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We introduce a new notion that connects the combinatorial concept of regularity with the geometrical notion
of face transitivity. This new notion implies finiteness results in the case of bounded maximal face size. We
give lists of structures for some classes and investigate polyhedra with constant vertex degrees and faces of
only two sizes.

INTRODUCTION sizei’ for everyi'), still gives a very restrictive condition,
and as we will see, it already implies finiteness in the case
where the maximal size of a face is bounded. We call this
condition (strongface regularity Therefore, the class of all
face-regular polyhedra contains all weakiytransitive
polyhedra for anyn > 1 and also the weakly face-transitive
or even face-transitive ones.

The same concept can be reached by strengthening the
notion of a regular dual graph induced by faces of a certain
size: Letp; denote the number of -gons in a given
polyhedron. We use the notatigr= (ps, ps, ..., Pi, -..Po) for

Polyhedra are well-studied objects in mathemafiesd
also play an important role as models for chemical mol-
ecules’* The discovery of the polyhedral fullerenes
increased the interest in polyhedra more (see ref 6 for a
survey on this topic).

A planar (finite or infinite) graph is callethce transitve
if the automorphism group acts transitively on the set of
faces. For finite polyhedra (see ref 7) as well as for infinite
graphs in the plane with finite faces and finite vertex degrees
(that is, tilings, see refs 8 and 9), it is well-known that the ;
graph can be realized with its full combinatorial automor- the face vector (orp—ve_ctor) of a p_olyh_edror_1b is the
phism group as its group of geometrical symmetries. maximal number for which a face with siteexists.
Restricting our attention to polyhedra with constant vertex A less restrictive definition of face regularity, but only
degrees, up to combinatorial equivalence, only the five for bifaced polyhedra, was considered in ref 11. Namely, if
platonic solidshave an automorphism group acting transi- only p. andpy, are nonzero and < b, then the number af
tively on their faces. In the remaining text, we will restrict faces, edge-adjacent to any givieface, was required to be
our attention to polyhedra with constant vertex degrees. independent of the choice of théace, fori = aori = b.

A natural generalization of this concelet us call it ~ For ak-valent polyhedron, we writaR or bR, if this partial
weakly face transitie—is to require that only faces of the (Or weak face regularity holds foa-gonal or, respectively,
same size are equivalent under the automorphism group. Thig>-gonal faces. All such simple polyhedra wihe 6, as well
concept can be further relaxed by using the notion of a as all four-valent ones with = 4, except the casesR4for
corona(see ref 10 for an example where coronas are used(kab) = (3;4,6) andaR, and aR, for (kia,b) €{(4;3,4),
for graph invariants): If we define the Oth corona of a face (3:5,6}, were found in ref 11. For example, all 12 (respec-
to be the face itself and theth corona to be the set of all  tively 6, 4, 10, and 26) polyhedraR for all 5 possible
those faces that are contained in time—< 1)th corona or ~ casesk=4;k=3,b<6andk=3,b=6,a€{3,43—
share an edge with it, we can require only some coronas ofare listed there. (The graphs of all 2&ullerenes(i.e.,
fixed size to be isomorphic by an isomorphism mapping of (k:ab)=(3;5,6)) are given in list 6 (Figure 6) below.) In these
the central faces onto each other. A polyhedron witmall ~ cases, eight (respectively 6, 4, 9, and 12) polyhedra are also
coronas of faces of the same size isomorphic is calleakly ~ aR. i.e., face regular in the sense of the present paper.
n-transitive. Obviously, all polyhedra are weakly O-transitive, ~ The case B, represents the chemically especially interest-
and if a polyhedron is weaklyn(+ 1)-transitive, it is also  ing set of fullerenes that fulfill thésolated pentagon rule
weakly n-transitive. So the first interesting case to study is (see refs 1214).
the case of weaklyll.-transiti_ve polyhedra. R(_alaxing this The face regularity which we consider is a purely
condition by not requiring the first coronas to be isomorphic, combinatorial property of the skeleton of a polyhedron. It is

but just to be isomorphic as multisets (that is, every face of yiterent from the affine notion alegular-facedi.e., all faces
a given size must have the same number of neighbors of being regular polygons) polyhedra.

* E-mail: deza@dmi.ens.fr. We use the abbreviatidp for face-regular polyhedraon
TE-mail: gunnar@mathematik.uni-bielefeld.de. An frp in one of the lists below is described hywherej is
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the number of the list andis its number in lis. We also
use the notatiom for i;.

We call two frp fr isomers if they have the same
parameters as frp, i.e;, thep-vector and the numbef&,b)
(i.e., the number ob-faces, edge-adjacent to eaatace
for any a,b) coincide.

All fr isomers in list 1 are bifaced. They are 11, 12€
16); 20, 21 ¢ = 32); 32, 33 ¢ = 80); and 3-faced 49, 50/(
= 20).

All fr isomers in list 2 are:

forv=20: 10,11,

forv=24: 61,62,

forv=26: 16—19,

for v =28: 66,67,; 69,70, 72,—74,; 75,,77,, 76,,78,
forv=232: 28-31,; 32,—34,; 87,,88,; 89,90,
forv=236: 2,3, 95,96, 102,103,

for v =40: 42,43,

for v =44: 5,,6,; 49,—51,; 119,,120,; 137,—139,

All frisomers in lists 4 and 5 are,67, with v = 14.

Considering the polyhedra of lists—B with respect to

collapsing all triangular faces to points (i.e., the inverse to
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(i) None of the polyhedra in any of our lists have a trivial
symmetry group.

2. FINITENESS OF CLASSES WITH BOUNDED FACE
SIZE

Theorem 1.For every n there is only a finite number of
face-regular polyhedra with constangrtex degrees and face
sizes not exceeding n.

Proof. We will assume that the polyhedra in question all
contain ann-gon. The total number can be obtained by
summing over alm < n.

Recall that fori, j, the number f(j) denotes the number
of neighboring-gons of ari-gon. So f{,j)pi = f(j,i)p; is the
number of edges betwedrgons andj-gons, and we can
expressp; asp; = [f(i,j)/f(j.i)]pi in the case where i-gonal
andj-gonal faces share at least one edge.

Look at the graphG with vertex setvV = {i|p; > 0} and
edge seE = {{i,j}|f(i,j) > 0}. This graph is connected since
the dual of the underlying polyhedron is connected. We can
express every other valyg by a formula of the kind

f(iyi) finiy) f(iiy)
f(iip) f(i,in) T(iip)
if for i, iy, ...,ik, Nis a (e.g., shortest) path froimo nin G.

Since for fixedn all the f(,j) as well as the length of the
path are bounded and since the number of graphs on

Pn=: 90)P,

vertex truncation), we see that in list 1, any such collapsing \,artexes is also finite, we have only a finite number of

gives a member of list 1. But in list 2 there are polyhedra

one is 116.

Examples of sequences of frp, such that each of them_—
comes from the previous one by one-edge truncation, are 1

4,2,6,7,8,9;1,4,35,36,59,39,11;and 1, 4, 2, 6, 34, 4
Some infinite families of three-valent frp:

bifaced: Prisrpand Barre] (i.e., twon-gons separated
by two layers of 5-gons)

three-faced: PrisgpBarre|, truncated on all 2
vertices of botim-gons; Prismg,, edge-
truncated om disjoint edges of only
onen-gon; Prism,,, edge-truncated on

n edges, separated by at least two edges,
of only onen-gon

four-faced: Prismy (vertex) truncated on all vertices of

only onen-gon

five-faced: Barre], truncated on all vertices of only
onen-gon

In fact, many of the frp in the lists are some partial
truncations of prismand barrel For example, there are
exactly 10 frp, which are partial truncations of the cube:
There is 1 (respectively 3,1,3,1,1) possibility for truncations
on 1 (respectively 2,3,4,6,8) vertex.

Remarks. (i) Among the chiral polyhedra in the lists are,
for example, 41, 61, 62, 63, 100, and 104 in list 2; 9 in list
3; and, especially, 13, 22, and 34 in list 1 and 9 in list 4
with symmetry T, O, |, and O, respectively.

' _possible sets of equatioms = g(i 3=<i=n).
such that this collapsing does not give an frp. The s:mallestp ! quatios = g(ip- ( ! )

As a well-known consequence of Euler’s formula, we get
YLz (6 — i)p = 12 in the three-valent casgL, (4 — i)pi
8 for four-valent polyhedra, an§’_; (10 — 3i)pi = 20

for five-valent polyhedra.

Substitutingp; by g(i)p. in this formula, every set of
equations gives exactly one solution fay and, therefore,
also for eachp. So for every set of equations, there is a
well-determined number of faces and, therefore, there is a
maximum number of faces that is possible.

Corollary 1. If in the cubic case the number of nonhexa-
gons is bounded or in the quartic case the number of
nonsquares is bounded, then there is only a finite number
of face-regular polyhedra.

Proof. The fact that the number of faces smaller than six
(respectively four) is bounded gives an upper bound on the
maximum face size, implying the result by the previous
theorem.

3. STATISTICS

In this section, we will give some statistics about the
number of face-regular polyhedra compared to the number
of all polyhedra for some classes. These are given in Table
1-3.

4. LIST 1: ALL 64 FACE-REGULAR SIMPLE
POLYHEDRA WITHb < 6

Among the 64 polyhedra of list 1 (Figure 1), the first 3
are regular and then there are 31 bifaced ones: 6 bvith
5,4 3, (for n= 12, 16, 16, 26), 9 4(for n =12, 14, 20, 20,
24, 26, 32, 32, 36), and 12 fullerengg(®hich areF,4(Ded),
F2e(Ta), Faa(Dan), Fzs(Cay), Faa(T), FsoAT), Fse(Td), Feolln),
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Table 1. Cubic Polyhedra Among the 64 polyhedra of list 1, 3 are regular ones

vertices polyhedra face-reg polyhedra (tetrahedron, cube, and dodecahedron), 5 are semiregular (3-,

2 1 1 5-, 6-gonal prisms, truncated octahehedron, and truncated
6 1 1 icosahedron), and none coincides with an affinely regular-
8 2 2 faced polyhedron, such as are comprehensively identified
1‘2) 12 ‘7‘ in ref 15 including the list of 92 exceptional ones. But there
14 50 5 are three that are dual to the regular-faced snub disphenoid,
16 233 15 3-augmented 3-gonal prism, and gyroelongated square
18 1249 9 dipyramid (with the last three having numbers 84, 51, and
gg 4; ggg ﬁ 17, respectively, in the list of ref 15). Together with three
o4 339 722 58 regular ones and 3- and 5-gonal prisms, it gives the duals of
26 2 406 841 29 all eight convex deltahedra.
28 17 490 241 99
9 o0 o0a i3 1oa 5. LIST 2: ALL 160 FACE-REGULAR SIMPLE
34 7 475 907 149 5 POLYHEDRA WITH b = 7 AND UP TO 24 FACES
36 57 896 349 553 318 , i i )
Figure 2 lists all 160 face-regular simple polyhedra with
Table 2. Cubic Polyhedra without Triangles b= 7and up to 24 faces.
vertices polyhedra face-reg polyhedra
6. LIST 3: SELECTED FACE-REGULAR SIMPLE
8 L 1 POLYHEDRA WITH b > 8
10 1 1
ﬁ g % Figure 3 lists selected face-regular simple polyhedra with
16 12 3 b= 8.
18 34 1
2 e 19 7. LIST 4: ALL NINE FACE-REGULAR 4-VALENT
24 2472 8 POLYHEDRA WITHb = 4
26 12 400 5 . . .
28 65 619 10 For the polyhedra in this list (Figure 4), the graph induced
30 357 504 7 by the 4-gons is interesting: in 6, 7, and 9, the graphs are
32 1992 985 30 two C4, Cg and the truncated octahedron, respectively.
34 11 284 042 1
36 64 719 885 22
38 375126 827 16 8. LIST 5: ALL FACE-REGULAR FOUR-VALENT
40 2194 439 398 18 POLYHEDRA WITH b = 5 AND UP TO 24 FACES
Table 3. Cubic Polyhedra without Faces Larger Than a Hexagon Amr?ng thehp?;yhedrﬁ of lists 4 an? 5 (Figur((a45),5there I
- i are the octahedron, three semiregular ones (4-, 5-gona
vertices polyhedra face-reg polyhedra antiprisms and the cuboctahedron), and three regular-faced
g 1 i (number 3 of list 4 and 4 and 6 of list 5, which are the
3 2 2 elongated square dipyramid, the pentagonal gyrobicupola,
10 5 4 and the pentagonal orthobicupola, having numbers 15, 31
ﬁ ig ; and 30, respectively, in the list of 92 polyhedra in ref 15).
16 30 7 Number 2 in list 5 is the octahedron truncated and capped
18 44 2 on four vertices of an induced;Number 3 is the elongated
gg 1;1 12 antiprism. Number 5 is the dual rhombic icosahedron (2-
26 267 5 elongated 5-gonal antiprism).
28 420 3
30 595 1 9. LIST 6: ALL 26 6R; FULLERENES
32 883 5
38 2445 1 The polyhedra 1, 3, 6, 12, 16, 321, and 24-26 of this
44 6319 1 . .
52 19 345 1 list are face-regular (Figure 6). They are the polyhedra 23
56 32219 2 34 of list 1, respectively.
60 52 293 1
gg fég Sgg > 10. FACE-REGULAR k-VALENT BIFACED
140 277 1 POLYHEDRA
@ For all vertex numbers not mentioned, no face-regular polyhedra  |n this section, we will study the case where faces of
exist exactly two sizesn < b occur.
Fes(Ta), Faollh), Feo(Dsn), Fiad(l)). Numbers 3557 have 3 Bifaced polyhedra and similar concepts are well-studied,
types of faces and the last 7 polyhedra; &, have 4 types ~ €-9-, in refs 16-29.
of faces. 3, 4,, 5, above are simple polyhedra with only 3-, Clearly, in this case the V graph from the proof of theorem

4-, 5-yons besides 6-yons. 1 is K, so we get the equatiopb = pa[f(a,b)/f(b,a)].
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Nr4d4 v=6
Nr.l v=4 Nr.2 ov=38 Nr.3 v=20 Pe=3:272
py=4:3 pi=6:04 Ps=12:005 9.0
Groupsize: 24 Groupsize: 48 Groupsize: 120 Groupsize: Y12
Group: Ty Group: Oy Group: I Group: Dy
Nrd v=16 Nr1o v=12 Nril v=16 Nr12 v=16
Ps = g POL4 543003  ps=6:2004  ps=6:2004
B2 004 p=4:0003 py=4:0003 ps=4:0003
Group51lze. 16 Groupsize: 24 Groupsize: 24 Groupsize: 8
roup: Dyg Group: Ty Group: Ty Group: Dy,
Nr.17 v=20 Nr.18 v=24 Nr.19 v=26 Nr.20 v =32
pe=6:0,30,3 ps=8:0303 ps=9:0204 ps=12:0,2,04
ps=6: .0’1’013 ps=6:0,004 ps=6:0,1,0,3 ps=6:0,0,0,4
Groupsize: 6 Groupsize: 48 Groupsize: 12 Groupsize: 12
Group: D, Group: Oy Group: Djy, Group: Dy
Nr.25 v =32 Nr.26 v =38 Nr.27 v=44 Nr.28 v=252
pe=16:0,042 ps=9:0,04,2 pe =12:0,0,3,3 pe = 16: 0,0,3,3

ps =12:0,0,3,2
Groupsize: 12
Group: D3y

Nr.33 v =280

pe =30: 0,024

ps =12:0,0,0,5
Groupsize: 20
Group: Ds,

Nr.41
pe=6:
ps=6:1022
ps=2:0,030
Groupsize: 12
Group: Dsp,

v =24
0,0,2,4

Nr.49
ps=4:
ps=4:021.2
pa=4:0022
Groupsize: 8
Group: Dy,

v =20
0,2,2,2

ps =12:0,0,2,3
Groupsize: 6
Group: C3,

Nr.34 v =140
ps = 60: 00,15
ps =12:0,0,0,5
Groupsize: 60
Group: [

ps =12:0,0,2,3
Groupsize: 12
Group: T

ps=12:0,0,1,4
Groupsize: 12
Group: T

Nr.5 v=12 Nr.6 v=10 Nr.7 v=12 Np8 =14
ps=6:104 ps=2:050 ps=4:0,32 ps=6:023
ps=2:003 Pa=5:022 pi=4:013 5 _3.004
Groupsize: 12 Groupsize: 20 Groupsize: 8 Groupsize:’ i?
Group: D34 Group: Dsy, Group: Dy Group: Dap

B Gy L @

Nr.13 v=28 Nr.14 v=12 Nr.15 v=14 Nr.16 v=20
pe=12:1,005 ps=2:06,00 pe=3:04,02 pe =6: 0,204
ps=4:0003 ps=6:020.2 ps=6:0,2,0.2 ps =6:0,2,0.2
Groupsize: 12 Groupsize: 24 Groupsize: 12 Groupsize: 12
Group: T Group: Dgp Group: Dj), Group: D3y
Nr.21 v =32 Nr.22 v=256 Nr.23 v=24 Nr.24 v=28
ps=12:0204 p;=24:0105 ps=2:00060 pe=4:0,06,0
py=6:0,004 py=6:0004 ps=12:0041 ps=12:00,3.2
Groupsize: 48 Groupsize: 24 Groupsize: 24 Groupsize: 24
Group: Oy Group: O Group: Dgy Group: Ty
Nr29 v»=56 Nr.30 v=60 Nr31 v=68 Nr.32 v=280

ps=18:0,0,2,4

ps =12:0,0,2,3

Groupsize: 24
Group: Ty

Groupsize: 120
Group: I,

pe = 20 : 0,0,3,3
ps =12:0,0,0,5

pe =24:0,024

ps=12:0,0,1,4

Groupsize: 24
Group: Ty

ps =30 0,0,2,4

p; =12:0,0,0,5

Groupsize: 120
Group: I,

> B B O r P

Nr.35
ps=2:
py=2:112
p3=2:012
Groupsize: 4
Group: Ca,

v=2_8
2,2,1

Nr.36 v=10
ps=3:122
ps=3:022
p3=1:003
Groupsize: 6

Group: Cs,

Nr.37 v=18 Nr.38 v=10
pe =6: 1,203 ps=1:3030
ps=3:00,0,4 ps=3:202]1
ps=2:0003 p3 =3:0,02,1
Groupsize: 12 Groupsize: 6
Group: Djy, Group: Cs,

Nr.39 v=14
02,022
: 1,0,2,2
p3=23:0,012
Groupsize: 6
Group: Cs,

Nr.40
ps=6:
ps=6:0,0.23
p3=2:0,003
Groupsize: 12
Group: D34

v =24
1,0,3,2

B P @H® ®wD P

Nr.42
pe=06:
ps=3:1004
p;=3:00,12
Groupsize: 6
Group: Csp,

v =20
1,0,2,3

Nr.50
ps=4:
ps=4:021.2
pa=4:00722
Groupsize: 8
Group: Doy

v =20
0,2,2,2

Nr.43 v =18
pe =3:0,04,2
ps=6:1,022
ps=2:003,0
Groupsize: 12
Group: Djy),

Nr.51
ps=4:
ps =8:0,1,22
py=2:0,04,0
Groupsize: 16
Group: Dy,

v =24
0,0,4,2

Nr.44
ps=2:
ps=4:0212
pa=4:012]1
Groupsize: 8
Group: Dap

v =16
0,2,4,0

Nr.45 v =20 Nr.46 v=20
ps=3:024,0 pe=4:0.23,1
ps =6:0122 ps =4:0203
ps=3:0,02.2 ps=4:0,022
Groupsize: 12 Groupsize: 8
Group: Dj;, Group: Day,

v =20
1 0,1,3,2
: 0,2,0,3
pa=4:012]1
Groupsize: 8

Group: Dy

Nr.48 v =20
pe=4:0231
ps=4:0113
ps=4:0112
Groupsize: 4
Group: Cy,

H Y Y @@

Nr.52 v=24
ps=6:0222
ps=4:01,13
ps=4:00,13
Groupsize: 4
Group: D;

Nr.53 v=26 Nr.54 v=28
pe=6:0132 ps=28:0114
ps=6:0113 ps=4:0212
ps=3:0022 pa=4: 0,0,2,2
Groupsize: 6 Groupsize: 4
Group: Ds Group: D,

Nr.55 v =230
pe=10:0,2,1,3
ps =2:0,00,5
pa=5:00,04
Groupsize: 20
Group: Dsp

Nr.56 v =232
pe=28:00.24
p;=8:0,122
ps=2:0040

Groupsize: 16
Group: Dy



LisTs oF FACE-REGULAR POLYHEDRA J. Chem. Inf. Comput. SciE

&L PDH

Nr.58 v =10 Nr.59 v =12 Nr.60 v =12 Nr.61 v=12 Nyr62 v=16 Nr.63 v=16 Nr.64 v= 16
Nr.57 v=32 5 —-1:2220 po=1:2040 ps=2:122]1 Pe=2:2121 5 _3.0222 p=3:1212 p=4:112.2
pe=8:0132 ps=2:121,1 ps=4:1121 ps=2:1,112 Ps=2:1202 5 _3.1022 p;=3:0221 p=2:0104
ps =8:00723 ps=2:102,1 psg=1:0,04,0 ps=2:1012 Pi=2:0121 , _3.09209 p=3:0022 ps=2:1012

py =2 :'0,0,0«4 p3=2:0111 ps=2:00,2,1 ps=2:0111 p3=2: ‘0,0,1‘2 p3=1:0030 p3=1:0003 p3=2:0,1,0,2
Groupsize: 16 Groupsize: 2 Groupsize: 4 Groupsize: 2 Groupsize: 4 Groupsize: 6 Groupsize: 6 Groupsize: 4
Group: Dia Group: Cy Group: Cay Group: Cy Group: Cy, Group: C, Group: Cy, Group: Can

Figure 1. Sixty-four polyhedra of list 1.

By usingky = 2e = ap, + bp, and the Euler formula — In all other cases, the denominator in eq 1 will be
e+ (pa+ pp) = 2, we get nonpositive even for §b)/f(b,a) = 1/b, the smallest possible
value.
_ 4k (1) Lemma 2. The case (k;a,b¥ (5;3,4)is not possible, so
Pa f(a,b) there is no face-regular alent polyhedron.
(2k+2a—ak) — (bk—2b — 2K f(b,a) Proof. The denominator in eq 1 is positive only foraf),
’ f(b,a)) = (1,4), (1,3).
We will use the following notation for operations on In the first case, any 4-gon is surrounded by 12 3-gons,
polyhedra: which implies neighboring 4-gons in the next layer
Four-Cap. The 4-cap of a polyhedron is obtained by contradiction. In the case (1,3), any pair of adjacent 4-gons
putting a pyramid on 4-gonal faces. is surrounded by 16 3-gons, so the next layer contains a 4-gon

Four-Triakon. The 4-triakon of a polyhedron is obtained With 2 4-gonal neighborsagain a contradiction.
by partitioning each triangle into a ring of three 4-gons by  In the following lemma, we will exclude some of the
putting a vertex in the middle and connecting it to the theoretically possible parameters for= 4.
midpoint of every edge in the boundary. Lemma 3. A comprehense list of all cases for (k; ay
Five-Triakon. A 5-triakon of a polyhedron is obtained (4; 3)is as follows (a)b = 4, the 8 polyhedra 29 in list
by partitioning each hexagon into a ring of three pentagons 4: (P) b =5, the icosidodecahedron witi3,5) = 3, f(5,3)
by putting a vertex in the middle and connecting it to the = 5 v = 30; (c) b > 3, the infinite class of antiprisms
midpoint of every second edge in the boundary. (An example APTism; (d) b > 3, (f(30), f(b,3)) = (1, b — 3), (ps, Po) =
of two different face-regular bifaced polyhedra, both coming (80 — 24, 8),v = 80b — 18; (e) (f(3b), f(b,3)) = (1, b — 2),
as a 5-triakon of the truncated octahedron, is given in remark (Ps: Pv) = (4b — 8,4),v = 4b — 6.
1 after theorem 5 below.) Proof. For b > 4, the denominator in (eq 1) is positive
Theorem 2.For k > 3, there is only one infinite series of 0Nl if (1) (f(3,b), #(b,3)) €{(1,b — 3), (1,b = 2), (1,b —
face-regular (a,b)-polyhedra, that is, the antiprisms APgsm 1), (1,0)}; (2) b €{5,6,% and (f(3b), f(b,3)) = (2, b); (3)
for any b > 3. Apart from this, all face-regular kvalent B €{5,6 and (f(3p), f(b,3)) = (2,b — 1); or (4)b =5 and
(a,b) -polyhedra hae (k; a)= (4; 3)and b= 4, 5, 6.They  (f(3.0), f(b,3)) {(2.3), (3,4), (3,9).

are: b= 4, seven polyhedra, gien as 3-9 in list 4; b= 5, The subcase (h — 1) in case 1 is not possible, because
the icosidodecahedron and number 2 in list 5 (the 4-cap of Ps = 8(b — 1)/3 andpy, = 8/3. The subcases (i), (1,b —
the octahedron, truncated on all but two oppositatices); 3),and(1,b — 2) of case 1 are, respectively, cases c, d, and
and b= 6, the 4-cap of the (fully) truncated octahedron. € of lemma 3.

Theorem 2 will follow from the following four Lemmata. Cases 2 and 3 are not possible, because we get three 3-gons

Remark. Theorem 2 shows that the largest 4-valent face- On three consecutive edges of eaefgon, so the 3-gonal
regular @,b)-polyhedra have 30 vertexes (i.e., 32 faces) and neighbor of the 3-go_n in the middle will be adjacent to four
a= 3. They haveffs, b) € {(8,4), (20,5), (24,8) and are  3-9ons, a contradiction.
number 9 in list 4, the icosidodecahedron, and the 4-cap of The subcase (3, 4) of 4 is not possible, since the 3-gonal
the truncated octahedron, respectively. The largest 3-valentneighbors of two adjacent 5-gons containing a vertex of the
face-regular (3p)-polyhedron also has 32 faces. It is the intersection would share an edge.
fully truncated dodecahedron witlps( b) = (20,10). In the subcase (2, 3) of 4, all three triangles neighboring

As we will see below, all three largest 3-valent face-regular @ pentagon in a row would imply a triangle neighboring two
polyhedra have 140 vertexes. They are the unique largestother ones, so we assume we have a 5-gon and three
(4.b)-polyhedron (the 4-triakon of the truncated dodecahe- neighboring 3-gons not all in a row. But then one of the
dron, sop = (ps = 60, p1s = 12); its symmetry idy) and the 5-gonal ngig_hbors has all 3-gonal neighbors in a+t@again
two largest ()-polyhedra (a 5-triakon of the truncated & contradiction.

icosahedron, sp = (ps = 60, p1o = 12); its symmetry i, The remaining subcase (3, 5) of 4 is case b of lemma 3.
see Figure 6 in ref 30) and the fullere@e(l) (the truncation Lemma 4.Cases d and e of lemma 3 are realized only by
of the dual snub dodecahedron on all 12 5-valent vertexes,polyhedron 3 in list 4 and the 4-cap of suitably truncated
sop = (ps = 12, ps = 60)). octahedra, gien in theorem 2.

Lemma 1. The only possibilities for (k;a,b) arés;3,4), Proof. In both cases, all 3-gons are organized in four

(4;3b), (3;3b), (3;4b), and (3;5h). cycles, surrounded blg-gons, since otherwise we will get
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Figure 2. One hundred sixty face-regular simple polyhedra viitis 7 and up to 24 faces.

APrism.. In case e of lemma 3, the number of edges between (the elongated number 3 of the list).

two b-gons ispy(b — f(b,3))/2 = 4. So the only possibility Theorem 3.All face-regular cubid3, b)-polyhedra hae
isb =4, and number 3 of list 4 is a unique realization (itis b < 10.They are 14 special truncations of the tetrahedron,
the dual of the octahedron, truncated on two opposite the cube, and the dodecahedrdn) the 1- and 4-truncated
vertexes). In case d of lemma 3, the numbetof-(b) edges tetrahedron (b) 2(b — 4)-truncated cubes (one for&{5,7,8

is 12. This implied €{4,5,8, and we get the 4-cap of three and two for b= 6); (c) 4b — 5)-truncated dodecahedra
suitably truncated octahedra, the first one being 5 of list 4 (one for b= 6, 9, 10and two for b= 7, 8).
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ps =6 2,0,0,2,0,0,2
p3 =6: 0,002,001

Groupsize: 12

Nr4 v=20
ps=3: 2272002
ps =3:0,1,20,0,.2
pa=3:1,0,1,00,2
ps=3:0,1,0,00,2

Groupsize: 6

&)

Nr.7 v=24
ps=2:212120
pr=2:201720.2
pe=2:200121
ps=2:0200,12
ps=2:01,200,1
p3=4:0,0011,1

Groupsize: 4

>

Nr.l v=6
p3 =283
Groupsize: 48
Group: Oy,

Groupsize: 48
Group: Oy,

ps =28 12
Groupsize: 8
Group: Dy

Nr.2 v=24
pe=2:0,3,6,0,0,0,0
ps=6:0,2,1,0,0,0,2
pa=6:0,1,2,0,00,1

Groupsize: 12

Nr.5 v=24
ps=2:0,4,0,4,00
pe =4:0,4,0,0,0,.2
ps=8:0,1,0,2,0,1

Groupsize: 16

Nr.8 v=16
pe=1:3,3,0,3,0,0,0
ps =3:1,2,0,2,0,0,1
ps =3:1,0,0,2,0,0,1
ps=3:0,1,0,1,00,1

Groupsize: 3

Nr.2 ov=8
ps=2:4,0
p3 =8 2,1

Groupsize: 16
Group: Dyy

Nr.5 v=14

ps =28 13
ps =8 2,1
Groupsize: 16
Group: Dy

Nr.8 v =22

py=16: 1,3
ps=8:1,2
Groupsize: 8
Group: Dyy

Nr.3 v=24
P =2: 3,0,0,6,0,0,0
pe = 6: 2,0,0,2,0,0,2
ps =6:0,0,0,2,0,0,1

Groupsize: 12

Nr.6 v=24
ps =2:272004,0
pr=4:2200,1,2
pa=4:0,10021
ps=4:0,0,0,0,2,1

Groupsize: 8

Nr9 v=24

pe =1:3,0,3,0,3,0,0
p7r=3:1221,00,1
pe =1:0,3,0,0,3,0,0
ps=3: 1,100,720,
ps=3:0,0,1,1,2,0,0
p3=3:0,0,1,010,1

Groupsize: 3

Figure 3. Selected face-regular simple polyhedra with: 8.

& @

Nr.3 v=10

Groupsize: 16
Group: Dy

Nr.6 v=14

ps=8:22
ps=8:12

Groupsize: 16

Group: Dy

Nr.9 v=30

Py =24:13
p3=8:0,3

Groupsize: 24

Group: O

Figure 4. All nine face-regular four-valent polyhedra with= 4.
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Nr.l v=10 Nr.2 v=22 Nr.3 v=15
ps = 2: 5,0,0 ps =8:2,0,3 ps = 2: 5,0,0
p3 = 10: 2,0,1 p3 = 16: 2,0,1 py = 5: 4,0,0
Groupsize: 20 Groupsize: 16 ps = 10: 0,2,1
Group: Djsy4 Group: Dy Groupsize: 20
Group: Dsy,

Nr4 v=20 Nr.5 v=20 Nr.6 v=20
ps=2: 0,50 ps =2: 50,0 ps = 2: 0,5,0
ps = 10: 3,0,1 ps = 10: 2,20 pg=10: 21,1
p3 =10: 0,3,0 p3 = 10: 0,2)1 ps = 10: 1,2,0
Groupsize: 20 Groupsize: 20 Groupsize: 20
Group: Dsy Group: Ds4 Group: Dsp

Figure 5. All face-regular four-valent polyhedra with+ 5 and
up to 24 faces.

Actually this is a result by Malkevitdf for general (that
is, not only face-regular) cubic (®)-polyhedra.

The remaining possibilities fob > 6 are b, f(b,3); v)
€{(10,5;60), (9,4,52), (8,3;44), (7,2;36), (8,4;24), and (7,3;20).
The first four cases are realized by truncations of the
dodecahedron, giving only one polyhedron in the first two
cases and two nonisomorphic polyhedra in the others. The
last two cases are realized by truncations of the cube (giving
a unique polyhedron in every case). Fpok 6, all wanted
polyhedra are 4, 5, and 3 of list 1.

Numbers 13 of list 2 are the 6-truncated cube and two
8-truncated dodecahedra. Hor 6, there remain three (3,8)-
polyhedra, one (3,9)-polyhedron, and one (3,10)-polyhedron.

Remark. If we do not require three-connectedness in
theorem 3, more graphs exist, e.g., one for every 9,
divisible by 3 withpy, = 2, ps = 2b/3, andv = 4b/3.

Theorem 4.There is only one infinite family of cubi{d,
b)-polyhedra, that is, Prisgfor any b> 3. The finite families
are as follows: (1) 2 8Qsertex (4, 7)-polyhedra, coming as
the truncation of the dual rombicuboctahedron or dual
Miller's solid (its twist) on all 18 4#alent vertexes; (2) 14
polyhedra, coming from those of theorem 3 by the 4-triakon
decoration; they hae (b, v) €{(15,140), (13,116), (11,92),
(9,68), (7,44), (12,56), (10,44), (8,32), (6,20); (9,28) (6}14)
there are exactly two nonisomorphic polyhedra for the third,
fourth, and eighth case and 1 for the others; (3) 3 polyhedra
(besides the prism) for & 5 and 6 for b= 6 not caered
by previous cases (79 and 17-22 of list 1); (4) 2 44vertex
(4,7)-polyhedra 5 and 6 of list 2 (coming by suitable doubling
of all 6 isolated 4-gons in 21 and 20 of list 1); (5) the 80-
vertex (4,8)-polyhedron of symmetry (2oming by suitable
doubling of all 12 isolated 4-gons of the truncation on all
12 4-alent vertices of the dual of the unique L@rtex

Proof. Due to the three-connectedness of polyhedra, we 4-valent (3,4)-polyhedron gen below, the 3-gons of which

get f(3h) = 3 for all cubic (3,b)-polyhedra. So each triangle
is isolated and & < v = p3(2 + 6/f(b,3)) — 4. Together
with equality 1 andp; > 0, we get fp,3) = b — 5 and f(,3)

< min(5, b/2). Sob < 10.

are organized into 2 isolated ones and 3 isolated pairs)
(Figure 7).

Proof. The possible values for f(@) are 2, 3, and 4. The
case f(4p) = 2 is possible only if the 4-gons form a ring
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He@een &P

Nr.l v=24 Nr.2 v=26 Nr.3 v=28 Nr4 v=28 Nr.5 v=30 Nr.6 v=232 Nr.7 v=32 Nr.8 v=232
ps=2:0006,0 pe =3: 0,060 ps =4:00,6,0 pe=4:00,51 ps=5:0042 ps = 6: 0,042 ps=6:0,0,5,1 ps=6:0,0,4,2
Group: Dgy Group: Dy, Group: Ty Group: D, Group: Ds Group: Dap Group: D3 Group: Dsqy
Nr.9 v=232 Nr.10 v =236 Nr.11 v=236 Nr.12 v=38 Nr.13 v=40 Nr.14 v =40 Nr.15 v=40 Nr.16 v =44
pe=6:0,04,2 pe =8:0,04,2 pe=8:0033 pe=9:0042 pg=10:0024 pe=10:0,04,2 pe =10:0,0,4,2 pe=12:0,0,3,3
Group: D, Group: Doy Group: D, Group: Cj, Group: Dsqg Group: D, Group: Dsq4 Group: T
Nr.17 v =48 Nr.18 v =352 Nr.19 v =156 Nr.20 v=60 Nr.21 v=68 Nr.22 v =68 Nr.23 v=72 Nr.24 v=280
Pe=14:0033 pe=16:0033 p=18:0024 ps=20:0033 pe=24:0024 ps=24:0024 ps=26:0024 pe=30:002,4
Group: Dj Group: T Group: Ty Group: I, Group: Ty Group: Dsq4 Group: Dy Group: I,
Nr.25 v =280 Nr.26 v =140
pe =30:0,0,24 pe =60:0,0,1,5
Group: Dy, Group: [

Figure 6. All 26 6R fullerenes.

Figure 7. Eighteen-vertex (3,4)-polyhedron.

(giving a prism) or isolated 3-rings of 4-gons, which is
exactly case 2 of theorem 4.

If f(4,b) = 4, all 4-gons are isolated. SpA< v. Equality
1 andps > 0 imply 2(b — 6) < f(4,b) < min(3, b/2). Sob
< 7 and the only possibility fob = 7 is f(b,4) = 3, ps =
18, p7 = 24; v = 80. It is exactly case 1 of theorem 4.

In the remaining case f(d), = 3, the 4-gons are organized
into isolated adjacent pairs. Sop§R) < » and, using eq 1
andps; > 0, we get [3b — 6)]/2 < f(b,4) < min(5, J/5),
which impliesb < 9. Moreover, the only possible values
for (b, f(b,4)) are (9,5), (8,4), (7,2), (7,3), and (7,4). The
last subcase is not possible, because it gpses 48/5. The
subcase (7,3) gives= 44. A computer search showed that
it is exactly case 4 of the theorem. The remaining sub-
cases leave three possibilitiesb, (f(b,4); ps, po; v) €
{(7,2;24,36;116), (8,4;24,18;80), (9,5;60,36;188)he first

Figure 8. Unique (5,7)-, (5,10)-, (5,8)-, (5,8)-polyhedron with
= 92, 140, 56, 42 and symmetfzy, In, Dn, Tq.

Clearly, all remaining wanted polyhedra haves 6, so
they are covered by list 1; it gives the last entry of case 3 in
theorem 4.

Remark. The largest face-regular cubic (4,6)- and (5,6)-
polyhedra are also (just like in case 1 of Theorem 4) the
dual 4-cap or the dual snub cube and the dual 5-cap (putting
pyramids on all 5-gonal faces) of the snub dodecahedron.

Theorem 5. There is only one infinite family of face-
regular cubic (5, b)-polyhedra with k= 6: Barrel, (two
b-gons, separated by two rows of b 5-gons) for any b. The
finite families are as follows: (1) 12 (5, 6)-polyhedra, 23-
34 in list 1; (2) a unique 92ertex (5, 7)-polyhedron,
organized into concentric 3-, 15-, and 12-ring of 5-gons,
separated by 6-, 9-, and 3-ring of 7-gons (as in Figure 8);
(3) a unique 44wertex (5,7)-polyhedron (number 9 in list 2)
and 3 polyhedra with f(5,b) 2, also given in Figure 8; the

of them can easily be removed by a geometric argument. unique 140vertex (5,10)-polyhedron, the unique pértex
For the last one, there are eight vertices contained only in (5,8)-polyhedron, and the unique 92ftex (5,8)-polyhedron

9-gons. It is easy to show that there is only one out of two

with (ps, pe; f(8,5)) = (36,12;6).

possible ways in which the pairs of 4-gons can neighbor a Proof. The case f() = 1 gives exacthBarrel,. If f(5,b)

9-gon containing such a vertex. Using this, geometric

=5, then all 5-gons are isolated, sps= ». So eq 1 angbs

arguments give a contradiction when trying to construct the > 0 imply 50 — 6) < f(b,5) < 3, givingb < 7.

polyhedron. The middle one is realized by the polyhedron

If f(5,b) = 4, then all 5-gons are organized into isolated

of case 5 of the theorem. The uniqueness follows from its pairs, so 8§s/2) < v. Again we get 4§ — 6) < f(b,5) = 3

construction.

andb < 7.
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The case f(h) = 3 has 5-gons organized in disjoint rings.
Let t denote the number of 3-rings among them, pg-8t
< ». The same count as above gived 3{ 6) < f(b,5) <
min(5, (Bt + 4) — 18)/t + 16)). Sob = 7 is the only
possibility forb > 6. In the caséd = 7, we have either f(7,5)
= 4 andt < 20 or f(7,5)= 5 andt < 2. The first subcase the following classification:
givesps = 48 andp; = 36, and it should be the 164-vertex Besides the two infinite families, Prigrand Barre, there
(5,7)-polyhedron with all 48 5-gons organized into isolated are exactly 55 3-valent face-regular bifaced polyhedra. With
rings. V. P. Grishukhin (private communication) established, respect to the numbar vertices, they have the face sizes
case by case, the nonexistence in this subcase. The secon@, b) as follows.
subcase is f(7,5F 5; i.e., 7-gons also should be organized
in isolated rings. We ggts = 30 andp; = 18; v = 92. So  for v = 140:
5- and 7-gons should be organized in concentric alternatingfor y=116:
rings, and only two vertices belong to three faces of the samey

fullerene comes by a 5-triakon decoration (another one, than
the one, producing the above 56-vertex (5,8)-polyhedron)
of a face-regular 24-vertex (4,6)-polyhedron: the truncated
octahedron.

Remark 2. The above theorems 3, 4, and 5 together give

(4,15), (5,6), (5,10)
(4,13)

type. It is easy to show that case 2 of the theorem is the or v=92: two (4,11), (5.7), (5.8)

unique possibility for such a polyhedron. for y=80:  two (4,7), (4,8), two (5,6)
All possibilities withb = 6 are covered by list 1 (itis for »=68:  two (4,9), (5,6)

case 1 of the theorem). The only remaining case i9¥(5, for v=60: (3,10), (5,6)

2, b > 6. By using eq 1, we get B(— 6) < f(b,5) < b. ]

Clearly, po = ps(f(5.0)/f(b,5)) = 24/(f(b,5) — 2(b — 6)) and  [OF v=26:  (4,6), (4,12), (5,6), (5.8)

v =2ps + 2pp, — 4= (8b + 20 f(b,5))/(f(b,5) — 2(b — 6)). forv=52:  (3,9), (5,6)

So all possibilities with positive integerare given by f6,5) for v=44: two (3,8), three (4,7), (4,10), (5,6), (5,7)

=b—-i,b=< 11— ifor0 < i < 4. In the subcaseli(5) = for y=38: (5,6)

b, theb-gons are all isolated. It is easy to see thahould ' ’

be even and that fds €{8,1G the only possibilities are the ~ for v=36:  two (3,7)

140- and 56-vertex polyhedra in case 3 of the theorem. In for v=32:
subcase 1§,5) = b — 1, an attempt to construct the structures ¢q ,=28:

easily gives the impossibility fob €{9,8 and unicity (the

44-vertex polyhedron of case 3 of the theorem)lior 7. for v=26:
The impossibility of cases( f(b,5); v) = (7,5;52), (7,4;68)  for v=24:
was checked with the help of a computer. The remaining for y=20:
four cases should be (;polyhedra with f(3)) = 2, having for v=16:
(b, f(b,5); ps, po; v) = (7,3;36,24;116), (8,5;60,24;162), for 0_14:

(8,6;36,12;92), (9,7;84,24;212). The third possibility is

realized, uniquely, by the 92-vertex polyhedron of case 3 in for v=12:

the theorem. It and the nonexistence in the other three
subcases can be checked in the following easy way. Let us

two (4,6), two (4,8), (5,6)
(3,6), (4,9), (5,6)

(4,6)

(3,8), (4,6)

(3,7), two (4,6)

two (3,6), (4,5)

(4,5), (4,6)

(3,6), (4,5)
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was adjacent to a 5-gon by the edge (2,3) andliegan by
the edge (3,4), because this 5-gon would have 3, heg@ns

as neighbors. Now consider the situation wiAgis adjacent

to 5-gons by (2,3) and by (3,4), but not by (4,5). An attempt
to construct a polyhedron, respecting our conditions ol)(5,
f(b,5), will continue uniquely and always end in a situation

where the construction cannot proceed except in subcase 3.

(The most difficult situation is when alb — f(b,5) b
neighbors of the originab-gon A, are adjacent to it in a
row: by (1,2), (2,3), and so on.)

Remark 1. The polyhedron 24 of list 1 (i.e., the fullerene
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