Discrete Mathematics 119 (1993) 21-48 21
North-Holland

The inequicut cone*

Michel Deza

CNRS, LIENS, Ecole Normale Supérieure, Paris, France

Komei Fukuda

Graduate School of Systems Management, The University of Tsukuba, Tokyo, Japan

Monique Laurent
CNRS, LIENS, Ecole Normale Supérieure, Paris, France

Received 6 June 1990
Revised 4 February 1992

Abstract
Deza, M., K. Fukuda and M. Laurent, The inequicut cone, Discrete Mathematics 119 (1993) 21-48.

Given a complete graph K, on n nodes and a subset S of nodes, the cut 6(S) defined by S is the set of
edges of K, with exactly one endnode in S. A cut §(S) is an equicut if [S|=| n/2 Jor[ n/2]and an
inequicut, otherwise. The cut cone C, (or inequicut cone IC,) is the cone generated by the incidence
vectors of all cuts (or inequicuts) of K ,. The equicut polytope EP,, studied by Conforti et al. (1990), is
the convex hull of the incidence vectors of all equicuts. We prove that IC, and EP, ‘inherit’ all facets
of the cut cone C,, namely, that every facet of the cut cone C, yields (by zero-lifting) a facet of the
inequicut cone IC,, for n<| m/2 |and of EP,, for m odd, m>2n+ 1. We construct several new classes
of facets, not arising from C,, for the inequicut cone IC, and we describe its facial structure for n< 7.

0. Introduction

Given the complete graph K, on n nodes 1,2, ..., n, and a subset S of nodes, the cut
3(8) defined by S is the set of edges of K, with exactly one endnode in S and the cut
vector defined by S is its incidence vector. The cut cone C, (or the cut polytope P,) is
the cone (or the polytope) generated by all cut vectors of K,; both objects were
considered by many authors (see for instance [4,5,8,9, 11,12]). In this paper, we
consider some restricted cut cones or polytopes, i.e. cones and polytopes generated by
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some family of cuts. The most natural families of cuts are those defined by imposing
some restriction on the size {S|,n—| S| of the shores S, S. For example, equicuts (or
inequicuts), k-uniform cuts, even cuts (or odd cuts), are the cuts 6(S) for which
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[SI=Ln/2 Jor[n/27], (or |S|# /2 |,[n/27)), |S|=
even (or odd), respectively.

In this paper, we study the facial structure of the inequicut cone IC, (i.e. the cone
generated by the inequicuts of K, ) and, in continuation of [ 7], of the equicut polytope
EP, (i.e. the convex hull of the equicuts of K,). The k-uniform cut cone C¥ as well as
the lattice generated by the k-uniform cuts are studied in details in [14]; we describe
here the cone C¥ for k=1, 2, they are actually the only simplicial k-uniform cut cones
together with the case (n=6, k =3). The cone and polytope generated by even or odd
cuts are considered in [13].

One of the reasons for which equicuts (or inequicuts) are useful comes from their
application to the study of the ground state magnetisation of a spin glass with zero (or
non zero) magnetisation (for a survey of applications, see [3]). Another interesting
feature of the inequicut cone and of the equicut polytope is that they already contain,
in some sense, all the facets of the cut cone in smaller dimension.

The paper is organized as follows. In Section 1, we show that the inequicut cone and
the equicut polytope ‘inherit’ all the facets of the cut cone; namely, we prove that any
facet of the cut cone C, yields (by zero-lifting) a facet of the inequicut cone IC,, for
n<| m/2 |and of the equicut polytope EP,, for m odd, m=2n+ 1. In Section 2; we give
the full description of the k-uniform cut cone for k=1, 2, from which we can deduce
the facial structure of the inequicut cone IC, and of the equicut polytope EP, for n<S5.
Several classes of facets of the inequicut cone IC, are described in Section 3. Actually,
they were obtained by inspection and generalization of some facets for ICg, [C+; so,
we also give the full description of IC, for n=6, 7. Moreover, for each class of facets,
we consider its equality case, i.e. we describe the inequicuts satisfying the inequality at
equality (the roots). A nice feature of the new classes of facets is that they can all be
triangulated, i.e. decomposed as linear combinations of triangles (see Section 3.6); in
fact, this property is very useful for proving validity and identifying the roots.
Section 4 contains the proofs for the classes of facets presented in Section 3.

We now give some basic notation and preliminaries needed for the paper; for more
details on the cut cone and polytope, see [11] and on the equicut polytope, see [7].
Given a subset S of [1, n], the cut vector y*® defined by S is the incidence vector of the
cut 6(S), i.e. the 0—1 vector of length (3) defined by x2{¥ =1if ieS, j¢S or i¢S, jeS and
109 =0 otherwise, for 1<i<j<n. The cut (or inequicut, equicut) cone is the cone
C, (resp. IC,, EC,) generated by all cut (or inequicut, equicut) vectors; similarly, the
cut (or inequicut, equicut) polytope is the polytope P, (or IP,, EP,) which is the
convex hull of all cut (or inequicut, equicut) vectors. Observe that C,, IC,, EC, are
cones pointed at the origin and that the polytopes P,, I P, contain the origin (since the
inequicut 5([ 1, n]) is the zero vector) while the equicut polytope EP, does not contain
the origin. So, the facets of IC, are precisely the facets of 1P, containing the origin and
thus the study of IC, is also a contribution to the study of IP,. Given disjoint subsets
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S, T of {1,n], we denote by (S, T) the set of edges (i,j) with ieS, jeT; so,
o(S, N—S)=05(S). Given a vector v in R% and a set E of edges of K,, we set
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independent vectors in X minus one and, if X contains the origin, then dim(X) is also
the maximum number of linearly independent vectors in X; if dim(X)=n(n—1)/2,
X is called full dimensional. Given a vector v in RG), a scalar o and a subset X of R(;},
the inequality v.x <« is called valid over X if it is satisfied by all vectors of X, i.e. by all
cut (or inequicut, equicut) vectors if X =C, or P, (or IC, or IP,, EC, or EP,), the cuts
(resp. inequicuts, equicuts) whose incidence vectors satisfy the equality v.x=a being
then called the roots of the inequality v.x <. Note that, if X is a cone (for instance, C,,,
IC, or EC,), then X is defined by homogeneous inequalities, i.¢. of the form v.x <0.
If X is a cone or a polytope and v.x <« is a valid inequality over X, the set F,={xeX:
v.x=a} is the face of X induced by the inequality v.x<« and F, is a facet if
dim(F,)=dim(X}— 1. The polyhedra C,, P,,IC,,IP, are full dimensional while EP,
is not full dimensional. In fact, EP,, has dimension (22”)—21), while EP,,, has
dimension (?7')—1; furthermore, EP,,4, is the facet of P,,,; induced by the
inequality: ¥ ;< j<ap+ 1% <p(p+1) ([7]). It is also mentioned in [7] that the facial
description of EP,, can be deduced from that of EP,,_, and, henceforth, it is enough
to study facets of EP, for n odd. Finally, a cone is said to be simplicial if its generators
are linearly independent and a simplicial polytope has all its vertices affinely indepen-
dent; hence, a simplicial facet of a cone or a polytope has all its roots affinely
independent.

1. Some relations between facets of P,, IC, and EP,

In this section, we study how all the facets of the cut cone can be transported
to the inequicut cone (or polytope) or the equicut polytope. Given veR(g),
any facet defining inequality v.x <0 for the cone C, defines trivially a valid inequality
for the inequicut cone IC, (or polytope IP,) and the equicut polytope EP,.
We first give a result stating that every facet of C,, in fact, defines a facet of the
inequicut cone IC,,, provided m is large enough, or more explicitly, | m/2 |>n.
Conversely, if the inequality v.x <0 is facet defining for the inequicut IC,, then it is
facet defining for the cut cone C, if and only if it is valid for C,. We will see in Section
4 several examples of facets of IC, which, however, are not valid for C,, i.c. which are
violated by some equicuts Given integers m>n>22 and ve R® we set
v'=(1,0,.. O)ER(Z), ie. vj;=v; for 1<i<j<n and v;;=0 for i<j, 1<i<m and
n+l<gj<m.

Theorem 1.1. Given UERG), assume that the inequality v.x <0 defines a facet of the cut
cone C,. Then, the inequality v'.x <0 defines a facet of the inequicut cone IC,, for all
n<| m2 |
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Proof. Setl=m—n, N=[1,n], L=[1,1'], consisting of the l elements 1’, 2', ..., !’, and
M=NuL;so C,is the cut cone defined on the n nodes of N and IC,, is the inequicut
cone defined on the m nodes of M. In order to prove that the inequality v’. x <0 defines
a facet of IC,,, we shall exhibit a set R of

(5)- =)o)

linearly independent roots of v'.x<0.

First, since v.x <0 defines a facet of C,, we can find a set R, of (3)—1 roots §(S;),
1 <i<(5)—1, whose incidence vectors are linearly independent, where S; is a proper
subset of N. Let 4 denote the ((5)—1)x (%) incidence matrix of the cut vectors
2°C7, 1<i<(§)—1; its rank is (4)— 1, hence all its column except one are linearly
independent. Therefore, we can suppose that the n—1 columns indexed by
I={(1,2);(1,3);,...;(1, n)} and linearly independent; call 4, the submatrix of 4 with
column index I. We can assume w.lo.g. that 1¢S; for all 1<i<(4)—1 (replacing, if
necessary, the set S; by its complement N —§;).

Since A, has full rank n— 1, n—1 of its rows are linearly independent; for instance,
the projections denoted by 4&,,....0,_,, of the incidence vectors of the cuts
6(S1),...,0(S,-1) on I are linearly independent. We denote by B this (n—1)x{n—1)
nonsingular submatrix of A4,.

For all 1<i<(3)—1, the cuts d(S;, M —S8;) of C,, are, in fact, inequicuts, since
|S;|<n<| m/2 ; this forms a first set R, of (3)—1 roots of v'.x<0.

Next, for each of the above sets S;,...,S,-, the cuts 6(S;u{h}), for heL, are
inequicuts in IC,, which are roots of v’.x <0; this gives a set R, of (n—1)! roots.

Consider then the set R; consisting of the [ cuts d(h), for he L; they are obviously
inequicuts and roots of v'.x<0 in IC,,.

Finally, define the set R, consisting of the () cuts 6({h, k}), for h<k, h, ke L; they
are obviously inequicuts and roots of v'.x<0 in IC,,.

We now verify that the (3)—1 cut vectors associated with R, UR, UR;UR, are
linearly independent.

Let A" denote the ((%)—1)x(%) matrix whose rows are the incidence vectors
of the cuts of R{yUR,UR;3;UR, (in that order); its columns being indexed by
J={(i,j) i<, i,jeN} (containing I in first n— | positions), H=H,u---u H,, where
H,={(h,i): ieN} for all heL and K={(h, k): h<k, h,keL}. The matrix A’ has the
form shown in Fig. 1 (a matrix of all I's is denoted by 1).

It is easy to see that the matrix C; (see Fig. 1), for 1 <i<n—1, has the following
block configuration:

1-(0.8)  (0.5) (0,59
050 1-06) (0,3

C=| S
050  ©8)  1-0.6)
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Hence, doing some column and row manipulation on A’ brings it into the form
shown in Fig. 2, where it is evident that A’ has full rank (%)— 1 (after rearranging rows
of R,, R3). [

The bound n<| m/2 | of Theorem 1.1 can probably be improved, but not more
than to [ n/27<| m/2 |. Actually, any facet of Cg is a facet of ICg, but some facets of
C; are not facets of I1C,.

We now turn to the connections between facets of the cut polytope P, and the
equicut polytope EP, for n=2p+1, p>2 integer. Since EP,,., is the facet of
Pypiy defined by EPspy1=Pypr1N{XI Ty icjcopr1Xy=p(p+1)}, it follows that
every facet of EP,,,  arises, in fact, as the intersection of some facet of P,,,; with
EP;,. . In other words, every facet F of EP,,.; admits a unique (up to multiplication
by a scalar) equation v.x<a, i.e. F={x€EP;,,:v.x=a}, such that the inequality
v.x<o is valid for P,,,; and induces a facet of P,,.,; of course, every inequality
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J H, H, H K
R, A 0 0
(0, —24&) 0
0 (0, —-26) 0
0 0 (0, —26)
(0, —243) 0 0
0 (0, —26,) 0 0
R, .
0 0 (0, —262)
(0,-26,_1) 0
0 (0, —=26._1) 0
0 0 (01_2571—1)
1...1 0 0
0 1...1 0
Ra 0 0 0 0 0
0 0 0
0 0 1...1
1 00
R, 0 0 . 0
0 0 1
Fig. 2.

Av. X+ B Y, iicaps1Xii< A2+ Bp(p+1) with A >0, B scalars, induces the same facet
F of P,,,,, but does not define a facet of P,,, if B#0.

For instance, all the known facets of EP,,,, arise from the following classes of
facets of the cut polytope P, :

— some hypermetric facets (in fact, some specific switching of them) (cf. [7,
Theorems 7.2, 7.3, 7.7]),

— pure clique-web facets (in fact, some specific switching of them) (cf. [7,
Theorems 6.1, 6.2, 6.3, 6.4] for the special classes of hypermetric, cycle and bicycle odd
wheel inequalities and [12, Theorem 2.5] for the general case). (See e.g. [12] for
a precise definition of these facets.)

Let us set Q(by,....by). X=3, ;. ;j<n bib;x;;. For example, up to permutation, all
the facets of EP, are:

(1) 9(1,1,—1,0,0,0,0). x<0 (triangle inequality),

2) 0(1,1,1,0,0,0,0). x<2,

(3) 0(1,1,1,1,1,0,0). x <6,
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4 0(2,1,1,1,1,1,0). x <8,
5) 02, 2,1,1,1,1,1). x <20,
6y QU 1,1, L, 1,1, 1). x —(xq2+ X234+ X34+ X45 + X51) < 10,

(7 0(2,2,1,1,1,1,1) . x—(xy5+ X3+ X34+ X41) <12
Facets(2)—(5) are switchings of the hypermetric inequalities Q. x(1,1, —1,0,0,0,0) <0,
o(,1,1,—-1,-1,0,0). x<0,0(2,1,1, -1, -1, -1,0).x<0,0(2,2,1,—- 1, —1,
—1,—1).x<0, respectively. Facets (6) and (7) are switchings of the cycle
inequalities O, 1, 1,1,1, =1, —1). x— (X132 + X233+ X34+ Xg5+ X5,)<0 and
02,2, 1,1, =1, —1, = 1). x—(xy5+ X33+ X34+ X41)<O0.

We now give the analogue of Theorem 1.1 for the equicut polytope.

Theorem 1.2. Given veR®), assume that the inequality v.x <0 defines a facet of the cut
cone C,. Then the inequality v'.x <0 defines a facet of the equicut polytope EP,, for all
odd m, m=2n+1, where v =(v,0, ...,O)GRG’.

Proof. Set I=m—n=n+1+42p with p=0, N=[1,n], L=[1,I']Jand M=NuUL; so
C, is the cut cone defined on the n nodes of N, EP,, is the equicut polytope defined on
the m nodes of M and an equicut of EP,, is a cut 4(S) with S M and |S|=n+p or
n+p+1.Let b. x < be a valid inequality for EP,, such that the set EP,,n{x: v .x=0}
is contained in the set EP,,~ {x: b.x=f}. In order to prove that inequality v".x <0 is
facet of EP,,, we must verify that there exist scalars 4 >0, B such that:

bij=Av;j+B foralli<jinN,
(*) bij=B foralli<j, ieM,jeLori,jeL,
f=B(n+p)n+p+1).

In fact, we can suppose that §=0. We prove in the next Claims 1.3-1.6 that (%)
holds for the inequality b.x <0.

Claim 1.3. There exists a scalar B such that b;;=B for all i<j, i,j in L.

Proof. Take distinct points i, j, k in L and a nonzero root §(S) of the inequality v.x <0
in C,.Set s=|S|,s0 1 <s<n—1, and take a subset T of L—{i, , k} of sizen+p—s—1.
The cuts 3(SUTU{j}), S(SuTUk}), (SuTu{ij}), (SLTU{ik}) are all
equicut roots of inequality v’.x <0 and thus of inequality b.x <0. Using Lemma 4.2
(see Section 4), we deduce that b;;=by. The claim follows by symmetry. O

Claim 14. B=0.

Proof. Take a subset T of L of size n+p+1. The cuts &(T) and 6(T—i) for ieT
are obviously equicut roots of v'.x <0 and thus of b.x <0, implying

0=b(8(T))—=b(8(T— i))= —b(8(, T—i))+b(3(i, L—T))+b(5G, N)).
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Using Claim 1.3, we obtain the following relation:

b(3(i, N))=nB. (1)
By summing up relations (1) over ie T, we obtain:
b(3(T, N))=n(n+p+1)B. (2)

Since 6(7T') is a root, we have: 0=b(3(T, M —T))=b(3(T, N))+b(6(T, L—T)),
which, using again Claim 1.3, implies:

b{3(T, N))= —p(n+p+1)B. (3)
Now, relations (2), (3) imply that B=0. O

Claim 1.5. b;;=0 for all ieN, jeL.

Proof. Take a nonzero root 4(S) of inequality v.x<0in C,;set s=|S], s0 1 <s<n—1.
Take an element ieL and subset T of L—{i} of size n+p—s. Since SuT),
o(SuTu{i}) are both equicut roots, we obtain 0=5b(3(SUTU{i}))—b(B(SUT)),
implying that 0=h(3(i, N—S))—b(3(i, S))+ b (d(i, L— T {i}})—b(5(i, T)) and, thus,
from Claims 1.3 and 14, 0=b(6(i, N—S5))—b(5(i, S)). From relation (1) and
Claim 1.4, b(6(i, N))=0 and, therefore, b(5(i, N—S))= —b(d(i, S)), implying:

b(3(8))=0 (4)

Since the inequality v.x <0 is facet inducing over C,, we can find n(n—1)/2—1
linearly independent roots 6(S) (with 1¢S) and thus (as in the proof of Theorem 1.1)
we can find n—1 roots 4(S,), a=1,2,....n—1, whose projections on the index set
{(1,2), (1,3),...,(1, n)} are linearly independent. Using relation (4) applied to these
n—1 roots o(S,), we deduce that b;; =b;3=---=b;,=0 and, since b(5(i, N))=0, we
also have b;; =0. [0

Claim 1.6. There exists a postive scalar A such that b;j= Av;; for all i<jin N.

Proof. Let b, denote the projection of b over the index set {(i,j) 1<i<j<n}; so,
b=(by,0,...,0). The inequality bq.x<0 is, in fact, valid over C,; indeed, for any
cut o(S) of C,, take a subset T of L such that |SuT|=n+p, then
bo(3(S))=b(6(Sw T))<0. Also, the set {xeC,: v.x=0} is contained in the set {xeC,:
ho.x=0}; from the assumption that the inequality v.x<0 is facet inducing over
C, and the fact that C, is full dimensional, we deduce that by = Av for some positive
scalar 4. O

2. Complete description of some restricted cones and polytopes
In this section, we give several results permitting, in particular, to obtain the

complete description of the inequicut and equicut cones and polytopes for n<5. We
first state a lemma about linear combinations of cut vectors.
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Lemma 2.1. Given the vector x=Yg_i, o 4s1°® with AseR for all S =[2,n], the
Jollowing assertions hold:

. 1 , ..
(i) ;~i,j=7(x1i+X1j_xij)_2s§[2,n],|s|>3 Zs for 2<i<j<gn.

(11) A’i= _x1i+z2$j<n,j¢i%(x1i+x1j—xij)+21i}gS,|S|>3 )vs(|S|—2) for 2<l<n

1 S|-1Y.
Giy Y As:§< Y x—(n—=3) Y X”>+SC[2;,S,>3<| |2 )43.

S<f2,n] 1<i<j<n 2<ign

The proof is an easy verification.

As an application, we obtain the complete description of the equicut cone EC,
and of the equicut polytope EP,. Given a vector xeR®, x belongs to EC, if and
only if

3 6
x= 3 As’®
s<[2,4]

with 4520 for |S|=2 and i3=0 for | S|+#2; in this case, the above relations (i) and (ii)
become

L

223=3(X12+X13—Xx,3) 20,
_1

72475 (X12+X14—X24) 20,
1

Aaa=3(x13+X14—X34) 20,

Xi2+ Xy~ X2

A= —Xy2+ Z 3 0,
j=3.4
X13+Xy1;—X3j
Az=—Xy3+ Z —2*=0,
i=2,4
. X14+X1j_X4~
Ag=—X14+ Z = A,

ji=2.3 2
Therefore,
EC,={xeR% x1;+x13—x2320, X124+ X14—X3420, X134 X14— X340 and
X13tX14+X34= X253+ X4+ X34 =X12+ X14+ X34 =X23 + X4+ Xa4 |-

Using the relation (iii) 4,3+ Ay4 + A34 =3(x23 + X4 + X34) and the additional condi-
tion ¥ Ag=1 for vectors x=Y As4°® of the equicut polytope EP,, we deduce that:

EP4=EC40{XER6: XZ3+X24+X34:2}.

One could deduce similarly the description of the inequicut cone and polytope
IC,, IP, for n=4, 5; such descriptions will be, in fact, a byproduct of Lemmas 2.2
and 2.3.
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We now consider the k-uniform cut cone C¥ for k=1, 2; C} is generated by the cut
vectors y*@ for 1 <i<n and C?2 is generated by the cut vectors y?¢#/Dfor 1 <i<j<n.
Similarly, the polytopes P}, P2 are defined as the convex hulls of the cut vectors y°¢#)
for 1<i<n, y?%9 for 1 <i<j<n, respectively. The family {°%%/): 1<i<j<n} is
linearly independent (see (6) below); hence both cones Cl, C2 are simplicial of
dimension #n, (%), respectively, and the polytopes P}, P2 have dimension n—1, (§)—1,

respectively.

: "
Lemma 2.2. (i) Ch={xeR™: x;,+x13—x3320 and x;;+X1;—x;j=X1;+X13—X23
for all 2<i<j<n},

i) Pl=C! 3). _

(i) Pr=Cin{xeR%: ¥y, . x;=n—1}

Proof. Take xeC}, then x=Y7_,4;x°® with 4,20 and, hence, x;=/;+4; for all
1 <i< j<m; this implies the relations:

(a) Ay =3(xy;+x;;—x;) for all 2<i<j<n,

(b) Ai=%(xy;+x;;—x,;) for all j#1,1,
henceforth, yielding: x;;4+ x;;—x;;=x; +x;3—x23=0for all 2<i < j<n. Conversely,
take x such that xy;;4x;;—x;=x12+x;3—x2320 for all 2<i<j<n. Then
Xy;+ X1 ;—x;; does not depend on the choice of j, j # 1, i. We verify that x=Y7_ 4;3°("
with 1;,...,4, defined by above relations (a) and (b); indeed x;;=4;4+4;=
$(xyi+ xij— x1;)+3(x; ;4 xi;;—xy;). This states the assertion (i). In order to prove (ii),
one needs only observe that the only cut vectors satisfying ¥ x;;=n—1 are the cut
vectors ¥ 1<ig<n. [

We assume that n>5.
For 1 <i< j<n, we define the linear form:

Lijx)=2 Y xm+(n-2) Y x— X — x ) —Hn—2)xy;.
1<h<k<n 1<k<n
P

Lemma 2.3. For n=S5,

(i) C2={xeR™: L;;(x)<0 for 1<i<j<n)},

(i) P2=C2n{xeR%: L(x)=-2(n=2)(n—4)},
where L(X):Zlgi<jsn Lij(x)=—(n—4) Zl<i<j<nxij'

Proof. It can easily be verified that:

0 otherwise.

Lij(Xé(h’k:)):{ (5)

An easy consequence of this fact is that

the family {7°C%/: 1 <i<j<n} is linearly independent. (6)
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Therefore, any vector xeR% admits a decomposition: x=3, _;_;, 4%’ for
4ij€R and, from relation (5), A;;= — L;j(x)/2(n—2)(n—4) for all 1<i<j<n Conse-
quently, xeC? if and only if L;j(x)<0 for all 1<i<j<n. Hence, the family of
inequalities L;;(x) <0 for 1 <i< j<nincludes the family of the facets of C7 and, in fact,
coincides with it since C? is a simplicial cone. Furthermore, xe P2 if and only if
X=Y ] cicjentiix’H) with 4;20 and ¥ 4;;=1; therefore, xe P} if and only if xeC7
and L(x)=Y, ., <;cp Lj(x)=—2(1=2)(n—4). O

It is also easy to characterize the points xeZ'D of L2, the lattice generated by the
cut vectors 47 je. the points which are linear combinations with integer coeffic-
ients of the cut vectors y%(»J), Indeed, from (5), xeL? if and only if 2(n—2)(n—4)
divides L;;(x) for all 1 <i< j<n or, equivalently, if and only if 2(n—2)(n—4) divides

Lij(x)=2(n—2)(n—4)x;=2 Z X —(n—2) Z (X4 X+ X i)
1<h<k<n lkiki,gjn
for all 1<i<j<n. For instance, one obtains that, for n=5, xeL2 if and only if
3 divides ¥, 4 opos Xm and 2 divides x;;4 xyu +xp for all 1<i<j<s.

Remark. Consider now the polytopes P, P2 defined as the convex hulls of the cut
vectors ¢%) together with the zero vector, the cut vectors 3%/} together with the
zero vector, respectively. One obtains that:

ﬁi:C,}m{xeR(;’: Y x,-j<n—1},

1<i<jgn
P2=C2n{xeR%: L(x)< —2(n—2)(n—4)}.

As a corollary of the above Lemmas 2.2 and 2.3, we deduce the description of IC,,,
EP, for n=4, 5. Indeed, we have IC,=C}, ICs=C}, ECs=C?%and EPs=P2%. More
precisely, we obtain that:

IC4={x€R®: Xi34+X13—X23=X12+X14—X24=X13+X14— X33 20},
IC5={XGR10: X12+X13—X23=X1,-+x1j—xij>0 for 1<l<]<5},
EP5={x€R10:X,'j+xik+xjk$2 for 1$l<]<k<5 and Zl<i<j<5xij=6}-

We conclude this section with some observations on the intersection IC,nEP,,.
For n=3, IC3;=0 and IC,nEP, is nonempty for n>=4. As an example, we
describe this intersection for the simplest case: n=4. If xelC4nEP,, then
Xm Ay 00D 1, 02D g ) 803D 4 80 o 80230 4y 802,80 4y 803.4Y)
with 4,20, p;;20, pys+paa+psa=1 and, for instance, i;#0. Using relation:
JOULD 4 82D 4 58031 58041 = 4862.3)) | 500241 1 5863.4D) and the fact that the

family {y°(20, ,0030 0G40 532,31 4262.4) 0(3.4)1 ig linearly independent, we deduce
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that: Ay =Ay=A3 =Ly =pl3=plaa = piaa =3, i€ x = (7033 4 320240 4 42340y =2 1
where 1=(1,1,1,1,1,1). Therefore, we have that: IC,"EP,={31} and, furthermore,
IC,AEC,=R, 1.

3 Some classes of facets for the inequicut cone IC,

In this section, we describe several classes of facets for the inequicut cone IC,,.
Actually, our starting point was the list of facets of IC¢ and IC, for which we tried to
find an extension of IC, for any n.

We obtained the description of the facets of IC, for n=6, 7 by computer. Since the
computation was done approximately with (finite digit) floating point arithmetic,
there is no guarantee that the results are correct or complete. However, we are
convinced that the list is complete for n=6, 7; also, an important fact supporting this
conclusion is that, in the computer output, each of the described facets was listed
together with all its permutation equivalent. Later, V. Grishukhin ( personal commun-
ication) confirmed our results for n=6, 7 by a similar computation. From the point of
view of optimization, the study of facets for small n may not look very interesting, but
it is actually the inspection of the small values which enabled us to obtain several
classes of facets for general n. Examples of other works dealing with small values are
(1] (for n=6, 7), [6] (for n=_8) on small traveling salesman polytopes, [10] on small
multicut polytopes (for n=4, 5).

We present in Sections 3.1 and 3.2 the facets of IC and IC, respectively; IC has,
up to permutation, five types of facets, denoted as (3.1a)3.5a) and /C, has 10 types of
facets denoted as (3.1b)~3.10b).

We succeeded to find a generalization, for arbitrary even n, of all the facets of ICq
except for the facet (3.5a). The facets (3.2a), (3.3a) and (3.4a) belong, respectively, to the
general classes of gyroscope inequalities Gyr,,, domino inequalities Dom,, and
butterfly inequalities But,,, that we describe below. The inequality (3.1a) or (3.1b) is
simply the known triangle inequality for the cut polytope and, therefore, from
Theorem 1.1, it is facet inducing for IC, for any n> 7. By confronting the known facets
of IC¢, IC, we noticed that each facet of ICq has its ‘odd’ analogue for IC,; namely,
the analogue of facet (3.1a) is facet (3.ib) for i=1, 2, 3,4, 5. We could find an analogue to
the odd case for the classes of gyroscope and domino inequalities; so, the facets (3.2b)
and (3.3b) belong, respectively, to the classes of gyroscope inequalities Gyr,,,, and
domino inequalities Dom,,. ;. The analogue of facet (3.4a) is facet (3.4b) for n=7.
However, we do not have a satisfying generalization of (3.4b) for any odd n>=9.

We present below the new classes of facets for I1C,, namely, the class of gyroscope
inequalities in Section 3.3, the class of domino inequalities in Section 3.4 and the class
of butterfly inequalities in Section 3.5. Finally, in Section 3.6, we consider the equality
case; namely, for each class of facets, we give the explicit description of its roots. We
also remark that each class of facets can be triangulated, i.e. decomposed as a linear
combination of triangles.



The inequicut cone 33

3.1. Description of ICs

We give the complete description (up to permutation) of the facets of ICq, namely,
they are induced by the inequalities (3.1a)—(3.5a) below:

(3.1a) Triangle facet
xij—xik—xijO for distinct i,j, ke{l,,6}

There are (§)(3)=60 permutation equivalent such facets.
(3.2a) Gyroscope facet: Gyrg

X14+X23—X13—Xpa— z (x1:+X2i)+2x56 <0.
i=5,6
There are ($)(3)(3)= 180 permutation equivalent such facets.
(3.3a) Domino facet: Domg

2X124+ X3a+Xs6)— ), (X34 X4)<0.
i=1,2,5,6
There are $(8)(%)=45 permutation equivalent such facets.
(3.4a) Butterfly facet: Butg

Z (x4i—x3;)+ Z (x3:—X4;) —2X34 <0.
i=1,2 i=5,6

There are ($)(%)=90 permutation equivalent such facets.
(3.5a)

2x13+ X3+ X134+ Xq5)+ Xs6— Z X4i—3 Z x5 <0.
i=1,2,3,6 i=1,2,3

There are (§)(3)(3)= 120 permutation equivalent such facets.

All these facets except Gyre were first found by Avis ( personal communication) by
computer. In Sections 3.3-3.5, we describe a generalization of the facets (3.2a)—(3.4a)
to the case of any even n > 6. The only simplicial facet is facet (3.5a). So, altogether, the
inequicut cone ICy has 495 facets.

We show in Figs. 3-5 the supporting graph for the facets (3.2a) Gyrg, (3.3a) Domg,
{3.4a) Butg, respectively. In all figures, the edges associated with the coefficient + |
(or —1)are indicated by single solid (or dotted) lines, and the edges with the coefficient
+2 (or —2) are indicated by double solid (or dotted) lines, etc.

3.2. Description of 1C,

Up to permutation, all the facets of the inequicut cone IC, are induced by the
inequalities (3.1b)—(3.10b) below.
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Fig. 3. Gyre Fig. 4. Dom Fig. 5. Butg

(3.1b) Triangle facet:

Xi—Xp— X <0 for all distinct 4, j,k in {1,...,7}.

There are ()(3)= 105 permutation equivalent such facets.
(3.2b) Gyroscope facet: Gyr,

X12—=X13+N14a+X23—Xoa+Xs6+Xs7+Xg7— Y. (xp;+x5)<0.
i=5.6,7

There are () ($)(%)=420 permutation equivalent such facets.
(3.3b) Domino facet: Dom,

2X12+3X34 + Xs6+X57+Xe7— 3, (X1 Xai+ X5+ X+ X7;) <O.
i=3.4

There are (})($)=210 permutation equivalent such facets.
(3.4b) Butterfly facet: But,

Y (Xgi—Xs5;)—3x45—2 Y (x4i—x5)<0.
i=1,2,3 i=6,7

There are ({)($)(3) =420 permutation equivalent such facets.
(3.5b)

3(xy2+Xx13+X23)— z (Ax4+x5;)+3x45+ Z (X4i—x5;)<0.
i=1,2,3 i=6,7

There are (3) (3) 2=420 permutation equivalent such facets.
(3.6b)

X2+ Xo3+ X34+ Xas+X15— ) (Xei+X7;)+ 3x67<0.

1<i<5s
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There are 4 (3) 4! =252 permutation equivalent such facets.
(3.7b)

2(x15+X24) (X3 + X 14+ X253+ X25) —2(x34+ Xa5)
+ Y (2x3i—x4i—x5;)<O0.
i=6,7

There are (3)(3) 6= 1260 permutation equivalent such facets.
(3.8b)

Y (Xai—Xsi)—2(x34—X35)— Y (2X4i+X5:)+ 3x67 <O0.
i=1,2 i=6,7

There are (3)(3) 6= 1260 permutation equivalent such facets.
(3.9b)

35

4x15—~ Z (2x3;4 X4i+ Xs5i+ Xoi+ X7;) + 2X34 + 2X35 — X36 — X37 + 3X67 <0

i=1,2

There are (])($)(3)=630 permutation equivalent such facets.
(3.10b)

3x1243x3a—~ Y (2Xsi+Xe:) — 3Xs6+Xs57—Xg7 <0,
i=1.2,3,4

There are $(])(%)3-2=630 permutation equivalent such facets.

In the above list, the simplicial facets are (3.2b), (3.5b), (3.6b), and (3.7b). So, altogether,
IC-, has 5607 facets and 2352 of them are simplicial. In Sections 3.3 and 3.4, we give
a generalization of the facets (3.2b) Gyr, and (3.3b) Dom,, for the case of any odd n>=7.

We conclude with the description of the inequicut polytope IP, for n=6,7. Up to
permutation, the full description of 1P (or IP,)is obtained by taking all the five facets
of IC (or all the 10 facets of IC,) together with the following three facets (the first two

of them are simplicial).

Forn=6, Q(1,1,1,1,1,1).x<8, 0O(—2,1,1,1,1,1).x<2,
0(1,1,0,0,0,0).x+0(0,0,1,1,1,1).x+Q(—1, —1,1,1,1,1).x < 4.

Forn=7, Q(,1,1,1,1,1,1).x<10, Q(=3,1,1,1,1,1,1).x<2,
20(1,1,0,0,0,0,0).x+Q(—1, —~1,1,1,1,1,1).x<2.

(Recall that Q(by,...,b,).x denotes the quantity: 3, ., ;. ,b:bjx;;.)

3.3. The gyroscope inequality Gyr, for n>26

In the even case n=2p, p=3, the gyroscope inequality, denoted as: Gyr,,.x <0, is

the inequality:

X1a+X23—X13—Xp4— Z (X1, 2041+ X1,2042+ X2, 2041+ X2,2i42

2<igp—1

—2X2i41,2i+2) <0.
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For instance, the number of permutation equivalent facets to Gyr,, 1s equal to:
2p\ /4N /2 ”1:11 2p—2i\ (2p)!
4 J\2J 1) A5\ 2 )2t

In the odd case n=2p+1, p>3, the gyroscope inequality is the inequality
Gyra,+1.x <0 described by:

X12+X1a+Xo3=X13=Xo4+X2p-1,2p+ X0p2p+ 1+ X2p—1.2p+1

- z (X1, 2041 F X1, 2002+ X2, 2641+ X2, 2042
2<igp—2

—2X3i11,2i42)— Y (x1i+x2;)<0.

i=2p—1,2p,2p+1

Theorem 3.1. The gyroscope inequality Gyr,.x <0 defines a facet of the inequicut cone
IC, for all nz=6.

The proofis given in Section 4.1. We show in Figs. 6 and 7 the supporting graphs of
Gyry, and Gyr,p, o, respectively.

Fig. 6. Gyry, Fig. 7. Gyrypey
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3.4. The domino inequality Dom,, for n26
In the even case n=2p, p=3, the domino inequality is the inequality Dom,,.x <0
defined by:

Z (2X2i 41,2042 X2i+1,2i+3— X214+ 1,2i+4_x2i+2.2i+3_x2i+2.2i+4)
O<i<p-2

+2x2p_1_2p<0.
In the odd case, n=2p+1, p=3, the domino inequality is the inequality
Domyp 4 1.x <0 defined by:

Z (2X2i41,2i42— X2i+1,2i+3— X2i+ 1,2i+4—X2i+2.2i+3—x2i+2,2i+4)
o<i<p—2

+Xop-3,2p—2—Xap-3,2p+1—X2p-2,2p+1 T X2p—1,2p+1 T X2p,2p+1
+X2p-1,2p<0.

Theorem 3.2. The domino inequality Dom,.x <0 induces a facet of the inequicut cone
IC, for all n=6.

The proof is given in Section 4.2. We show in Figs. 8 and 9 the supporting graphs of
Dom;,, and Dom,,, ,, respectively.

- —
L os-T0
- ~ -l
A 2 S /’Tq
0 | ><\
lf\\ )\i/ II 5 b= =5 6
3 f== —=b 4 . .
T : :
g5 b=— \\ﬁ%G
&P—S’lg ”aP—L{
. . ] =< |
’ ) QP-3%#QPJL
a— D RN \/~(:/|
K) = I TR J-¥ \ /
P‘?"F\\<,/’: p- N
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Fig. 8. Dom,, Fig. 9. Domy, .,
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p+r ptd P+4 &p-3 -2

Fig. 10. But,, (the edges (p,p+‘1),(2p— 1,2p) have weights .—(p— 1), p— 3, respectively)

3.5. The butterfly inequality But,, for p=3

For even n=2p, p>3, the butterfly inequality is the inequality: But,,.x<0
described by:

Z (_xip+xi.p+l)_ Z (Xi,Zp—1+xi‘2p)+XP-2P—1+va2?
1<i<p-1 pt2<i<2p-2

—Xpt1,2p-1—Xpr1,2p—(P— l)xp,p+1+(P—3)x2p—1,2p<0-

Theorem 3.3. The butterfly inequality But,,.x <0 induces a facet of the inequicut cone
1C,, for all p=3.

The proof is given in Section 4.3. We show in Fig. 10 the supporting graph of But,,.
Note that the butterfly inequality is violated only by the equicut 5([1, p]).

3.6. The equality case for Gyr,, Dom,, But,,

In this section, we collect some additional information on the new classes of facets;
in particular, we consider the equality case, i.e. we describe their roots (the inequicuts
satisfying the given inequality at equality). A good understanding of the roots is
indeed useful for proving that the inequality at hand is facet inducing.

A nice feature common to the gyroscope, domino and butterfly inequalities is
that they can be triangulated, i.e. they can be expressed as linear combinations of
triangle inequalities (including degenerate ones). More precisely, denoting by
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T.x=x;;— x5 — X3 <0 a triangle inequality, it is said to be degenerate if the nodes i,
coincide, ie. if it is of the form —2x,;<0; then, the inequality v.x<0 can be tri-
angulated if v.x can be decomposed as v.x.=Y 4,7T,.x, where 4,eR, T, are some
triangles. Explicit triangulations of the gyroscope, domino and butterly inequalities
are given in Section 4, namely, in relations (7), (13), (18), (23) and (27). An interesting
consequence of this property is that Gyr,.x*®, Dom,.y*®, But,,.y*® are even integers
for any cut 6(S). Actually, as can be seen through the proofs in Section 4, the explicit
decomposition of Gyr,, Dom,, But,, as sum of triangles is a crucial tool for checking
their validity for the inequicut cone and, then, for identifying their roots.

We now give the description of the roots for each of the inequalities Gyr,,, Gyrap,+1,
Dom,,, Dom,, 4y, But,,.

For this, we introduce some terminology which should help describing the roots in
a more pictorial way. Given i odd in [1, 2p], a subset S of [1, 2p] is called mixed at
level i if|Sn{i,i+1}|=1 and sparse at level i if |S~{i,i+1}|<1.

The inequicut roots of the gyroscope inequality Gyr,,.x <0 are the cuts 6(S) for
which S<[1, 2p] is of type (A1), (A2) or (A3). (Of course, the complement of S defines
the same root as S.)

(A1) S~ {1,2,3,4}={1} or {2} and S is mixed at level i for all odd i with 5<i<2p—1.

(A2) S~ {1,2,3,41=0, {3}, {4} or {3,4} and § is sparse at level i for all odd i with
5<i<2p—1.

(A3) Sn{1,2,3,4}={1,3} or {2,4} and S is mixed at level i for all but one (say
odd j) odd i with 5<i<2p—1and Sn{j,j+1}=0.

We now describe the inequicut roots of Gyr,,.;.x<0 using, in particular, the
above description of the classes (Al1)—(A3) of roots of Gyr;,.x<0. The roots of
Gyry,+1.x<0 are the cuts 6(S) for which S < [1,2p+ 1] is of type (Al), (A3) or (A1),
(A'2), (A'3), (A’4).

(A1) S is of type (A2), except |S|=p (i.e. Sn{1,2,3,4} ={3,4} and S is mixed at
level i for all odd i, S<i<2p—1).

(A'2) S=S,U{2p+1}, where S, is of type (A2) and S;"{2p—1,2p} =0, except
|Sy|=p—1 (e S;n{1,2,3,4}={3,4} and S is mixed at all odd levels i,i>5).

(A'3) S~ {1,2,3,4}={1,3} or {2,4} and S is mixed at level i for all odd i with
S<i<2p—3 and i#j, where j is some fixed odd integer between 5 and 2p—3, and
J,j+1,2p—1,2p belong to S.

(A'4) Sn{1,2,3,4}={1,3,4} or {2,3,4}, S is mixed at level i for all odd i with
5<i<2p—3 and 2p—1, 2p belong to §.

The inequicut roots of the domino inequality Doni,,. x <0 are the cuts §(S), where
S <1, 2p] is of the type (B).

(B) S is mixed at level i for all odd i with ie[1,i;Juli;, 2p—1], Sn{i,i+ 1} =0 for
ie[iy+2,i,—2], where iy, i, are odd integers satisfying 1<i;, i,<2p—1 and
iy=i +4.
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The inequicut roots of Dom,, 1 ;.x <0 are the cuts §(S) for which § = [1,2p+ 1] is of
the type (B), (B'1), (B2).

(B'1) S=5,0{2p+1}, where S; is of type (B) and |Sn{2p—3,2p—2} |=|
Sn{2p—1,2p}|

(B'2) S is mixed at level i for all odd i such that i; <i<2p-3,|Sn{2p—1,2p} |=2,
[Sn{i,i+1}|=e for all odd i with 1<i<i,—2, where i; is an odd integer with
3<i;<2p—3and e=0 or 2.

The inequicut roots of the butterfly inequality But,,.x <0 are the cuts 3(S) for
which S =[1,2p] is of one of the following types (C1)—{C6).

(Cl) Sis asubsetof [1,p—1].

(C2) S=S,u{p+1,2p—1} or S;u{p+1,2p}, where S; is a subset of
[p+2,2p—2].

(C3) S=S;uS,u{2p—1}orS;uUS,u{2p}, where S, isa subset of [1, p—1], S, is
a subset of [p+2,2p—2] with |S; US,|#p—1.

(C4) S=S,u{p,p+1}, where S, is a subset of [1, p—1] with |S,|#p—2.

(CS) S=[1,pluli} with p+2<i<2p-2.

(C6) S=[1,p]—{i} with 1<i<p—1.

4. Proofs

In this section, we give the proofs of Theorems 3.1-3.3 stating that the gyroscope,
domino and butterfly inequalities are facet inducing. The proofs are based on the
polyhedral method; namely, in order to show that a given valid inequality v.x <0
defines a facet of IC,, we take a valid inequality b.x<O0 for IC, such that
{xelC,iv.x=0} = {xelC,: b.x=0} and we prove that b=av for some positive scalar
o. We first state two lemmas that will be thoroughly used in the proofs; they follow,
respectively, from [5,4, Lemma 2.5].

Lemma 4.1. Let b a vector in R%. Let i, j be distinct elements of [1,n] and S be
a subset (possibly empty) of [1,n]—{i,j} such that the cut vectors y*®), ;?GUib
x*SUI and ¢S4 satisfy equality b.x=0. Then, b;;=0 holds.

Lemma 4.2. Let b a vector in R, Let i, j, k be distinct elements in [1,n] and S be
a subset of [1,n]—{i,j,k} such that the cut vectors y®Svih ydSwiki) 05l i) 4pd

y*OVibKsatisfy equality b.x=0. Then, b;;=b; holds.

4.1. Proof of Theorem 3.1

We show that the gyroscope inequality is facet inducing for the inequicut cone. We
distinguish the cases when n is even or odd since the inequality takes a different form.
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4.1.1. The gyroscope facet for n even

We consider the gyroscope inequality Gyr,,.x <0, defined on the nodes [1, 2p]. We
first remark that this inequality can be decomposed as a linear combination of triangle
inequalities, since this observation helps for checking validity and identifying the
roots. We define the following triangle inequalities:

A X=X14—X1,3—X3,4,
B.x=x34—X33—X3,4,

Ti X=X i+1—X1,i—X1,i+1
and
Uix=x; 41— X2,:—X2,i+1

for all odd i with 5<i<2p—1. Recall that any triangle inequality 7.x <0 is valid for
C, and that T(5(S))=0, —2 for any cut §(S). One can check easily that

Gyrypx=Ax—Bx+ Y (Ti.x+U.x). (7

S5<i<2p-1
iodd

We first verify the validity for 1C,, of the inequality Gyr,,.x <0. For this, assume
that 6(S) is a cut such that Gyr,,(6(S))>0 with, for instance, 3€S. Then,
A(8(S))=T:(5(S))=U;(6(S)=0 for all i and B(d(S))= —2; this implies that 2,4¢S5,
1eSand |Sn{i,i+1}|= 1forall odd i, 5<i<2p—1, ie. 4(S) is, in fact, an equicut.
Therefore, the inequality Gyr,,.x <0 is violated only by some equicuts and, hence, it is
valid for IC;,.

The description of the roots is obtained by distinguishing the possible values for
the triangle inequalities A, B, T;,U; composing Gyr,,. Indeed, Gyry,.x*®=0 if
and only if, either §(S) defines a root of all the triangle inequalities A, B, T;, U;
for each i, or B.x*=—2 and 4(S) defines a root of all the triangle inequalities
A, T;, U, except one. It is then easy to verify that S is indeed of the types (A1)—(A3)
given in Section 3.6.

The identification of the roots for the other facets Gyr,, 1, Dom,,, Dom,, . 1, But;,
is done in a similar manner, so we will omit the details in the next cases.

We now prove that Gyr,,.x<0 induces a facet of IC,,. For this, take a valid
inequality b.x <0 for IC,, such that b.x =0 whenever Gyr,,.x =0 for inequicuts x; we
verify that h=aGyr,, for some scalar o through the following statements.

For i,j with 5<i<j<2p and j#i+! if i is odd, b;;=0 holds. 8)
FOI‘ l Wlth 5<l<2p, b3i=b4i:0 and h34=0.

To check statement (8), take i, as in (8); then the sets {i}, {j}, {i,j} define roots;

hence, taking the empty set as S, Lemma 4.1 implies that b;;=0. For 5<i<2p,

the sets {i}, {3}, {4}, {3.4}, {3,i}, {4.i} all define roots, implying similarly that
bsi=bai=b34=0.

For i Odd Wlth 5<l<2p—1, blizbl,i+1 and b2i:b2,i+l' (9)
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For this, let S be the set of all odd j with 5<j<2p—1 and j#i, then, SuU{i},
Sufli+1}, Sulli}, SU{l,i+1},SU{2,i},SU{2,i+ 1} define inequicut roots which,
from Lemma 4.2, implies that by;=b, ;,, and by;=b, ;.

There exist scalars o, ' such that
b13=b1i:1, b24=b2,-=ot' for all l,5<l<2p (IO)

For this, with S as above, apply Lemma 4.2 to the roots defined by the sets S {i},
Su{3}l,Su{4},Su{li}, SU{3,i},Su{2,4},SuU{2,i.

b23=—ot,b14=—<x'.b,-‘,-+1=—ot—a' for all odd l,5<l<2p—1 (11)

This follows from the fact that the sets {3}, {4}, (i} define roots. We conclude the
proof with the next statement.

a=o" and b,;,=0. (12)

Since the sets S={1,3,7,9,...,2p—1} and S U {5,6} both define roots, we have that
0=h(8(Su{5,6}))—b((S)), implying that a=o". The relation b;,=0 follows by
using the fact that {1,5,7,9,...,2p—1} defines a root.

4.1.2. The gyroscope facet for n odd

The gyroscope inequality Gyr,, . ;.x <0 is defined on the 2p+ 1 nodes [1, 2p+ 1]; if
Gyr,,.x <0 denotes the (even) gyroscope inequality defined on nodes [1, 2p], then,
one can verify easily that

Gyraps1.X=Gyryp.x+T.x—T' . x, (13)

where T.x=xX1,—X1 2p+1—X2,2p+1. T . X=X2p_1,2p—X2p—1,2p+1—X2p,2p+1 ¢ tWO
triangle inequalities; therefore, Gyr,,,.x can also be decomposed as a linear combi-
nation of triangle inequalities.

Let 6(5) be a cut such that Gyr,,.(3(5))>0 and S<[1,2p]. Then, either
Gyr;p(0(8))>0 implying that |S|=p, and thus J(S) is an equicut, or
Gyryp(3(S))=T(3(S))=0, T'(8(S))= —2, implying easily that |S|=p+1, and thus
0(S) is an equicut. Hence, Gyr,,+1.x<0 is violated only by equicuts, i.e. is valid for
1C3p4.

We show that the inequality Gyr,,,;.x <0 defines a facet of IC,,+; let h.x <0 be
a valid inequality for IC,,,; such that b.x=0 whenever Gyr,,,;.x=0 for all
inequicuts x. We show that b=uaGyr,,,, for some positive scalar a.

b;;=0 for each (i, j) which is not an edge of the supporting
graph of Gyr,,. . (14)

This statement follows from Lemma 4.1 applied to the roots defined by the sets {i},
{j}. {i,j}, where either 4<i< j<2p with ji+1 if i is odd, or 4<i<2p—2 and
j=2p+1,ori=3and 4<j<2p+1.
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The proof of the next statement (15) is analogous to that of statements (9)—(11),
above and hence is omitted.

There exist scalars «,o" such that byz=b;;=b; ;4 =21,

baa=byi=by iy =0 for odd i, 5<i<2p—1, and by3=—u1, (15)
bia=—2, b ;v1=—o—0o for odd i, 5<i<2p-3.
a=u (16}

For this, observe that both sets S={1,3,7,9,...,2p—1} and SU{5,6,2p+ 1} define
roots, implying;

(*)  0=b((SU{56,2p+1]))=b(3(5))=b1,2p+1—b2,2p+ 1+ 22 —2)

Then, if $'={3,4,5,7,...,2p— 1, 2p+ 1}, both " U {1}, $" U {2} define roots, implying:
0=h(3(S"w{1}))—h(5(S"w{2})) and thus

(%%) b1,2p+1=b2,2p+1-

Then, (*) and (**) yield a=u".

b1‘2p+1=b2.2p+1=5x and bzp,2p+1=h2p—1.2p+1=b2pv 1,2p=— — & (17)

Since  0=b(32p—1))=20+bsp_12p+b2p-1,2p+1 and  0=b(6(2p))=2x+
bap-1,2p+b2p2p+1, We deduce that by, 3,1 1=b2p 2,41 Also, 0=b(3(2p+1))=
2by 2p+1+2b2p2p+ 1, and thus by, 5,4 1= —by 3,4 4. Finally, for §={5,7, .2p—31,
the sets SU {3}, SU{2p+1}, SU{l1,3} and SU{1,2p+ 1} define roots which, from
Lemma 4.2, implies that by ,,.,=b; 3=0o, stating assertion (17).

We conclude the proof by verifying that b,,=—x using the fact that
{1,5,7,...,2p—1} defines a root.

4.2. Proof of Theorem 3.2

We prove that the domino inequality is facet inducing for the inequicut cone, again
we distinguish the cases n even or odd.

4.2.1. The domino facet for n even
We observe first that the domino inequality Dom,,.x <0, defined on nodes [1, 2p],
can be written as follows:

Domzp.x=2xlz+ Z (A;X'+le‘)» (]8)

1<ig2p-3
iodd
where A;. Xx=X;42,i+3—Xii+2—Xii+3 and BiX=Xi4 5 13— Xis1+2— Xit1,i+3-
Obviously, the only cuts violating inequality Dom,,.x <0 are the equicuts (S)
for which {S~{i,i+1} |=1 for all odd i, therefore, the domino inequality is valid
over 1C,,,.
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We prove that the domino inequality Dom,,.x <0 defines a facet of IC,,. For this,
take a valid inequality b.x. <0 for IC,, such that b.x=0 whenever Dom,,.x=0. We
verify below that b=uDom,, for some scalar «. The next lemma can easily be verified.

Lemma 4.3. For s=3 or 4, let p;, pa,...,ps be s distinct nodes in [1,2p] and S be
a subset of [1,2p]—{p1.p2,....0s}. If the cuts 5(S), (Suip;}), for 1<i<s, and
S UPL,....ps)) satisfy the equality b.x=0, then ¥, _, ., . by, ;. =0 holds.

biz+biz+byz=bia+bia+bra=bi3+bis+bsa=bry+byu+b3,=0
and, for i odd with 1<i<2p—3, (19)
biiviHbiivo+biivs+bivtivzthistivathivzivs=0.

The relation by;3+b,+b,3=0 follows by applying Lemma 4.3 with
$s=3,8=1{5,7,...,2p—1} and the three nodes 1,2,3; the other relations of the first
statement of (19) can be obtained similarly. The second set of relations of (19) follows
by applying Lemma 4.3 with s=4,S={1,3,...,i—2} u{i+4,i+6,...,2p—1} and the
four nodes i, i+ 1,i+2,i+3 with i odd, 1 <i<<2p—3.

For some scalar o, bhy3=by3=b;u,=b,u=a and b;;=by,=—20. (20)

Applying Lemma 4.2 to the roots defined by {1}, {2}, {1, 3},{2,3} yields b3 =b,3;
by symmetry, we obtain that b, 3=b,3=h;4=bs4=0. Since 5({1})}is a root, we obtain
that by, = —2« and, similarly, b3, = —2a.

bi,i+2=bi,i+3=bi+1,i+2:hi+1.i+3=a and bi,i+1:—29‘} 1)

for odd i, 3<i<2p-3.

Take i odd with 3<i<2p—3. For S={i+4,i+6,....2p—1}, the sets SU{i+2},
Suli+3}, SUlii+2},Suli,i+3} define roots which, from Lemma 4.2, implies
that b; ;2 =b; ;43 similarly, by ;o2=biy1,43. For $'={1,3,...,i—2}, the sets
Sulit, S'uli+1}, S ulii+2), S'uli+1,i+2} define roots, implying that
biiva=biv1,i+2; similarly, b; ;,3=b;1 1 ;43. For §"=S0S’, the sets $"uU{i—2},
S"u{i+2},8"u{i,i—2},8"U{i, i+2]} define roots, implying that b, ; ,=b, ;,,. One
then deduces (21) by induction on i/ using (19) and (20).

b;;=0 for all (i,j) which is not an edge of the supporting} (22)

graph of Dom,,.
Take i,k odd such that 1<i<2p—S5, i+4<k<2p—1 and S={1,3,...,i=2} U

{k+2,...,2p—1}; then the sets S, Su{i}, Sulk}, Su{i,k} define roots which, from
Lemma 4.1, implies that b, =0; the result follows then by symmetry.

4.2.2. The domino facet for n odd
The domino inequality Dom,,.,.x<0 is defined on nodes [1,2p+1] and, if
Dom,,.x <0 is defined on nodes [1, 2p], then, one verifies easily that

Domyp, 1. x=Domyp,.x+T.x—T" . x, (23)
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where
T.x=X3p-32p-2—X2p-3,2p+1~ X2p-2,2p+1 and

/
T' . Xx=X3p-1,2p—X2p-1,2p+1— X2p,2p+1-

In order to verify validity for IC,, ., take a cut 6(S) such that Dom,, (3(S))>0
and S<[1,2p]. Either, Dom,,(6(S))>0, or Dom,,(6(5))=T(3(S))=0 and
T'(6(S))= —2 implying in both cases that 4(S) is an equicut.

Take a valid inequality b.x <0 for IC,,,, such that b.x=0 whenever Dom,,, ;.
x=0; we show that b=aDom;, , for some scalar «. The proof of the next statement is
similar to that of assertions (19)—(21) and thus omitted.

b12+b13+b23=b23+b24+b34=0 and, for odd i with 1<l<2p—7
or i=2p—3, biis1+biiso+biicstbisiivatbivrisatbivaivs=0

There exists a scalar a such that b, ;yo=b;;ra=bii1 42 (24)
-——bi+1,,-+3=0( and, therefore, b12=b34=-~~=b2pA5,2p_4=—20( and
bap-—3,2p-2Fbap-1,2p= —4.

b;;=0 for all (i,j) which is not an edge of the supporting} 25)

graph of Dom,, .,

If 1<i<j<2p,b;j=0 is obtained in a similar way as in (22) and b; ;,+,=0 for
ie[1, 2p—4] follows from Lemma 4.1 applied to roots §(S),d(Su{i}), d(Su{2p+1}),
3(Su{i,2p+1}), where S={1,3,....i—2}.

bap—3.2p-2=—300b2p_1,2p=—%b2p+12p-1=b2p+1,2p=—2 and } (26)

b2p+1,2p*3=b2p+ 1,2p-2=%.

From Lemma 4.2 applied to roots &({2p—1,2p—3}), 6({2p—1,2p—2}),
3({2p—1,2p—3,2p+1}), o({2p—1,2p—2,2p+1}), we obtain that by, ,, 3=
bap+1.2p-2 similarly, bypiq 2, 1=bsps1,2p. Using root d(2p+1), we obtain that
0=b(5(2p+1)) and thus by,_y2,+bsp—1,2,+1=—2a Finally, using root
3({2p—3,2p—1,2p}), we obtain that 0=b,,_3 2,-2+ b2, 2,+1+40 which, together
with relation by,_32,-2+by,-1,2,=—4a from (24), implies that b,,;,+(=
b2p.2,—1= —o. This concludes the proof.

4.3. Proof of Theorem 3.3

The butterfly inequality But,,.x <0 is defined on nodes [1, 2p} and one can check
that

Buty,.x= Y, Tix+ > U;.x—Ty.x, 27

1<ig<p-1 ptil<gig2p—-2
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where
To.X=X2p-1,2p= Xp,2p-1— Xp,2p»

Ti--x:-xi,p+l_xip—xp.p+l f0r1<l<17—1
and

Uix=X3, 1,2p=X;,2p-1—Xs,2p fOorp+1<i<2p-2.

One checks easily that the only cut violating inequality But,,.x <0 is the equicut
o([1,p]).

Take a valid inequality b.x <0 for IC,, such that b.x =0 whenever But,,.x =0; we
show that b=aBut,, for some scalar %, thus stating that the butterfly inequality is
facet inducing for IC,,. The cases p=3,4 were checked by computer, so we can
assume that p=5.

b;;=0 for all (i,j) which is not an edge of the supporting }

28
graph of But,,. (28)

This fact follows by applying Lemma 4.1 successively to:
— roots (i), 0(j), o({i,j}) with 1 <i<j<p—1,
— roots 3(S), (S {i}), 3(Su{j}) a(Sulij})for S={2p—1} and
p+2<i<j<2p-2orl<i<p—1land p+2<,<2p-2,
— roots 3(S), d(Suii}) HSu{2p}) 5(Su{i2p}) for S={p,p+1} and 1<i<p-1,
and similarly, exchanging 2p with 2p—1,
— roots  O(S),. 8(Su{i}), dSulp i}), dSulpl)y for S={p+1,2p} and
p+2<i<2p-2,
— roots o(S), (Swuii}), d(Sulp+1}) 6(Su{p+1,i}) for S={2p—1} and
pH+IKi<2p-2.

For some scalar o, by=a, b,.;;=—a forl<i<p—1. (29)

If S={p+1,2p}, I<i<j<p—1, then SU{i},SU{j},Sulp,i},Su{p.j}) define
roots, implying that b,=b,;; we set x=b,. Since {i} defines a root, one has
0=h(5(l)=bp,+bp+ 1,i» lmplylng that bp+1,i= — .

b2p71,i:ﬁs th'i="/ for p+2<l<2p_2 (30)

Apply Lemma 4.2 to the roots defined by the sets Su{i},Su{j},Su{2p,il,
Su{2p,j} with S=[1,p], p+2<i< j<2p—2 and similarly replacing 2p by 2p— 1.

Using the roots defined by the sets {p+1,2p}, {p+1,2p—1}, {p,p+1,2p},
{p.p+1,2p—1}, we deduce, respectively, the following relations:

O=—a(p—1D)+b, e 14+b,i1,2p—1+bp2p+2(p—3)+b2p2p-1.
0: _O‘(P_ 1)+hp,p+1+bp+1,2p+hp.2p*1+ﬁ(p_3}+h2p,2p~ 1+
O0=b,2p-1+bpr1.2p-1+b2p2,-1+7(p—3),

Osz,2p+bp+1,2p+h2p,2p* 1 +ﬂ(p—3)a
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yielding
b =bp,2p— 1 (31)

Using the roots defined by {p,p+1,p+2,2p} and {p,p+1,p+2,2p—1}, we ob-
tain the following relations:

p.2p

O=bp,2p—l+bp+1,2p‘1+b2p‘1,2p+}"(p—4)+[;
O=byp+bpii,2ptb2p-1,2,+B(p—4H+7

which, together with (31) and above relations, implies

B=yand bysy 2p-1=bpi1.2p (32)
From root é({p, p+1}), we obtain 0=2b, ,,+2b, 1 ,,, yielding
bp2p=—bps1,2p (33)

From root 3({2p—1}), we obtain 0=b,,_ | ,+b2p_1 ps1+b2p-1.2p+p(p—3) and
thus

bap—1.2p=—B(p—3). (34)
From root 8([p+2,2p—2]u{p+1,2p—1}), we obtain

b,ps1=0(p—1) (35)
From root §([1, pJu{p+2}), we obtain

bpap=—p. (36)

For finishing the proof, it remains only to check that a = f, which follows using root

o([2.p]).

Note added in proof. Recently, J. Kahn and G. Kalai disproved Borsuk’s conjecture,
using the set of equicuts of K,,, for n=4k, k prime power.
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