear-like squences. Let =|{b;: |b|=1}].

Theorem 2.4 An integer vectob satisfying (1.4) is

k-1

(@) linearlikeif a = > >1; and
N k-1 :
(b) special-like if a 2 5 | b | = 1 for somad.
Proof: Let [o; |, ..., big| be the absolute values of the componentb afich are nottl indexed

in non-increasing orderFor (a), ifb is linear-like then it must be egualent to an integer vector

b =(lbgl .. bl L....,1-1,...,-1).

o
Suppose that there aneminus ones in the alie squence, and — m1's. Then, by Lemma 2.3,

b is equvaent tob' if and only if
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g
> 10y |+ (o= m) - m=1
J:

k-1
2

andm = . For b’ to be a well defined linear sequence we mugtlfaat 1< m< a, 0

=~
|
[EnY

I
]

proving (a).

For (b), b is special-lile if, for some index,, it is equivalent to
b* = ( |bi0|, ey Ibil_ll, bi|+1|’ ey |big| y l, ey :L - 1, ey 1,_|bi|| )

Let manda be defined as ale. Again by the lemma
g
_Zolbijl+(a -m-m-2p|=1
J:

k-2m- 2o =1
and so

k-1

m= == - by

Thereforeb is equizalent tob” whenever

k-1

1<
2

Ibi|<a.

2.2. Hypermetric Facetsof H,,,n< 8

The 3-gonal inequalities are just the familiar triangle inequalities, aydcatbdacets oH,
for all n>3. Deza[36][18] showed that all four point metrics at¢ - embeddable and so
H, = M, and that all 5-gonal favpoint metrics ard_! - embeddable. Halso showed that all 4
or 5 pointL-embeddable metrics are embeddable in a hypercube if and only if the perimeter of

each triangle is ven. Avis and Mutt shaed that all 7-gonal six point metrics are
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L! - embeddable[9]. Thesesults are summarized in the following theorem.

Theorem 2.5 For n < 6 the canonical facets fdi, are defined by (1,,-1), (1,1, 1,-1,-1) and
(2,1,1-1,-1,-1).

For seven points, Avis[5] [8] found an xaample of a seen point hypermetric that was not
L! - embeddable, (graph metric B — P3 ) and dually a facet ofH- that is notk — gonal for
any k. This facet vas also found by Assouad[2] who later also founders¢ other non-
hypermetric facets fon = 7 (see Section 2.4). Some partial results fgpdrmetric facets oH;
can be obtained from Theorem 2.4. yArgpecial-like 7-gonal facet is equélent to
(1,2,2,1,-1,-1,-1) and &nspecial-like 9-gonal facet is equalent to either (3,1,1,-1,-1,-1,-1) or

(2,2,1,-1,-1,-1,-1). Therare no 11-gonal, 13-gonal, or 15-gonal facets.

For n =8, we hae the following results onypermetric facets oHg, that are devied from
Theorem 2.4. All special-li&k 9gonal facets are switching egdent to linear &cet
(2,1,1,1,-1,-1,-1,-1). Alispecial-lile 11-gonal facets are switching egalent to linear &cets
4,11,-1,-1,-1,-1,-1), (3,2,1,-1,-1,-1,-1,-1) or (2,2,2,-1,-1,-1,-1,-A)l special-like 13-gonal
facets are switching equdlent to the non-linear facet (3,2,2,-1,-1,-1,-1,-2).

Recall thatg(n) is the largest integer such that there tga) — gonalfacet ofH,. From the
above we havethatg(3) = g(4) = 3,9(5) =5 and g(6) = 7. RecentlyGrishukhin [39] showed that
g(7) =9. Thereforeg(n) =2n -5 forn =4, 5, 6, 7(but g(8) = 13) and all hypermetric facets with
n <7 ae linear g(n) is unknownn for all n = 8, havever we will give a ®me bounds fog in the

next section.

2.3. Boundsfor g(n)

In this section we »hibit a class ofk — gonal facets of H, with k = n%/4 - 4 giving a

guadratic lower bound fay. We dso give an upper bound that is exponentialnnLet

n+1
m=0—-10
4

and letb=( by, ...,b, ) havecomponents
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om l1<i<n-2m-1
Om-1 i=n-2m

bi:|:| 1 .
0~ n-2m+1l<is<n-1
Om2+2m-n)+1 i=n

Theorem 26 For n=7, g(n=n%4-4 and b defines a facet of H, with

k =2m(n-2m)-3>n%/4 - 4.

Proof: We \erify thatb satisfies (1.4) and condition (b) of Theorem Z&st, sincen=7, m= 2
and the components bfare ordered as in (2.4) with=n-2m. To check that the components

of b sum to one, we see that

M=

b=m(n-2m-1)+m-1-2m-1)+(2+2m-nm+1=1.

|
Now,3<s f=n-2m<n-3and
n-f-1=2m-1=b; + b, —sign(b; — by).

This shows that condition (b) of Theorem 2.2 is satisfiedtadeffines adcet. N&t we obsere

that

k=2 3> bj-1=2(m(n-2m)-1)-1=2m(n-2m) - 3.
b >0

Finally, letl = (n+1) mod4, so than+1 =4k +I|. Then

2 2 2
-1
2m(n—2m)=2m(2m+|—1)=r:1—( 4) 2%

-1

The proof is completel

We mnjecture that for ingersk < m, if k-gonal andm-gonal facets exist, then theneists
a |-gonal facet for eactkk <I <m. We remark that this is true for linedike k —gonal and
m-—gonal facets, where in fact thergists a lineaillike | —gonal facet fork <| <m. A corre-
sponding statement is true for speciakliacets. @ get an upper bound og(n), we shav that
ary integerb=(bq, ...,b, ) defining a facet must be the solution to a set of equations with

binary coefficients and a binary right hand sidee Il a cut metricd determined by
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S{1, ..., n—-1}, (refer to (1.2)), aroot for b based onS if (1.3) is satisfied as an equation.

That is,

l1<i<js<n

If b defines a facet then there mustNbe gg— 1 linearly independent roots ftx Snce the &cet

is defined byN linearly independent generators Idf,. The followving simple but useful lemma

characterizes the roots bf

LemmaZ2.7 SC{1, ..., n—1}, defines a root for b if and only if

_%S by =0or 1. 2.7
|

Proof: For d defined in the Lemma,

0= Y bbjd(x,x)=3 3 bb;

1<i<j<n igsijis

=(2 b)(1-2 by).
igs igs

Since all thep; are integer,

Zbi=00rl
ias

as required. The argument ivessible, preing the lemman

We row show that whenb defines a facet there are- 1 linearly independent equations of the

type (2.7).

Lemma28Letb=(by,...,b,) define a facet oH, with rootsd?, ..., dN based on the sub-
1 N _ O .
setsS+, ..., SV, N = el 1. Thenthe system of equations
> bj=0orl t=1,...N (2.8)
i0s

has rankn - 1.
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Proof: Form the N x (N + 1) matrix A with rows A, corresponding to rootd’, i =1,... N. In

other words
A =(dip, dig, .., in—1,n )-
Let b be theN + 1 vector
b= ( by, bybs ..., by qbp).

Then we hae

Ab=0

and A has rankN. By relabeling points if necessamye an assume that the first column can be
deleted to gie aN x N non-singular matrixA’. Consider theN x (n— 1) submatrix ofA’ formed
by selecting columns oA’ corresponding tal;, dyy, ..., dy-1,. Now D is precisely the coff
cient matrix for the left hand side of (2.8). Indeed, int@¥D, 1<t < N,

. 01 ios

- EO otherwise
which is the coditient of b; in equationt of the system (2.8). Sinde has linearly independent

columns, being a submatrix &, there aren — 1 linearly independent equations in (2:8).

Using Kramers rule we can ne get a bound on the indersb;. Let 3, be the maximum of

ann x n determinant with all binary entries.iliamson[59] gve 8, = 2" 1y,,_; wherey,_; is the

n/2

maximum determinant oh(- 1) x (n — 1) (x1)-matrix; soy, = n"'< if the Hadamara x n matrix

exists.
Theorem 2.9 g(n) £ n B-1.
Proof: By Kramers rule, fori =1, ..., n—1 we have
b; = det(B)/ det®')

for two (n—1) x (n—1) binary matrice andB'. Snce B' is non-singular it de’) > 1 and the

theorem follevs.O
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The abwe yper bound is probably very weak.

2.4. Variety of Realization

Given that a metricd on n points isL! - embeddable or embeddable in a hypercube, we
may ask additional questions about the possible variety of embedding possibégample, we
may ask if a realization is unique and if notwhmary distinct realizations are possible, or we

may seek an embedding that is minimal in some sense.

An embedding ofl that is unique for anAd is calledrigid. Metrics on at most faypoints
with rigid hypercube embeddings were studied in[22] [24]. Questions concerning the rigidity and
number of distinct embeddings for general metrics were discussed in[21] [22] [24] H&7].
example,[22] [24] fully describes the variety ofgercube realizations for metrics on at most 5
points, belonging to aatet ofHs. The paper[17] relates the rigidity (actually a property of a
facet) to thesupportof the facet (the set of cut metrics generating it) angvstbat the number

of realizations is at most polynomial.

We look at the question of the dimension of embedding more closely because it has some
applications to compidty in the next section.Two natural measures of minimality arise and
have keen studied. The first is to find the smallestgaten such thatd is L — embeddable om
R™. Let m(n) denote the maximum suah for ary metric onn points. A second measure is to
find the minimum dimensiomy such that for somé > 0 the metrictd embeds into they-
dimensional hypercube.oTillustrate the difference between these tmeasures, consider the
metricd induced by a patP, on n points.d can beL!-embedded int&R}. Howeve the smallest

hypercube into whichld can be embedded has dimensipnn - 1.

We begn with minimum L-embedding. It is immediate thdtcan be embedded in®" if
and only if it can bepressed as a nongative mwmbination ofm metricsL! - embeddable in
R!: simply take each coordinate of an embeddingafs a metric embeddable Rf. Each cut

metric can be embedded onto the end points of the unit ahtek is embeddable R If dis

L! - embeddable, thedH,, sod can be expressed as a pesittombination of at mosggcut
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metrics, and hencd is L' —embeddable irR2" This gives the upper bound in the folldng
theorem, originally due to éenhausen. A set of examples giving the lower bound and some

exact values for smah are due to Ball[11].

Theorem 2.10

n gl
g2 0

<m(n) < 0

m(3)=m(4) =2, m(5)=3, m(6)=6. O

We row turn to minimum dimension hypercube embedding. Suppose that a chetnia
points can be embedded onto tecube. V¢ may assume that one of the points, say point 1, is
mapped to the origin, (@, ..., 0), of the lypercube. Supposge add a n& point n + 1 with dis-

tances
di o1 =t —dy;.

for some gien integert, large enough so that all of themelistances are non-gdaive. We all

the nev metric thet — suspensiorf d and denote itd, t). We se that ¢, N) is enbeddable in
the N-cube by embedding point+ 1 onto vertex (1, 1, ..., 1) of the N-cube. Thamplication is
reversible, giving the follaving result of Deza[19] linking the dimension problem to the question

of hypercube embeddability.

Theorem 2.11 d is embeddable in a hypercube of dimendibif and only if theN-suspension

(d, N) is hypercube embeddablex

A similar result is true fol.! — embeddability.

3. Complexity

In this section we suey results about various algorithmic questions related to
L! - embeddability. W assume that the gin metrics hae dl integer distances. @khegn with

the most fundamental question which has been raised in[36] [18] [20] [5] [8] [55] [44] [45].
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P1. Membership in H,, (L! - embeddability
Instance: Integer metrig on n points.
Question: Id O H,?
Complexity: NP-Complete
The complexity of P1 folls from recent deslopments in the equélence of various algo-

rithmic problems for covex kodies, and the fact that the following dual problem is Co-NP-

Complete. Thelual problem is testing whether an inequality is valier d,,.

P2. Valid Inequalities over H,,.

mo
Instance: Integer vectarin R2".

Question: Icx = 0 valid for all xOH,?
Complexity: Co-NP-complete, Karzanov[45].

The reduction for P2 is from the maximum cut problem for grapfiee equaence of
membership testing and testing for a valid inequality depends on certain additional conditions that
we nav outline. A complete treatment of this topic is contained in the book bis@rél, Leasz
and Schrijver[40], which the reader should consult for definitions nehgkplicitly here. Firstly

we consider the full-dimensional bounded polyhedron

thtd

H,={x DHn|1xsDZD

}

obtained by truncatingfl,,. Following[40], we say that a polyhedrdhhas facet— complexityat
mostg if there exists a system of inequalities with rational coefficients that has solutierasdt
such that the encoding length of each inequality of the system is atgmd@&@milarly the
vertex— complexity vof P is a bound on the encoding length of eaehex of P. Since the er-

tices of H,, are essentially 81 vectors (multiplied by a scalingadtor), H,, has ‘\ertex-

complexitygg It follows from[40] (6.2.4) thaH,, has facet-complexitygg.
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A further condition is that we need to kma ball contained irH,. In [3] it is stated that
1J]1D , , .
the set o DZDcut metrics generated by all 2-element subsefd of. ., n} are affinely indepen-

dent. Wth the origin, these vectors span a full-dimensional simptatained inH,. By[40]

(6.2.6) the barycentre of this simplis the centre of a ball of radius

mi? mf
5 '0? _ 5 M0

completely contained inl,.

We @n nav demonstrate the equence of P1 and P2. By a theorem didifh and
Nemirovskii[60] (See [40] (4.3.2)), the weak membership problem for a polyhd@satisfying
the abee mnditions is at least as hard as the weak validity problem. Roughly speaking, the weak
versions of these problems alcan "error” tolerance of some\gn J > 0 in the correctness of
the answer One of the main results of [40], (6.3.2), is that the weak validity problem is as hard as
the (strong) validity problem under the conditiongegicbove. Trivially, the (strong) membership
problem is at least as hard as the weak membership problem. Applying these reldylttheo
fact that P2 is NP-hard implies that P1 is also NP-hard. Because of the bound on the facet com-

plexity, we dso have that P1 is in NPso he problem is NP-complete.

Results about the complexity of hypercube embeddingwditom the following result on

intersection patterns.

P3. Inter section Pattern.

Instance: Integen x n matrix C.
Question: I<C an intersection pattern?

Compl«ity: NP-complete, een if each ¢; =3,i =1, ..., n but solvable in polynomial time if
eachc; = 2, Chvatal[15].
This result can be reformulated as a graph theory probletarpretC to be the adjacegc

matrix of a multigraph witm vertices andc; edges betweenrevticesi and j, for distincti and j.

If C is an intersection pattern, then the edges of the multigraph can be partitioned into cliques.
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The setsA; realizing the intersection pattern correspond to a list of the cliques containingrthe v

texi. The sizeN of the realization corresponds to the number of cliques in the partition.

As an example, consider the following intersection pattern:

2 1 1 0 14

01 2 1 1 10

=0 O

C D1 1 2 1 OD
10 1 1 2 10

01 1 0 1 20]

Figure 3.1(a) shows the corresponding multigraph, which in this case is a graph singg®ach

for distincti and j. We @an partition the edges into four cliques={1, 5, b={1, 2, 3,
c={3,4, d={2,4,3. Now we dbtain the realizatiomA; ={a, b}, A, ={b, d}, A3 ={b, c},

A, ={c, d}, A5 ={a, d} of size four for the intersection patteth Snce eachA; has cardinality

two, we can rgad it as an edge in a graph withntex set{a, b, c, d}, as iovn in Figure 3.1(b).

It is easy to check that the graph in Figure 3.1(a) is just the line graph of the graph in Figure

3.1(b).

Figure 3.1(a) Figure 3.1(b)
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By Chvatal’s result, the clique partition problem is still hanbe if each \ertex is contained
in exactly 3 cliques. If eachevtex is contained in exactly 2 cliques (as in the example), then the
problem reduces to line graph recognition, which is adk in polynomial time. Using the
equialence between intersection patterns and hypercube embeddangrgProposition 1.1 we

obtain the following.

P4. Hyper cube Embedding

Instance: Integer metrig on n points.

Question: Id embeddable in a Hammirg-cube?

Complity: NP-complete, een if some point is distance 3 from all other points and all other dis-
tances are chosen froffd, 2, 4, 6, but sohable in polynomial time if some point is distance 2
from all other points and all other distances are chosen{itoi®, 4[15]. Alsosolvable in poly-
nomial time for metrics arising from bipartite graphs, @jak[37], and if each distance is cho-

sen from{0, 1, 2, 3, Avis[10].

Using the graph theoretic interpretationay ebove, other complexity results for edge parti-
tions of graphs can be restated in terms of hypercube embedding or intersection pktierns.
example, Hgler[41] showed that it is NP-complete to determine if the edges of a graph can be
partitioned into complete subgraphs of fixed giz@r allt = 3. In terms of intersection patterns,
this implies that it is NP-complete to decide if a matrix is an intersection pattern realizable by

subsetsh; [{1, ..., N} such that each element is contained in exda&lybsets.

Next we look at the problem of finding an embedding of minimum dimension. a&s w
showvn in Section 2, a metrid on n points can be embedded in a cube of dimensighand only
if the n+1 point suspensiond; N) of d is hypercube embeddable. Using P4 we canvshat
testing whether a suspension is hypercube embeddable is NP-conhpdeted, consider a metric
d with distances chosen frof®, 2, 3, 4, . If it can be embedded in a hypercube, it can be
embedded in a cube of dimension at mast 6. This follows from the fact that we may &y
point of the embedding as the origin, and each other point being distance at most 6 from the ori-

gin can use at most 6 additional dimensions. It follows from Section 2.5 that the suspension
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(d, 6n - 6) is hypercube embeddable if and onlydifis hypercube embeddable. This ye® the

following.

P5. Embedding in Given Dimension.

Instance: An integer metrit and an integeN.
Question: Camd be embedded in a Hammimgcube?
Complexity: NP-complete.

It follows that it is NP-hard to determine the minimum dimension that admits an embed-

ding. Inconclusion we mention that very little is kmo about testing a metric folypermetricity.
P6. Hyper metricity

Instance: An integer metrit.

Question: Id hypermetric?

Compl«ity: Unknown. For the class of connecteg/germetric spaces (the graph with edges
between all pairs of points with distance one is connected) Deza and Terwiligefobad a

characterization that yields an exponential time algorithm[58].

4. Connectionswith Multicommodity Flows

LetV denote a set af points and leE denote the set of all unordered pairs of pointg.in
It is corvenient to consideE to be the set of edges of a complete grapk ofin instance of the
multicommodity flav problem is gven by wo non-negative vectors indeed by E: a capacityc(e)
and a requirement (or demandg) for eachellE. LetU ={ellE:r(e) > 0}. If T denotes the
subset o/ spanned by the edgesln then we say that the gragh= (T,U) denotes thesupport
of r. For each edge = (s, t) in the support of, we sek a flov of r(e) units betweers andt in
the complete graph. The sum of all flows along esflge € [JE must not g&ceedc(€). If such a

flow exists we callc,r feasible

A necessary and sufficient condition for feasibility igegi by the ‘Japanese Theorem’ of

Iri[43] and Kakusho and Onafp1]. Itwas gated in this form by Lomonosov[49] [50].
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Theorem 4.1 A pair ¢, r is feasible if and only if

(c-r)yx=0 4.1
is valid over M,,.

This condition can easily be checked by solving the linear program:
min (C—r) X

xOM,

This LP has %Elinear constraints irggvariables, each constraint being a triangle inequality

second way to test the condition of feasibilitpuld be to test (4.1) for each of the extreme rays
(generators) oM,,. The extreme rays oM, have been studied in[6] [7] [49] [50]. These studies
show that there does not appear to bg easy way to characterize all of the extreme rayMgf

and so the LP approach is preferred. A different direction is to consider weakening the condition
of (4.1) to only testwer a subcone ofM,, for which the generators are well characterized. A natu-

ral question is to ask when it is sufficient to verify (4.18rcH, the cone ol embeddable met-

rics. It turns out that the celebratedré-Fulkerson theorem[38] for single commodity flowses

the first partial answer to this questidm. this case, the support pfis just a single edge, that is,

K,. The condition "being validwer H,," translates into the condition "being valideoal cuts"

and the inequality (3.1) is then just the Ford-Fulkerson condition.

Theorem 4.2 A pair ¢, r, where the support afis K5, is feasible if and only if

(c-r)x=0

is valid over H,,. O

Pgpernao/[53] has obtained a complete characterization of supports for which (4.1) can be
wealened to a result lik (4.2). LetS? denote the family of all graphs which are a union af tw

stars. Papernoproved:
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Theorem 4.3 A pair ¢, r, where the support afis a graph ofK 4, Cs}0S?, is feasible if and only
if

(c-r)yxz0

is valid over H,,. O

Furthermore, ifr has support outside of the class of graphs in (48)ef@ has con-
structed examples of pairs satisfying (4.3) which are not feasWite how later in this section
how Theorem 4.3 is closely related to thectf that all 5-gonal metrics on dévpints are

L1-embeddable.

From a complexity point of vie, how easy is it to verify if an inequality is validver H,?
As we sa in Section 3, this is Co-NP-complete in general. For the test in (4v@Meg the vec-

tor (c — d) has sufficient structure to enable the test to be performed in polynomial time[44].

Interest in multicommodity fles usually centres around the problem of finding a set of
integral flows. If the condition in (4.3) is strengthened, a condition for xisemce of a set of
integral flows is obtained. ¥Wsy that a ectorc indexed by E is even if for each cut metrig,

CXis even.

Theorem 4.4 A pair c,r, wherec —r is even and the support of is a graph ofK,, Cs}0S?, is

feasible with integral flows if and only if

(c-r)yx=0

is valid over H,,.

The result in this form is due to Lomone§a0]. It was independently established for suppi€st

by Seymour[56]. Dinits,see[1], had previously reduced the case where the support is a subgraph
of a graph inS? to the two commaodity flav problem. The tw commodity flav problem had been
solved by Rothschild and Whinston[54] strengthening an earlier result of Hupdpblynomial

time algorithm for testing the condition in (4.4) and for finding angmteflov when it is
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satisfied was gen by Karzane[44]. The most general result of this type is also due to

Karzanov[46]:

Theorem 4.5 A pair ¢, r, wherec —r is even and the support of is a subgraph o5 ( including

Ks itself), is feasible with integral flows if and only if

(c-r)yx=0

is valid over M,. O

The abee results are intimately connected to the results aHout embeddability
described in section 2, as we willashow. For a metricd on n pointsV, an extremal graplof
d is a minimal graphiH = (Vy, W) such that, for eaclx, y[IV there «ists stCMW (not necessarily

distinct fromx andy) satisfying
dex + dxy + dyt = dgt.

Vy is the set of endpoints of edgesvih If all d; are positre we say thatd is positive, and the
extremal graph is unique. The extremal graph of a pesitretric was introduced by
Lomonos®[49] [50], where it vas called thantipodegraph. For a posite metric, the comple-
ment ofH is the graph consisting of all edgegthat lie on some shortest path of length at least
two between a pair ofertices inVy. The importance of the extremal graph is demonstrated in the

following key theorem. Astronger half-integral version of the theorem is contained in[45].

Theorem 4.6 If d has an extremal graph in thenfily {K 4, Cs}0S?, thend is L! — embeddable.

O

The result of the theorem is not true for graphsutside of the specified clas$he theorem is
proved by proving the intermediate result that a metisatisfying the conditions of the theorem

is L' — embeddable if and only if its restriction\fg is L' — embeddable. Sindée original met-

ric d can hae any mmber of points, the importance of this intermediate result is that the

L! - embeddability ofd can be checked by just considering a small subgrashwe remarkd
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earlier the case of multicommodity fioproblems with supports i8> was reduced to problems
with support X, which is a subgraph df,. Using Dezas result that all metrics on 4 points and
all 5-gonal metrics on fi points areL! - embeddable[36], one can shthat all metrics which
have an extremal graph that is a subgraphtof or Cs areL! — embeddable, completing the proof

of Theorem 4.6.

Lomonos®[49] [50] showed that extremal graphs also play an important role in testing fea-
sibility.
Theorem 4.7 A pair ¢, r is feasible if and only if
(c-r)x=0

is valid for all metricsx having an extremal graphl = (Vg, W) such thatw a aubset of the sup-

port ofr. O

It the support of is very sparse, this theorem greatly limits the metrics for which we ha
to test the Japanese condition (4.1). detfif the support is a subgraph of the cliég C<}0S?,

by Theorem 4.6 we need only consider cut metrics. Thissdheorem 4.3.

5. Other Related Polytopes

In this section, we briefly describe some other polytopes that are related to the cut cone. A

detailed treatment of these polytopes is beyond the scope of thég.surv

The cowex hull of the incidence vectors of all cuts in a graph is calledctitepolytope
and was introduced by Barahona[12}hen the graph under consideration is the complete graph,
this is the comex hull of all cut metrics, and is closely related to the cut cone. The cut polytope
was dudied by Barahona and Mahjoub[13They showed a remarkable feature of the cut poly-
tope, namely that all its facets can be obtained via the switching operation (see Section 2) from
facets of the cut cone (defined in an analagous way for arbitrary graphstefore, from the
facial structure point of vig, it is enough to consider the cut conBarahona and Mahjoub also

gave a fartial list of facets of the cut cone, althoughytinere unavare of the earlier work [20].
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The class of ypermetric facets for the cut polytope of the complete grapéndgn Theorem 3.4

of[13] are in fact equilent to linear facets with¢_, =1, by =1, b; =-1, j > f, using the nota-

tion of Section 2.They aso give a tass of "bicycle" facets which are noggermetric. The

study of the cut polytope for graphs other than the complete graph is a rich subject, bonds be
the scope of this suey. For a descrition of the application of these polytopes to problems as
diverse as spin glasses and VLSI layout, a description of computational experience, gnd man

related references, the reader is referred to the paper by Barahona et al.[14].

De Simone also sed the close relationship between the cut polytope of a graph and
another polytope, called tl&goolean quadricpolytope defined by Rdbeg[52]. Sheshaved that
evey Boolean quadric polytope is the image of a cut polytope under a\mjdénear transforma-
tion[57].

Other relatves of the cut cone and cut polytope of the complete graph may be obtained by
considering subsets of cut metricAn equicutis a cut inK,, in which one part has precisely
(h/200vertices. The other cuts are calledequicuts The cowex hull of all incidence vectors of
equicuts, orequicut polytope has been studied by Conforti, Rao and Sassano[Itie
inequicut coneformed by taking all non-igetive coombinations of inequicuts, ag studied by
Deza, Fukuda and Laurent[25T.he even(resp.,odd) cut polytope sudied by Deza and Lau-
rent[32], is defined forwven n by taking the covex hull of those cut metrics with arven (resp.,

odd) number of points on each side of the cut.

Another generalization of the cut polytope for complete graphs is obtained by considering
cuts into more than twparts. These so-called multicut polytopewvédeen studied by Deza,

Grbtschel and Laurent in[26] and[33].

6. Footnote

Since this paper was submitted, thereehbeen may new results obtained on the facets of
the cut cone, especially the series of three papers[23] [27] [34]. Otheeselts on the cut cone

are contained in[28] [29] [35].
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