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Quasi-semi-metrics, Oriented Multi-cuts and Related Polyhedra

MICHEL DEZA AND ELENA PANTELEEVA

We introduce polyhedral cones and polytopes, associated with quasi-semi-metrics (oriented dis-
tances), in particular with oriented multi-cuts, mpoints. We compute generators and facets of these
polyhedra for small values af and study their graphs.
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1. INTRODUCTION AND BASIC NOTIONS

The notions of directed distances, quasi-metrics and oriented multi-cuts are generalizations
of the notions of distances, metrics and cuts, which are central objects in graph theory and
combinatorial optimization.

Define aquasi-semi-metrion X as a functiord from X2 to Ry, such that for alk, y, z €
X,d(x,y) > 0,d(x,x) = 0, andd(x, y) < d(X, 2) + d(z, y). If the first inequality is strict
for all x # vy, thend is called aquasi-metriclf for all x, y € X, d(x, y) = d(y, X), thend is
called asemi-metricand ametric, respectively.

Given a partition(Sy, ..., §) (@ = 2) of X = {1,..., n}, a quasi-semi-metri&'(Sy, . . .,

&) is called aroriented multi-cuif §'(Sy, ..., §)(i, j) =1fori € &, j € S, < B, and
§'(St, ..., §)(, j) =0, otherwise.

After short review of general quasi-semi-metrics we consider, for small valuestef cone
and the polytope of all quasi-semi-metrics ¥n= {1, ..., n} and the cone and the polytope
generated by all oriented multi-cuts &h We list the facets and generators for these polyhedra
and tables of their adjacencies and incidences. We study the 1-skeleton graphs and the ridge
graphs of these polyhedra: the number of nodes and edges of these graphs, their diameters,
adjacency conditions, inclusions among these graphs and their restrictions on some orbits of
nodes. Finally, we compare the results obtained for oriented case with similar results for the
symmetric case (seé{8, 10)). All computations were done using the progracasl of [13].

The following notations will be used:

theoriented triangleinequality Tij k : Xjk + Xkj — Xij > 0;

thenon-negativityinequality Njj : xjj > 0,

the cone of o-multi-cuts O MCU,T generated by all nonzero o-multi-cuts mpoints;

the cone of quasi-semi-metrics QM g, Tdefined by all triangle and non-negativity in-

equalities om points;

e theo-multi-cut polytope OMCU,F, generated by all o-multi-cuts (i.e., including zero
multi-cut) onn points;

e the quasi-semi-metric polytope QM ET defined by all triangle inequalities, all non-

negativity inequalities and the inequaliti€g; : xjj + xji < 2 onn points.

2. QUASI-SEMI-METRICS AND RELATED POLYHEDRA

Given a seX, a mappingd : X x X — Ris called adistanceon X if d satisfies:

di, j)=d(.i)  foralli, j e X, (1)
di,j)=0  foralli,j e X, )
di,i)=0  foralli e X. 3)
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If, in addition, d satisfies the triangle inequalities:
dd, j) <d@, k) +dk, j) foralli, j,k € X, 4
thend is called asemi-metrimn X. Moreover, if
d(, j) = 0 holds only fori = j, (5)

thend is called anetricon X. (For the general theory of metrics s&10].) If we exclude the
symmetry condition), we obtain the definitions afriented distancegquasi-semi-metriand
guasi-metri¢ respectively(X, d) is asemi-metric, metric, quasi-semi-metric spgcevided
d has the corresponding property.

It is easy to see thafl] and @) follow from (3) and (4), where (4) is given by

dd, j) <dck, i) +ddk, j) foralli, j,k e X. 4)

However, while for the symmetric caseh and @) imply (2), in the oriented case they do not
imply (2).

The notion of a semi-metric was first formalized in the classic paper by Frekfefsym-
metric definitions of distance have already been usetlSnd. 145-146], but the first detailed
topological analysis of quasi-metrics was given by Wils@#] [ The triangle inequality was
first formalized as the central property of distancesl®] fnd later treated in Hausdorft§)].
The notion of a metric space was also formalizedlig][ but the term ‘metric’ was first pro-
posed in 15, p. 211].

It is known (see Proposition 8 il}]), that any quasi-metric on points embeds isometri-
cally intoR" equipped with some directed norm.

Quasi-metrics are used in the semantics of computation (see, for exafrgplearid are of
interest in computational geometry (see, for examdp, [

Consider now a few examples of quasi-metrics.

ExAMPLE 1. Let (X, D) be a finite metric space and I¥t= X1 U --- U X, be a decom-
position of X into the union of pairwise disjoint sets. Thdf(X;, Xj) := minyex; maxyex;
D(x, y) (for X; # Xj) andd’(X;, Xi) := O is a quasi-metric o := {Xg, ..., Xp} (compare
with the Hausdorff-metricl(Xj, Xj) = maXex;.yex; D(X, y) onY).

ExampPLE 2. If X is the seR of all real numbers, the mapping

, I min@,y—x), if x<y,
doxy) = { 1, otherwise

is a quasi-metric ok (compare with the ordinary metri(x, y) = |x — y|). Itis an example
of a non-metrizable quasi-metric space, such that y), for any fixedx, is a continuous
function ofy (see P1]).

ExamPLE 3. Forany anti-chain of se® = {x, y, z, ... |x ¢ yforall x # y}, the function
|XAy] is a semi-metric (not a metric), #8Ay| = |[YAX|, [XAY| > 0, [XAX| = 0, [XAz| —
IXAY| — |yAz] < =2(y\(X U 2)) — 2((x N 2)\y) < 0 (herexAy := (x\y) U (Y\x) is the
symmetric difference of setsandy).

Onthe other handx\y| > 0, [X\x| = 0, [X\z|—[x\Y|—[y\z| = —[(xN2)\Y|—|y\(XU2)| <
0 and the functionx\y]| is a quasi-semi-metric (not a quasi-metric).
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EXAMPLE 4. A graphG = (V, E) is calledconnectedf there is au—v path between any
two of its verticesu andv. The length of the shortest path fromto v in G is called the
distance & (u, v) between vertices andv. Clearly, the functiordg is a metric onV (path-
metric of graphG).

A directed graplD = (V’, E’) is calledconnectedif there are both directed pathsv and
v—U between any two verticas v € V’. The length of the shortest directed path frarto v
in D is called thedirected distance g(u, v) between verticea andv. The functiondy is a
quasi-metric orV’ (the path-metric of the directed grafih; see, for example4].

EXAMPLE 5 (CIRCULAR RAILROAD DISTANCE). Consider a circular railroad line, which
moves only in a counter-clockwise direction around a circular track, represented by the unit
circle C; = {x € R?|de(0, x) = 1} (see, for example 20]). Let the distancel.(x, y) be the
length of the counter-clockwise circular arc fronto y on C;. It is easy to see thal; is not
symmetric {lc(x, y) + dc(y, X) = 27), but it always satisfieslf and so it is a quasi-metric.

Note that Exampled and5 represent the much wider class of ‘one-way path’ distances,
which commonly occur in practice. For example, the presence of one-way streets in a city
produces exactly the same type of distances (such as shortest travel-time distance), which
satisfy the triangle inequality, but fail to be symmetric.

SetVy :={1,...,n}, Ey := |{ijli, ] € Vn,i # j}|, whereij denotes the unordered pair
of the integers, j, andl, := |{(i, j)|i, ] € Vn, i # j}|, where(i, j) denotes the ordered pair
of the integers, j. Letd be a semi-metric on the s&}. Due to the symmetrylj and since
d@,i) = 0fori € Vj, we can view the semi-metritas a vectofd;j)i<i<j<n € REn, where
En = ”(”T*D In the same way, we can view a quasi-semi-metfion the sel,, as a vector
(di’j )i£j € R'n wherel, = n(n — 1). Hence, a semi-metric (a quasi-semi-metric)\arcan
be viewed alternatively as a function 8 x V;, or as a vector ifREn (in R'n). We will use
both these representations. Moreover, we will use both synalgnlg) (d'(i, j)) andd;j (d{j)
for the values of the semi-metric (quasi-semi-metric) between poansd j. Clearly, one can
also view a semi-metric (a quasi-semi-metric) asiaa n matrix with dij = 0 on the main
diagonal (and witldij = dj; in the first case).

Denote byM E T, the set of all semi-metrics om points, and byQ ME T, the set of all
quasi-semi-metrics on points. MET, is a full-dimensional cone iiREn, defined by the
w triangle inequalities4). QM ET, is a full-dimensional cone iR'n, defined by
then(n—1)(n—2) triangle inequalities4) and then(n—1) inequalities ). (In the symmetric
case, ) follows from (4) and @), see the remark above.)

Note, that without condition?) we have in the con® M E T, the subspace of all mappings
d* satisfyingd*(i, j) = —d*(j,i) andd*(i, j) + d*(j,n) = d*(i,n)forall1 <i,j < n.

The dimension of this subspaceniér — 1) — ((2) + (”51)) =n-1.
Denote byM ET,” the polytope of all semi-metrics anpoints, defined by th8"=3(=2

triangle inequalities4) and by the"™=3"=2 inequalities

dd, ) +dGi, k) +d(j,k) <2  forallx,y,ze X @)

(the non-homogeneous triangle inequalities, 4€e). 421]).
Denote byQMETY the polytope of all quasi-semi-metrics @npoints, defined by the
n(n — 1)(n — 2) triangle inequalities4) and by then(n — 1) inequalities

dG,j)+d(,i)<2 forallx,ye X @

(‘oriented analogue’ of non-homogeneous triangle inequalities, see S&ktion
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3. ORIENTED MULTI-CUTS AND RELATED POLYHEDRA

We start with the notion of a cut semi-metric. Given a sulsetV, = {1, ..., n}, lets(S)
denote the vector iREn, defined by (9)ij = 1,if |SN{i, j}| = 1, ands(S)ij = 0, otherwise,
forl <i < j < n. Obviously,§(S) defines a semi-metric ow,, and for this reasoB(S) is
called acut semi-metri¢ or acut vector or simply acut).

In the same way, given a subs®tof V,, let §'(S) denote the vector iR'n, defined by
§(S)ij =1,ifi € S ] ¢ S, ands’(S)ij = 0, otherwise, for 1< i # j < n. Clearly,§'(S)
defines a quasi-semi-metric &f, called anoriented cut(or o-cut vectory or o-cui.

Consider now the notion of a multi-cut semi-metric. lget> 2 be an integer and let
S, ..., § be a partition ofVy,. Then themulti-cut semi-metrié(S,, . .., &) is the vector in
REn, defined bys (S, ... ., )ij =0,ifi, j € & forsomeh, 1 <h < q,and§(S, ..., §)ij
=1, otherwise, for I<i < j < n. In the same way, given an ordered partit®n. . ., § of
Vi, lets' (S, ..., &) denote the vector i, defined bys'(Sy, . .., §ij = 1,ifi € Sy, ] €
S, wherea < B, ands’(S,, ..., §)ij = 0, otherwise. It may be verified thé(S,, ..., &)
defines a quasi-semi-metric ®j, which is called amriented multi-cutor o-multi-cut vectoy
or o-multi-cud. (This notion was considered, for example, 18][)

Note, that the number of all oriented cuts emoints is 2, and the numbep’(n) of all
oriented multi-cuts om points is the number of all ordered partitionsrofin fact, p’(n) =
%An(Z), whereAn(x) is the Euler’s polynomial

An(X) — Z X1+d(ﬂ),

TeS
withd(x) := |{i < n|a > a+1}| for the permutation
1 2 ... n
T = .
a a -+ an
TABLE 1.

The number of o-multi-cuts for small valuesrof
n 3 4 5 6 7
pP(ny 13 75 541 4683 41338

Note, that the notion of a cut semi-metric is connected with the notion of symmetric dif-
ference of sets, and the notion of an o-cut quasi-semi-metric is connected with the notion of
asymmetric difference. For example, the égtl}) = (1, 1, 0) can be defined by the sym-
metric difference of set§l}, {4}, {7}: §({1}) = ({1 A{BY, [{LIA{B}, {9} A{F}]), and o-cut
8'({1) = (1,1,0,0,0,0) can be defined by the asymmetric difference of $&ts{?}, {#}:
8"({1) = ({3, HIND}, HOWNLLH, KOG}, HOIN{LH, HOI\{2}D-

The full-dimensional cone iiREn, generated by all non-zero cut semi-metré¢S) for
S C V,, is called thecut coneand denoted by U T,,. The full-dimensional cone iiREn,
generated by all non-zero multi-cut semi-metid¢sy, . . ., §) on Vj, is calledthe multi-cut
coneand denoted byMCUT,. The polytope inREn, which is defined as the convex hull
of all cut semi-metrics (multi-cut semi-metrics) &4, is called thecut polytope(multi-cut
polytopd and is denoted bg UTF (MCUTF).

In the same way, denote CU T, (OMCU T,) the full-dimensional cone ii'n, which
is generated by all non-zero o-cut semi-metrics (o-multi-cut semi-metric¥),0Benote by
OCUTY (OMCUTY) the polytope ifR'n, which is the convex hull of all o-cut semi-metrics
(o-multi-cut semi-metrics) oi,.
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For example,OCU Tz is the simplicial cone inR® generated by the six oriented cuts
8'({1) =(1,1,0,0,0,0),8'({2})) = (0,0,1,1,0,0),8'({3}) = (0,0,0,0,1, 1), 8'({1,2}) =
(0,1,0,1,0,0),4"({1,3}) = (1,0,0,0,0, 1) andé'({2, 3}) = (0,0, 1,0, 1, 0).

4. FACETS, EXTREME RAYS, VERTICES AND THEIRORBITS IN POLYHEDRA

Let C be a polyhedral cone iR". Givenv € R", the inequality T x < 0 is said to bevalid
for C if it holds for all x € C. Then the setx € C|v" x = 0} is called thefaceof C, induced
by the valid inequalitw T x < 0. A face of dimension difC) — 1 is called &acetof C; a face
of dimension 1 is called aaextreme rayof C. Let P be a polytope iR". Givenv € R" and
vo € R, the inequalityy” x < vg is said to bevalid for P if it holds for all x € P. Then the
set{x € P|vTx = v} is called afaceof P, inducedby the inequalityy™ x < vo. A face of
dimension dinGP) — 1 is called afacetof P. A face of dimension 1 (0) is called atge(a
vertey of P.

Two vertices, y of P are said to badjacenton P if the segmenfax+(1—a)y|0 < o < 1}
is an edge ofP. Two facets ofP (or C) are said to beadjacentif their intersection has
codimension 2.

The Iskeletongraph of P (or C) is the graphGp (or G¢) whose node set is the set of
vertices ofP (or extreme rays of) and with an edge between two nodes if they are adjacent
on P (or C). Theridge graphof P (or C) is the graphG}, (or G¢) whose node set is the set
of facets ofP (or C) and with an edge between two facets if they are adjacer ¢or C).
Thus, the ridge graph of a polyhedron is the 1-skeleton of its dual.

Anisometryf : R" — R"is called asymmetryf P (or C), if it is an isometry, satisfying
f(P) = P (or f(C) = C). (An isometryof R" is a linear mapping preserving the Euclidean
distance.) Given a fack, theorbit Q(F) of F consists of all faces that can be obtained from
F by a symmetry.

Clearly, all faces oCUT” andCU T, are preserved by any permutation of the nodes. For
a vectorv € REn and a cut vectos(A), let v*® be defined bwfj(A) = —vjj if §(A)j =1
and vf-(A) = vjj if 8(A)ij = 0. Consider the mappingsa : RE» — REn defined by
rsca(v) = v* + §(A). The mappingsa) is an affine bijection of the spad®, called
a switchingmapping. The facets cU T, are preserved under a switching operation too
(see [LO, pp. 403—-409]): a consequence of the simple fact that the symmetric difference of two
cuts is again a cut. Moreover, it is shown 8} fhat forn £ 4, switchings and permutations are
the only symmetries oEU T, andCU T-. Forn = 4 there are some additional symmetries.
It is shown in [L6] that the semi-metric polytop®l E T~ has the same group of symmetries
asCUTY; thatis,IS(METY) = Is(CUT).

In the oriented case all orbits of faces of quasi-semi-metric polyhedk4 @me preserved
under any permutation of the s&f = {1,...,n}, but a switching is not a symmetry of
OMCUT, andOMCUTY, because the set of o-multi-cuts is not closed under the symmetric
difference. However, the orbits of faces@M CU T, are preserved under the so-calieder-
sal operation. For an o-multi-ct (S, ..., §) onV, define the reversal a#f (S, ..., §) as
the o-multi-cuts’(&;, ..., S) (in the symmetric case the reversal of a multi-cut is the same
multi-cut). We conjecture that the symmetry group@MCU T, and OMCUTX consists
only of permutations and reversals, i.e., it is the gr@ap< Symn) of signed permutations,
and the symmetry group @MET, andQMETF is Symn).
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5. SOME CONNECTIONSBETWEEN SEMI-METRIC AND QUASI-SEMI-METRIC
POLYHEDRA

As every cut is a multi-cut and as every multi-cut is a semi-metric, we have
CUT, € MCUT, € MET, € RE".

In the same way, an oriented cut is an oriented multi-cut and every oriented multi-cut is a
guasi-semi-metric; so, we have

OCUT, C OMCUT, € QMET, C R

It is easy to check that(S,..., &) = %21§i§q8(8). Thus,MCUT, = CUT,. A
similar property fails for oriented multi-cuts. For examp$&i{1, 2, 3}) ¢ OCU Tz. Hence,
OCUT, c OMCUT, (strictly) for anyn > 3.

Among the facets o€ U T,X the most simple ones are the triangle facets, i.e., those defined
by the triangle inequalitiest] and (4'). Hence,

CUTY c MCUTY c METY [0, 115

Among the facets o®D MCU T~ the most simple ones are the triangle facets, induced by
inequalities 4), and the facets, induced by inequalitie¥ Y4Hence,

OCUT- c oMCUTY c QMET! c [0, 17",

Compare now some semi-metric and quasi-semi-metric polyhedrapmints for small
n. The triangle inequalities are sufficient for describing the cut polyhedra fer 4, but
CUT, € MET, andCUTF c MET! (strictly) for n > 5. The complete description of all
the facets of the cut polyhed@U T,, andCU T~ is known forn < 8, the complete description
of the semi-metric polyhedrt! ET, and M E T is known forn < 7 (see, for example, the
linear description oM ET7 in [14]). Here the ‘combinatorial explosion’ starts from= 8
(for exampleCU Tg has 49 604 520 facets).

In the oriented cas€)CUTz; C QMET; andOCU T’ ¢ QMET,’, while OMCU T, =
QMET, andOMCUT! = QMET! for n = 3 only. We computed all facets, extreme
rays (vertices) and their adjacencies and incidenc&MiCU T, (OMCUTY) andQME T,
(QMETY) for n = 3, 4 only. In fact, the ‘combinatorial explosion’ starts in the oriented case
fromn = 5 (for instanceQ M E Ts has 43 590 extreme rays). The amount of computation and
memory is much bigger in the oriented case, because the quasi-semi-metrics are not symmet-
ric (so, the dimension of the quasi-semi-metric polyhedra is doubled) and the o-multi-cuts do
not lie in the cone of o-cuts.

6. THE CASE OFTHREE POINTS

We present here the complete linear description for the caseé.

Clearly, OCUT; ¢ QMET; strictly. However, fom = 3 the triangle inequalitiest] with
the non-negativity inequalitie®) describeOMCU Ts.

There are 12 non-zero o-multi-cuts, including six o-cuts (see Tabkow) onVs, which
form two orbits: the orbitD1 of o-cuts and the orbiD, of other o-multi-cuts.

Note, that all o-cuts above can be obtained fréit{1}) by a permutation§ ({2}) and
8'({3})) or by a reversal and a permutatiafi({1, 2}), §'({1, 3}) andé’({2, 3})); all o-multi-
cuts above can be obtained fréng{1}, {2}, {3}) by some permutation.
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TABLE 2.

Non-zero o-multi-cuts on three points.

o-multi-cut (v12, v13, V21, V23, 31, v32)  Orbit number
8'({1) (1,1,0,0,0,0 (o]}
8'({2) 0,0,1,1,0,0 (o]}
8'({3) 0,0,0,0,1,1) (o]}
8'({1,2)) 0,1,0,1,0,0 (o]}
8'({1,3)) (1,0,0,0,0,1) (o]}
8'({2,3)) 0,1,0,0,1,0 01
813, {2, {3) (1,1,0,1,0,0 Oz
8'({1}, {3} {2 (1,1,0,0,0,1) Oz
8'({2}, {1}, {3) 0,1,1,1,0,0 Oy
8'({2}, {3}, {1) 0,0,1,1,1,0 Oz
8 ({3} {1}, {2} (1,0,0,0,1, 1) O
8'({3}, {2}, {1) (0,0,1,0,1,1) Oz

TABLE 3.

The adjacencies of facets @®MCU Ts.
Orbit Representative F; F, Total adjacency |Fi|
F1 T123 3 5 8 6
Fo N12 5 2 7 6

The only facet-defining inequalities @ MCU T; are the six triangle inequalities
Tijk = Xij —Xik —Xj <0
and six non-negativity inequalities
Nij : xj >0,
which form two orbitsF; andF», respectively. (Reversals coincide here with some permuta-
tions.)

Adjacencies of facets (extreme rays)@MCU Tz are shown in Table8 and4. For each
orbit a representative and a number of adjacent ones from other orbits are given, as well as the
total number of adjacent ones and the cardinality of orbits.

The 1-skeleton grapti;owLCUT3 has 12 nodes and 45 %(9 x 6 4+ 6 x 6) edges. Fig-
ure 1 shows the compleme@omcuT, of this graph (herey := §'({2, 3}), a2 := §'({1, 3}),
ag = §({1,2), aj = §({1), a3 = &2, a3 = §'({3), by = ({2}, {3}, {1},
by := &"({1}, {3}, {2, b := &"({1}, {2}, {3}), b7 := &'({3}, {2}, {1}, b5 = &' ({3}, {1}, {2}),
andbj := 8'({2), {1}, {3)).

As any two nodes oGomcuT, have at least three common neighbors, we obtain

PropPosITION1. The diameter of thé-skeleton graph QucuT; is 2.

The graphGg ycyT, also has 12 nodes and 45 edges. Figlshows its complement.
As any two nodes 06,y 7, have at least three common neighbors, we obtain

PROPOSITIONZ. The diameter of the ridge graphiz,c+, is 2

Itis easy to see that, GOMCUT , atriangle facet is adjacent to some other facet if and only if
they are non-conflicting. Two vectors frof), 1, —1}" are said to beonflictingif there exists

a pairij such that the two vectors have non-zero coordinates of distinct signs at the position
ij. More exactly, we obtain the following result.
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TABLE 4.

The adjacencies of extreme rays&fMCU T3.
Orbit  Representative O; O, Total adjacency |G
0 {1} 5 4 9 6
O  ¥{u.{2,13) 4 2 6 6

FIGURE 1. GraphGomcu -

PROPOSITIONS. For the ridge graph G, 1, it holds that:

(i) the triangle facet if « is adjacent to a facet if and only if they are non-conflicting;
(i) the non-negativity facetNis adjacent also to the facets N Ngj (m # j, k # i).

The incidences of facets and extreme rays@W¥ICU T3 are shown in Tabl®&. Namely,
for each orbitF; we give the number of extreme rays from orbids, which belong to a
representative oF; and the total number of extreme rays, which belong to it. Note, that, in
general, the table of incidences of extreme rays and facets can be obtained from the table of
incidences of facets and extreme rays by the formulae

Fij x 10j] = Oji x |Fil, (6)

where|Oj| and|F;| are the orbit sizesF; is the number of elements from orlglj, which
are incident to a representative Bf, and Oj; is the number of elements from orl#, to
which is incident a representative fro@y .

Consider now the polytop® MCU Tg‘j—the convex hull of all 13 o-multi-cuts ovis.

This polytope has 13 vertices, which form three orbits (the ofhitof o-cuts, the orbit
O, of other o-multi-cuts and the new orh@t’, consisting of only’(%)). O MCUT3D has 15
facets: six facets of typ&j k (orbit Fy), six facets of typeN;; (orbit F>) and three new facets
(orbit Flp), which are induced by the inequalities

Gij : Xij + Xji <2

As the coneOMCUT; coincides with the con@ MET;, we defineQMET; by all in-
equalities of typedij k (triangle inequalities)N;; (non-negativity inequalities) an@;j (ori-
ented analogue of non-homogeneous triangle inequalities). HEMdGU T, = QM ET3D.
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T12,3

Tizp Tao1

T23,1 T31,2

T21,3

FIGURE 2. Grath"éMCUTS.

TABLE 5.

The incidences of facets and extreme ray®iRICU T3.
Orbit O; O Totalincidence
Fy 4 3 7
Fo 4 3 7

Connections between facets and vertices of the o-multi-cut polyZa@de U T3D are shown
in Tables6-8, which are constructed in the same way as TaBlés

GOMCUTg':' has 13 nodes and 57 edges. Fig@rehows the complement of it. Here the
pointsay, ..., b} are the same as in Figuteandap := &'(¥).

Since any two nodes @omc:UTSD haves’(#) as a common neighbor, we obtain

PROPOSITION4. The diameter of thé-skeleton graph @MCUT3D is 2.

GHmcuto has 15 nodes and 72 edges; Figdishows the complement of it.
3 . .
As any two nodes 06g,,,~, 1o have at least three common neighbors, we obtain
3

PrROPOSITIONS. The diameter of ridge graph gMCUTf is 2.
It is easy to check the following proposition.
PROPOSITIONG. Forthe ridge graph %MEED it holds that:

(i) the triangle facet i k is adjacent to a facet if and only if they are non-conflicting;
(i) the facet N is adjacent also to €W, Nkj (m # j, k # i) and to all Gy; and
(iii) the facet Gj is adjacent also to all non-triangle facets.

It turns out that the 1-skeleton graffpmcuT, and the ridge grapf‘ja"‘o,\,lcUT3 are induced

subgraphs OGOMCUTsu andGg,,cu1o- respectively.
3
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FIGURE 3. GrathOMCUT3D .

~ %
FIGURE 4. GrathOMCUng.
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TABLE 6.
The adjacencies of facets @M CU Tgm.
Orbit Representative F; F, |:1P Total adjacency |F|

F1 T123 3 5 1 9 6

F> N12 5 2 3 10 6

Fy G12 2 6 2 10 3
TABLE 7.

The adjacencies of vertices @MCU T3':I .
Orbit  Representatve O; O, Of Total adjacency |G

01 FYGm) 5 4 1 10 6
0, U283 4 2 1 7 6
o} 5'®) 6 6 0 12 1

Recall, that in the symmetric ca@U T3 = MET3 (CUT;’ = MET,’) and, hence, the
only facet-defining inequalities faZU T3 andCUT3D are the triangle inequalities, three in-
equalities (from one orbit, obtained by permutations)@dd Tz and four inequalities (from
one orbit, obtained by permutations and switchingsﬁbrTBD.

7. THE CASE OFFOUR POINTS

We present here the complete linear descriptio®@dMCU T, QMET,, O MCUT4D and
QMET/.

OMCUT; has 74 extreme rays (all non-zero o-multi-cuts\&), which form five orbits
with the representative$$({1}) (orbit O1), §'({1, 2}) (orbit Oy), 8’ ({1}, {2}, {3, 4}) (orbit O3),
8'({1}, {2, 3}, {4}) (orbit O4) and §'({1}, {2}, {3}, {4}) (orbit Os). OMCUT, has 72 facets
from four orbits, which are induced by 24 triangle inequalities (oFajt

Tij k@ Xij — Xik — Xkj <0,
12 non-negativity inequalities (orbiiy)
Nij : xj >0,
12 inequalities (orbifs)
Li j.km : Xij + Xji + Xkm < Xim + Xjm + Xki + Xkj + Xmk

and 24 inequalities (orbiE,)

Qi,jkm: Xij + Xji + Xkm < Xik + Xim + Xjk + Xjm + Xki + Xkj,

Qir,j,k,m 2 Xij + Xji + Xmk =< Xik + Xjk + Xki + Xkj + Xmi + Xmj-
Note, that for the orbit§1, F», F3, but not forF4, the reversal operation coincides with some
permutation; the reversal @ j km is Q{’j’k’m.

Tables9—-11 show connections between the facets and the extreme ray$/@ U T4.

The 1-skeleton grap@omcuT, of OMCU T4 has 74 nodes and 1479 edges. As 14 o-cuts
(orbits O1 and O, together) form a dominating clique, we obtain

PrRoPOSITION7. The diameter of thé-skeleton graph QucuT, is2or 3.
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TABLE 8.
The incidences of facets and vertice<OiMCU Tg'j.
Orbit O 0O, OF Totalincidence

FL 4 3 1 8

F,o4 3 1 8

Ff 4 6 0 10
TABLE 9.

The adjacencies of facets @MCU Ty.
Orbit Representatve F;y F, F3 F4 Total adjacency |Fi|

F1 T123 17 11 5 8 41 24
Fo N12 22 6 12 8 48 12
F3 L1234 10 12 0 2 24 12
Fa Q1234 8 4 1 3 16 24

The ridge graplGg oy, has 72 nodes and 1404 edges.

The quasi-semi-metric con@ ME T, has 36 facets, distributed in two orbits: 24 trian-
gle facets (orbitF1) and 12 non-negativity facets (orld). There are 164 extreme rays in
QM E T4, which form 10 orbits: orbit©;—0Os with the same representatives asiMCU Ty
and five other orbits with the representatives

0, 0, 0) (orbit Og),
0, 0, 1) (orbit O7),
,1,0,0,0) (orbit Og),
0, 0, 1) (orbit Og),

v7({1}, {2}, {3}, {4) = (1,1,1,0,1,1
ve({1}, {2}, {3}, {4) = (1,1,1,0,1, 1,0,
vo({1}, {2}, {3}, {4) = (1,1,1,1,1,1

’ ]

The adjacencies and incidences of the facets and extreme ray$/d T, are given in
Tables12-14.

The 1-skeleton grap&omeT, has 164 nodes and 2647 edges. As 14 o-cuts (othitsnd
O7 together) form a dominating clique, and as there are two representatives fron®gsbit
which do not have common neighbors, we obtain

PROPOSITION8. The diameter of thé-skeleton graph GmeT, is 3.

Note, that the complement of the graph of neighbors for a representat®gya$ 4K; +
Ps+ P> + Ky s.

The ridge graprG”éM ET, has 36 nodes and 504 edges. One can check (case by case)

ProPOSITION9. For the ridge graph %MEu it holds that:

(i) the triangle facet jf i is adjacent to a facet if and only if they are non-conflicting;

(i) the non-negativity facet Nis adjacent also to the facetsiN Nj, Nkm (M # j,

k #£i); and
(i) the diameter of this graph is 2.

Note, that inQ M E T4 the adjacencies of facels k andN;; are the same as @MCU T,
(see Table® and12); hence,Gp, g1, is an induced subgraph @y, However, the
adjacencies of o-multi-cuts from orbiB3, O4 and Os are decreased in the cOREME Ty
(see Tabled0and13); henceGomcuT, is not an induced subgraph GiomeT,.
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TABLE 10.

The adjacencies of extreme rays&fMCU Ty.
Orbit Representatve O; O O3 04 Og Total adjacency |Oj|

01 5'(L) 7 6 21 9 18 61 8

0, ({1, 2) 8 5 20 12 8 53 6

o3 S(U.{2.34) 7 5 15 7 10 44 24

o, &¥{1.{23.{4) 6 6 14 6 8 40 12

05 &1, {2,{3¢4p 6 2 10 4 12 34 24
TABLE 11.

The incidences of facets and extreme ray®iMCU Ty.
Orbit Op Op O3 O4 Og Totalincidence

F1 6 4 14 7 12 43
) 6 4 14 7 12 43
F3 4 4 8 4 8 28
Fa 3 4 4 4 2 17

Consider nowO MCUTE—the convex hull of all 75 o-multi-cuts oWy (with §'(9)). It
has 75 vertices, which belong to six orbits (orlfig—Os with the same representatives as in
OMCUT; and new orbitOP, which has only’ (%)). O MCUT4D has 106 facets from seven
orbits: 72 facets from the orbits;—F4, induced by the inequalities of the typ&g «, Nij,
Li,j,k,m andQj j k,m, respectively, six facets (orbﬁlp), induced by the inequalities

Gij @ Xij + Xji <2,
four facets (orbiIsz), induced by the inequalities
Mijkm : Xik + Xim + Xki + Xkm + Xmi + Xmk — Xij — Xji — Xjk — Xjm — Xkj — Xmj < 1,
and 24 facets (orbiIF3p), induced by the inequalities
Ri j.km @ Xjk + Xjm + Xkm + Xmk — Xik — Xim — Xji — Xki — Xmi < L.

Tables15-17 give connections between the facets and the vertices of this polytope.
The 1-skeleton grapGOMCUT4u has 75 nodes and 1604 edges.sA®) is adjacent to all
other vertices, we obtain

PROPOSITION10. The diameter of thé-skeleton graph @MCUTE is 2.

The ridge graph 067,10 has 72 nodes and 1683 edges.
4
It turns out thangMCUT“ is an induced subgraph G‘EMCUT‘F (see Table® and15), and

G*QMET“ is the induced subgraph &, o (see Tabled2and18), butGomcur, is not

an induced subgraph GOMCUTf (see Tabled0 and16).

Similarly to QMET;”, we defineQMET,” by the inequalities of the type§j k, Nij
andG;j;. Hence, this polytope has 42 facets from three orbits: 24 triangle facets Fgjbit
12 non-negativity facets (orbi,) and six facets, induced by inequaliti€s; (orbit F3).
QM ET4D has 221 vertices, which belong to 14 orbits: 10 orlits-O;¢ with the same
representatives as i@ MET, orbit O (seeOMCUT,?) and three new orbit©;-0}
with the representatives} ({1}, {2}, {3}, {4}) = (1,1,1,1,2,2,0,0,1,0,0, 1) (orbit OJ),
v ({1}, {2}, {3}, (4) = (1,1,2,1,1,2,0,0,1,0,0,0) (orbit OF) and v} ({1}, {2}, {3}, {4}
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TABLE 12.

The adjacencies of facets @M E Ty.
Orbit Representative F; F, Total adjacency |Fi|

= Ti23 17 11 28 24
Fa Nio 2 6 28 12
TABLE 13.

The adjacencies of extreme rays@QrM E Ty.

Or. Representative O Oy O3 0O4 O 0O O Og O O10 Ad |G|
(o)1 8§ ({1hH 7 6 21 9 18 6 9 6 3 6 91 8
O 8'({1,2) 8 5 20 12 8 12 16 4 4 8 97 6
O3 8 ({1}, {2}, {3, 4) 7 5 7 5 10 4 4 2 0 2 46 24
Oy 8§ ({1}, (2,3}, {4hH 6 6 10 2 8 4 4 0 2 4 46 12
Osg 8’ ({1}, {2}, {3}, {4} 6 2 10 4 3 4 2 1 0 1 33 24
Og ve({1}, {2}, {3}, {4}) 2 3 4 2 4 0 2 1 0 0 18 24
Oy v7({1}, {2}, {3}, {4}) 3 4 4 2 2 2 0 1 1 2 21 24
Og vg({1}, {2}, {3}, {4}) 4 2 4 0 2 2 2 0 0 0 16 12
Og vo({1}, {2}, {3}, {4}) 4 4 0 4 0 0 4 0 0 4 20 6
O10 vio({1}, {2}, {3}, {4}) 2 2 2 2 1 0 2 0 1 0 12 24

=(1,12011,0,1,1,0,1,1) (orbit Of). Connections of the facets and the vertices of
QMET, are given in Table48-20.
The 1 skeleton graph‘:QMETu has 221 nodes and 3534 edges. As the o®itand O»

together form a dominating clique, and as there are two representatives from th@f)rblt
which have no common neighbors, we obtain

PROPOSITION11. The diameter of thé-skeleton graph Qv et? is3.

The ridge graptGQMETD has 80 nodes and 686 edges. It is easy to check the following
proposition.

PROPOSITION12. For the ridge graph %METE it holds that:

(i) the triangle facet if x is adjacent to a facet if and only if they are non-conflicting;
(i) the facet I\ is adjacent also to €, Nkj, Nkm (M # j, k # i) and to all Gyy; and
(iii) the facet Gj is adjacent also to all non-triangle facets.

Figures5 and 6 show some subgraphs &qm ETY- The restriction ofGQMETu on the
union of orbitsOy andOp consists of two disjoint cube graphs; see Figéirbere the black
(or white) points are the elements frdm (or Op)

Note, that inQM ETD the adjacencies of faceTg k andN;jj are the same as QMET,
(see Tabled2 and 18) and the ridge grapha* MET, is an induced subgraph G*QMETD
Similarly (see Table45and18), the graprGBMETD is an induced subgraph G‘OMCUTD
GOMCUTD is the induced subgraph Gfgm ETY (see Tabled6and19), butGomcuT, is not
an induced subgraph @qum ETP (see Tabled0 and19).

Recall, that in the symmetnc caSJ Ty = MET; andCUT,’ = MET, . The only facet-
defining inequalities fo€U T4 andCU TEI are the triangle inequalities, 12 inequalities (from
one orbit, obtained by permutations) f@U T4 and 16 inequalities (from one orbit, obtained
by permutations and switchings) faiU T4D.
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The incidences of extreme rays and facetQikl E Tz.

The adjacencies of facets d{MCU T4‘:'.

TABLE 14.

Orbit F; Fp Total incidence
01 18 9 27
0Oy 16 8 24
O3 14 7 21
Oy 14 7 21
Og 12 6 18
Og 10 6 16
O7 10 5 15
Og 10 5 15
Og 8 4 12
O10 8 4 12

TABLE 15.

Orbit Representatve F; F, F3 F, Ff FI FI Totaladjacency |F|
F1 T123 17 11 5 8 4 1 4 50 24
Fy N1o 22 6 12 8 6 4 8 66 12
F3 L1234 10 12 0 2 1 0 0 25 12
Fq Q1,234 8 4 1 3 4 0 1 21 24
FP G1o 16 12 2 6 5 2 12 65 6
F]p M1’2'3’4 6 12 0 0 3 0 6 27 4
F3?p R1.2.3.4 4 4 0 1 3 1 0 13 24

TABLE 16.
The adjacencies of vertices @MCU T4D .

Orbit Representatve O; Oy O3 Oy Og Ol"' Total adjacency |O;j|
01 8 (1) 7 6 21 9 18 1 62 8
(07} §'({1,2 8 5 20 12 8 1 54 6
O3 8 ({1}, {2}, (3.4} 7 5 16 8 10 1 47 24
Oy 8 ({1}, {2, 3}, {4} 6 6 16 6 10 1 45 12
Os  &((1}.{2.{3).{4) 6 2 10 5 12 1 36 24
01p 8 (@) 8 6 24 12 24 0 74 1

TABLE 17.

The incidences of facets and extreme ray®iMCU T4D.

Obit O O O3 Os4 Os OF Totalincidence
F1 6 4 14 7 12 1 34
F> 6 4 14 7 12 1 34
Fa 4 4 8 4 8 1 29
Fq 3 4 4 4 2 1 18
FPo4a 2 4 2 o0 1 13
F]p 6 0 12 6 0 0 24
Fﬁ,’ 1 0 8 1 3 0 13
TABLE 18.
The adjacencies of facets @M ET4D .

Orbit Representative F;1 F» Flp Total adjacency |Fj|
F1 Ti23 17 11 4 32 24
Fo N12 22 6 6 34 12
Fy G12 16 12 5 33 6
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TABLE 19.
The adjacencies of vertices @M ET4E'.

Or. O Op O3 O4 Os Op O7 Og Oy Oj;p Of OF OF Of Ad. [Oj
O, 7 6 21 9 18 6 6 6 3 6 1 9 9 3 110 8
O, 8 5 20 12 8 12 16 4 4 8 1 0 O O 98 6
O3 7 5 16 8 10 4 4 2 0 2 1 4 6 2 71 24
o, 6 6 16 6 10 4 4 0 2 6 1 4 4 0 69 12
Os 6 2 10 5 12 4 2 1 0 1 1 2 0 0 46 24
O 2 3 4 2 4 0 2 1 0 0 1 0 0 0 19 24
o; 2 4 4 2 2 2 0 1 1 2 1 1 0 0 22 24
O3 4 2 4 0 2 2 2 0 0 0 1 0 0 0 17 12
Og 4 4 0 4 0 O 4 0 0O 4 1 0 0O 0 21 6
Og 2 2 2 3 1 0 2 0 1 0 1 2 0 0 16 24
o 8 6 24 12 24 24 24 12 6 24 0 0 O 0 164 1
oJp 3 0 4 2 2 0 1 0 O 2 0O 0O 1 0 15 24
o% 3 0 6 2 0 0O 0O O O O O 1 2 1 15 24
o) 3. 0 6 0 0 0 O OO 0 0O O 3 0 12 8
Ol
03
0O, O,

FIGURE 5. The complement of the graph of neighbors for a representati@)fof

8. THE CASE OFFIVE POINTS

QM ETs has 80 facets from two orbits (60 triangle facets and 20 non-negativity facets) and
43590 extreme rays from more than 58 orbits. For instance, together with 540 o-multi-cuts
(10 orbits), there are orbits with the representatives

,1,2,0,0,0,0) (the adjacency 404, the incidence 41),
,1,1,0,0,0, 1) (the adjacency 58, the incidence 30),
0,0,1,1,1,1) (the adjacency 20, the incidence 20).
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QMET, has 90 facets (three orbits) and 79391 vertices and more than 113 orbits of ex-
treme rays.

OMCUTs5 has 540 generators (all non-zero o-multi-cutsvgh which form 10 orbits, and
more than 1200000 facet®.MCU T5D has 541 vertices (11 orbits) and more than 128 orbits
of facets. Besides the extensions of all facet0d1CU T4, the coneOMCU T5 has, for
example, three facets A, B, C, given below. H&e x denotes the sum of distances along the
oriented cycla. . . x.
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FIGURE 6. The restriction o5 g ETS ON O1U Of.

TABLE 20.
The incidences of vertices and facetQiM ET4D.
Orbit F; F, F/ Totalincidence

0, 18 9 3 30
o, 16 8 4 28
03 14 7 5 26
o, 14 7 5 26
o5 12 6 6 24
0O 10 6 1 17
o; 10 5 1 16
0Og 10 5 1 16
0g 8 4 2 14
O10 8 4 3 15
of 24 12 o0 36
on 6 4 4 14
o% 6 5 3 14
o 6 3 3 12

A Saxb+ Syb+ Sazb > Sab + Sy
B : Sabx + Say + Sby = Skayzabyzb> Sab + (Sz + S2),
C: Sixb+ Syx+ Syz+ Sz > Sab + (Scyz+ Skzy)-

An example of a quasi-metric violating inequaliy is provided by the oriented graph
on {a, b, X, y, z}, havingai, ib, ba, xy, zy (for i = X, vy, 2) as the set of arcs. If iA we
replace all (oriented) cycles by non-oriented ones, then it will becgmeeatagonalnequality;

10 pentagonal inequalities, together with 30 triangle inequalities, give all facets of the cone
CUTs.

Recall, that for the symmetric ca€JTs ¢ METs andCUT5D cM ETSD. While CUTs
has 40 facets from two orbits, the coGéJ T5D has 56 facets from two orbits. The extreme
rays of MET5 and the vertices oM ET5D are also known; namely, besides the cut vectors,
all of them arise by a switching of the vect@/3, ..., 2/3). So,METs has 25 extreme rays
from three orbits and/ ET5D has 32 vertices from two orbits.

The complete linear description of the semi-metric polyhedra is known for7. The cut
coneCUTg (respectively,CUTGD) has 210 facets from four orbits (respectively, 368 facets
from three orbits),CU T, (respectively,CUTE) has 38 780 facets from 36 orbits (respec-
tively, 116 764 facets from 11 orbitsf U Tg (respectively,CUTBD) has 49604 520 facets
(respectively, 217 093 472 facets from 147 orbits) ($e The semi-metric con® E Tg (re-
spectively,M ETGD) has 296 extreme rays from seven orbits (respectively, 544 vertices from
three orbits);M ET; (respectively,M ET7D)has 55226 extreme rays from 41 orbits (respec-
tively, 275 840 vertices from 13 orbits).

See P] and [1]] for a study of similar small cones and polyhedra.
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9. CONJECTURES FORGENERAL N

Four conjectures about the graphs of quasi-semi-metric polyhedrapmints, proposed
below, have been verified far < 4; we also computer-checked ConjectuBand 4 for
n=>5.

*CONJECTUdREilk.. The ridge graphTG’(B,\,lETn and Gy gqo are induced subgraphs of
G andG , respectively.
OMCUT, OMCUT?

CONJECTURE2. ForOMCUT,, QMET,, OMCUT! andQMET it holds that:

— every o-cut is adjacent to all other o-cuts;
— every extreme ray (vertex) is adjacent to some o-cut;
— the diameter of the 1-skeleton graph is equal to 2 or 3.

CONJECTURES. For the ridge grapIGBMETn it holds that:

(i) atriangle faceTjj k is adjacent to a facet if and only if they are non-conflicting; and
(i) anon-negativity facelj is adjacent td\;/j- if and only if neitheri’ = j nor j’ =1.

CONJECTURE4. For the ridge grapiBg, g o it holds that:

(i) atriangle facefjj k is adjacent to some facet if and only if they are non-conflicting;
(i) anon-negativity facell;j is adjacent td\;/j- if and only if neitheri’ = j nor j’ =i, it
is adjacent also to all faceGn; and
(iii) afacetGjj is adjacent also to all non-triangle facets.

The above conjecture implies that if we take a triangle fdget in QM ETY, then the
‘conflicting’ graph (the graph of ‘non-neighbors’) dfj k has 4n — 2) + 1 nodes (facets
Nij, Gjk, Gik, Tik,j» Tkj,i» Til,j» Tik,l» Tii,j» Tkj,i,» wherel # i, j,Kk) and 4n — 2) edges
(between facet&jk and Tik,j; Gik and Tk, Tii,j and Tik1; Tiji andTgj,). Thus, it is the
graph Zn — 2)Ks + Kj.

Conjectures3 and 4 would imply that the ridge graphs ®@MET, and QMET! have
diameter 2. Let us see it fd@ M ET,. The ‘non-conflicting’ graph, restricted on the orbit of
all triangle facets, has diameter 2. This follows (case by case check ) from the fact that the
complement of its local graph i + (2n — 6)K». For exampleTijj k conflicts with 41-10
facetsTik,j; Tkj,i; Tik,ls Tit,js Tkj,1; Tj,i foralll different ofi, j, k. All other possible pairs of
non-adjacent facets a(@&j k, Nij), (Nij, Nji), (Nij, Nki), (Nij, Njk). Examples of common
neighbors for those pairs are, respectivély, Tik j, Nkj, Nik.

Remind, that in the symmetric case all triangle inequalities are facet-inducthyg iy and
in CUTY for anyn > 3; the cut vectors form a single switching class, which is a clique in the
1-skeleton graph oM E T\ (on the other hand, it is shown in Laured$] that every other
switching class is a stable set in the 1-skeleton grapt BT, that is, no two non-integral
switching equivalent vertices d#l ET form a edge orM ET."); two triangle inequalities
are adjacent in the ridge graph®fE T.- if and only if they are non-conflicting (seé]].
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