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Abstract

Deza, M. and M. Laurent, Extension operations for cuts, Discrete Mathematics 106/107 (1992)
163-179.

We consider two extension operations for the cut cone €,: the antipodal extension and the
k-extension. Their interesting feature is that they permit to express questions about the variety
of realizations in €, in terms of questions about the existence of a realization in €, . These
operations are described as well as several applications.

1. Introduction and preliminaries

Set V=1{1,2,...,n}. Given a subset S of V, the cut 6(S) determined by S
is the set of all pairs (i, ), 1=<i<<j=<n, such that ie S, je V — 5 or vice-versa.
For simplicity, we also denote by 6(S) the incidence vector of the cut deter-
mined by S, so 8(S)€ {0, 1}® with §(S);=1if ieS, jeV —S or vice-versa,
8(S); = 0 otherwise, for 1<i<j<n. The cut 8(S) is called k-uniform if |S|=k
orn-—k.

Let %, (resp. #%) denote the family of all cuts (resp. all k-uniform cuts). We
use the following notation. 4, := R .(%,) denotes the cone generated by all cuts,
i.e., €, consists of the nonnegative combinations of cuts, 6, is cailed the cut cone.
&, .= Z(¥*,) denotes the cut lattice, i.e., consisting of all integer combinations of
cuts. Similarly, let €%:=R_ (H%), Lk=27Z(H%), denote the cone and the lattice
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generated by all k-uniform cuts, respectively. Finally, %, denotes the cut
polytope, defined as the convex hull of all cuts in %,,.

Any decomposition of d as a combination of cuts, d =}, A;6(S), is called a
realization of d and ¥ A is called its size. More precisely, the realization is called
a R ,-(resp. Z-, Z,-)realization if all Age R, (resp. Z, Z,).

A cone C:=R,(X) is said to be simplicial if the set X is linearly independent;
a point x € C is said to be simplicial if x lies on a simplicial face of C, i.e., x
admits a unique decomposition as nonnegative sum of elements of X.

Given d=(d;)ycicj<, € R®, d is said to be hypercube embeddable or,
h-embeddable, for short, if d € Z,(%,), i.e., d is a nonnegative integer combina-
tion of cuts. It is not difficult to see that, equivalently, d is h-embeddable if d can
be embedded in some hypercube, i.e., there exist n binary vectors x,, ..., x, €
{0, 1}* for some s such that d;; coincides with the Hamming distance between x;,
x; for any i,j, hence justifying the terminology ‘h-embeddable’. If d is
h-embeddable, then d is called rigid if d admits a unique decomposition as a
nonnegative integer sum of cuts; clearly, if d is simplicial, then d is rigid.

Given d =(d;)i<i<j=, € R, d is said to be a metric on V if d satisfies the
following triangle inequality:

Te(i, j; k) - d:=dy — dy —dy <0 (1.1

for every triple of distinct points i, j, k € V. The metric cone M,, is the set of all the
metrics defined on »n points. Clearly every cut defines a metric on V, called cut
metric; actually, the members of the cut cone €, are precisely the metrics on n
points that are embeddable in some €-space {1].

Given a scalar >0, we denote by t1, the equidistant metric on n points that
takes value f on each pair of points. Given an integer ¢ = 1, the equidistant metric
2t1, is always h-embeddable; for instance, 2t1, = ¥, t6({i}) is its simplest
Z ,-realization, called star realization. In general, 2r{, may have other Z,-
realizations; let us introduce the parameter z;, defined as the minimum size of a
Z ,-realization of 2¢1,. This parameter z,, and the variety of realizations of 2t1,
have been extensively studied in [8], in particular, in connection with Design
Theory.

The cut lattice is easily characterized; namely, if d € Z#, then d € &, if and
only if d satisfies the following even condition:

dy; + dy + dy =0 (mod 2) (1.2)

foral 1si<j<k=n.

In this paper, we consider two extension operations on cuts, namely the
antipodal extension ant, and the k-extension ext,. Both map a given vector of
R® on some vector of R where n'>n. The interesting feature of these
extension operations is that they permit to express questions about the variety of
realizations in %€, (about the minimum size of a realization, for the antipodal
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extension, and about the uniformity of a realization, for the k-extension) in terms
of questions about the existence of a realization in €,., (or 6,., n' > n).

The paper is organized as follows. In Section 2, we consider the antipodal
extension and give several applications, in particular, to the description of the
path metric of some graphs and polytopes. In Section 3, we describe the
k-extension operation and the link between the cut cone %, and the k-uniform
cut cone €%. Section 4 contains the characterization of the k-uniform cut lattice
% and we group in Section 5 several results on the 1, 2-uniform cuts.

2. The antipodal extension

Given integers n, n’ such that [n/2]<n'sn—1, we consider the linear
subspace T, ,- of R® defined by:

T,={xeR®:Tr(i,i+n';j)-x=0forall 1<i<n~—n’,
l<j<sn j#i,i+n'}.
Letusset V={1,2,...,n}, V'={1,2,...,n=n'}and V'={n"+1,...,n}.
Lemma 2.1. T, , is a subspace of dimension (y)+ 1. In fact, for deT,,., all

coordinates of d can be expressed in terms of (d;)i<i<j<n- and of d,, ., as
indicated in relation (2.2).

di+n',j+n'=dij for 1$i<]Sn _rl',
di,i+n'=d1,n'+1 for 1$i$n'—n', (2.2)
di,j+n'=d1,n’+l~dij forl$iSn',l$an~—n',i¢j.

Proof. Take d €T, ,. We show that all coordinates of d can be expressed in
terms of d; for 1<i<j=<n' and d, , ., as in relation (2.2). For this, we use
the fact that d satisfies all triangle equalities: Tr(i, i +n';j)-d=0 for 1<i<
n—n"and 1<j=n. Letusfixsome i j 1<i<j<n-n'. First,

Ui jon ~ dg) = Te(G, i +n'3j) - d +Te(j, j+n'50) - d
~Tr(i, i+n';j+n")y-d-Te(j,j+n";i+n')-d,
from which we deduce that d,,, ;.. = d,;. Also,
2d;jen — i) =Tr(i, i +n';j)-d~Tr(j, j+n';i)-d
~Tr(i,i+n';j+n')-d+Tr(j,j+n';i+n')-d,
implying that d; ., =d;,,,. Also
dison —Qjjon =Tr(i,i+n';j)-d=Tr(j,j+n';i)-d~d; ., +d

i+n',j>
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implying that d; ;,,» =d, 1., Finally, if 1<j<n—n’ and 1<i=<n’, then
dijon=="Tr(j,j+n"50)-d—dj+d; s, =d) 1~ dy.
This concludes the proof. [

Corollary 2.3. Take d € T, and set d' = (d;)1<icjen € R®. Then, d € M, if and
only if d' € M, and

dywrzmax(3(d; +dp+dy): 1<i<j<k=n').
Proof. It is an easy verification. [

Definition 2.4. Given integers n, n’ such that [nf2l<n's=n—-1, oeR and
d e R, we define its antipodal extension ant’(d) e R? as the unique vector of
T, . such that anty(d); =d; for all 1=<i<j=n' and ant(d), .., = a. In other
words,

anty(d)ivn jon =dy; forlsi<jsn-—n’,
anto(d); i = @ forlsisn-n',

anty(d), jsn=a—d; forl<isn’ i<sjsn-n' i#j]

For simplicity, we shall adopt the following notation. When o =1, then we
omit the subscript ‘1’, i.e., we denote antf(d) by ant”(d). When n=n'+1, we
omit the superscript ‘n’, i.e., we denote ant’(d) by ant,(d). So, for d e R®,
ant(d) € RC?" stands for ant} *'(d). Finally, when n’ = [n/2], we also denote
anty(d) by Ant,(d).

Remark 2.5. (i) The map d— ant?(d) is an affine map from R to R®; for
a =0 it is linear and, in fact, we have the following relation:

anty(d) = antg(d) + ad(V").
Also,
ant’y(d) = ant}(d) + (o ~ 1)6(V").

(ii) Given a subset S of {1,2,...,n'}, define the subset $*={i+n":i ¢S
and1<isn-—n'}of V'={n' +1,...,n}. So S* can be seen as the ‘reflection’
of $ on V". Then, ant”(6(S))=46(SUS*). In particular, ant"(5(8)) = 6(V").
Note that the only cuts lying on T, ,. are precisely of the form ant®(8(S)) for
some subset S of {1,...,n'}. Observe also that, if n’ = [n/2], then ant"(8(3)) is
always an equicut of ,,.

(iii) Given scalars t, @ € R, and d € R®®, we have: t(ant’(d)) = ant},(¢d).

Let X < ¥, be a set of nonzero cuts in 4, and define Y = {ant"(6(5)): 8(5) e
X} U {8(V")}, the set of the antipodal extensions of the cuts in X and of the zero
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cut; so Y < ¥,. Hence, R, (X) (resp. R,(Y)) is a subcone of 4, (resp. of €,)
with |X| (resp. |[X| + 1) generators and, in fact, dim(R.(Y)) = dim(R.(X)) + 1.
Observe that, given d e R(?), if

d= > Asb(S),
8(8)eXx
then
antid)= Y, Asanti(8(S))+a(l— 3 As)S(V")
5(S)eX
= > Asant"(8(S)) + (@ — X Ag)S(V").
8(S)eX
Also, if

anty(d)= D, Agant’(8(S5)) + Ad(V"),

8(S)eX

then a = >, Ag + Ay and, by taking the projection on V',

d= Y As8(S).
5(5)eX
In particular, any R ,-realization of anty(d) has size equal to a; indeed, if
ant(d) = L n,6(A) with u, >0, then 6(A)e T, ,, is of the form ant"(3(8)) and,
thus, & = X u, holds. The above observations permit to state the following result.

Proposition 2.6. Given aeR, X ¢ ¥#,, Y = {ant"(6(5)): 6(S) e X} U {6(V")},
and d e R, the following assertions hold.:
(i) ant)(d) e Z(Y) if and only if d e Z(X) and a € Z.

(i) anti(d)e Z,(Y) if and only if aeZ,, deZ (X) and d admits a
Z -realization whose size is less or equal to .

(iii) ant}(d) e R.(Y) if and only if aeR,,deR (X) and d admits a
R ,-realization whose size is less or equal to «.

(iv) Given de R (X), a € R, such that d admits a R ,-realization of size less
than or equal to «, then anty(d) is a simplicial point of R .(Y) if and only if d is a
simplicial point of R . (X).

In particular, if X =X, with n=2n', then Y = {Ant(6(5))=6(SUS*): S ¢
{1,2,...,n'}}; hence Ant(%€,):=R.,(Y) is a subcone of €, with 2"~! gene-
rators which are all equicuts of €,. Observe that Ant(€,.)=%,N7,,. is thus a
face of %, of dimension (%) + 1.

Let us now treat some examples illustrating the power of the antipodal
extension operation.

We first give an example of application of Proposition 2.6. Take d e €.,
d=Yi<i<na;0({i}) with all a,eZ,, and assume that d is rigid (for instance,
assume that n is large with respect to max(a,, ..., a,) (see Proposition 5.3)).
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Then,
ant,(d) € M, if and only if &= a,+ max(aq; +a;:2<i<j<n)
and
ant,(d) is h-embeddable ifand only if € Z, and a=a,+---+a,.

In particular, take d =2t1, with n=¢>+¢+3, then d is rigid [4], and take
aeZ,. Then,

ant,(2¢1,) e M, ,, if and only if a = 3¢,

ant,(2t1,) is h-embeddable if and only if « = nt, and
ant,(2t1,) € 6,,., if and only if a =4t

Indeed, the minimum size of a R, -realization of 2¢1,, is equal to
tn(n—1)/|n/2}[n/2}

and, thus, by Proposition 2.6(iii), anti{d) € 4, , if and only if
a=mn—1)/|n/2][n/2],

i.e., o = 4 since « is an integer.

Given a graph G, let d(G) denote its path metric, where, for two nodes i, j of
G, d(G); denotes the length of a shortest path from i to j in G. We indicate how
the path metrics of several graphs can be described using the antipodal extension
operation. For example,

d(H(n, 2)) = Ant,(d(H(n — 1, 2)))
and, for n odd,
d(H(n, 2)) = Ant,(2d(3H(n, 2)));
d(DOzn 1) = Aty (2d(J(2n + 1, n)));  d(Cy,) = Ant,(d(P,))
and, for n odd,
d(C,) = Ant,(2d(C,));  d(Kzx.) = Anty(d(K,,)),
where, as usual, H(n, q), H(n, 2), 3H(n, 2), DO,, .1, J(n, d), C,, P,, Ksx., K

denote, respectively, the Hamming graph, the 1-skeleton of the n-dimensional
cube, the n-dimensional halfcube, the double odd graph, the Johnson graph, the
cycle, the path of length n, the cocktail party graph, the clique on n nodes (see
e.g., [2] for definitions). Also, the path metric d; of the icosahedron satisfies:
d; = Ant;(d(VCs)), where VCs denotes the graph obtained by adding a node
adjacent to all nodes of Cs. In {9], it is shown that the following graphs are
simplicial (i.e., that they lie on a simplicial face of the corresponding cut cone or,
equivalently, that they admit a unique ¢;-embedding): Johnson graphs J(n, d) for
d =2, halfcubes $H(n, 2) if and only if n =2 or n =35, ¢-embeddable bipartite
graphs (including even cycles, trees, . . .), Hamming graphs H(n, ¢) if and only if
q <3, the Petersen graph, the 1-skeleton of the icosahedron or of the dodecah-
edron. Clearly, d(K,) is simplicial for # <3 since the cut cone %, is then
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simplicial, and d(K,,) is not simplicial for n = 4 since it admits several decomposi-
tions as sum of cuts, e.g.,

1 Sy ..
dK) =4 3 s =50—p 3 S0

As application of Proposition 2.6, we deduce that the cocktail party graph

metric d(K,, ;) is simplicial if and only if n =<3, also that the double odd graph is

always simplicial.

Note that the three graphs C,,, H(n, 2), DO,, ., are bipartite and, moreover,
they are the bipartite doubles of their halved graphs which are, respectively, C,,
iH(n, 2), J(2n + 1, n). In fact, Weichse! [13] proved that C,,, H(n, 2), DO,,,
are the only distance regular graphs that are hypercube embeddable; this was also
proved by Koolen [10}.

The following statements can be found in [8].

* ant,,_,(2t1,,) is h-embeddable if and only if there exists a Hadamard matrix
of order 4t.

e antp,,(2t1:2,.42) is h-embeddable if and only if there exists a projective
plane of order .

Recall that z;, denotes the minimum size of a Z,-realization of the equidistant
metric 2t1,. Since d(K,.,)=Ant,(1,), by Remark 2.5(iii), 2td(K, )=
Ant,(2t1,) and, therefore, by Proposition 2.6(ii), 2td(K, «,) is h-embeddable if
and only if z/, <4r. Observe also that ant,(21,) =2d(K,,, —e), where K, —¢
denotes the complete graph on n + 1 nodes with one deleted edge; ant,(21,) is
h-embeddable for n=3,4 but not for n =5 (though it satisfies the even
condition and belongs to the cut cone). For n =35, 2ant,(215) is A-embeddable
and has exactly three Z, -realizations:

2ant,215)= >, 8({1, i)+ 8({i, 6})

=2 8({i, 6}) + 6({i, 5, 6}) + 8({1}) + 8({1, 5})
=5({1)+6({6H)+ 2 8({i. ), 6}).

2=i<j=5

We conclude the section with a reformulation of the condition for membership
in the cut cone for the antipodal extension ant,(d) of d € €,. By Proposition
2.6(iii), ant,(d)€ €,., if and only if de €, and the minimum size of a
R .-realization of d is less than or equal to a. Given d € €,, the minimum size s of
a R, -realization of d is expressed by the following minimization program:

s =Min D, Ag, on

s.t. > As6(S); =d;, Vi<i<j=n,

and As=0 VS<{2,...,n}.
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From Linear Programming Duality, the minimum size s can also be expressed as
the following maximization program:

s=Max 2 uyd;

1=i<j=n (2.8)
st v;0(8); <1 VS.
l=i<j<sn
Equivalently,
s =max(v - d: v - x < 1 defines a facet of &,). 2.9

(Note that the above computation of the minimum size remains valid for an
arbitrary cone; namely, the minimum size of a R,-realization of x e R, (X) is
equal to max(v-x:v-x=<1 defines a facet of Conv(X)).) The complete
description of %, is known for n <7 (see [7]). As example of application, we have
that: for d € €,, the minimum size of a R ,-realization of d is equal to:

(d,] + dik + d}k
max{ —————

> :1si<j<ks4),

and for d € €s, the minimum size is equal to:

max(dij + dik + dik 1<i <} <k< 5’ El<i<j$5 dlj ,
2 6
Di=icj=s &y _22 Drsjmsizidy l=is< 5).

Therefore, ant,(d) € 6,,., if and only if d € €, and
o =max(v - d: v - x <1 defines a facet of 2,). (2.10)

On the other hand, ant,(d) € €, ., if and only if v - ant,(d) <0 for every valid
inequality v - x <0 for %,.,. Let us compute v - ant,(d):

v - ant,(d) = Z Uidy + Uy + 2 Vi nei{@ —dy;)
1si<j=n 2=i=n
= > wvditav-d({n+1N+ 2 (Vi—Viar)die
2=i<j=n 2=i=n

Therefore, if ant,(d) € €., then we have:

Yoreicn (U + U p)dy — 22$i<;‘sn vijdij .

v-0({n+1})

o= max<

v-x=<0is valid for 6,,, and v - §({n +1}) 960). (2.11)

How do the two maxima in (2.10), (2.11) compare? In fact, as we now check, the
maximum in (2.10) always dominates the maximum in (2.11). Indeed, take a valid
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inequality v - x <0 for €,,, such that v-6({n +1}) = —1. First, let us ‘switch’
this inequality by the cut 8({n +1}), i.e., consider v’ € R"?" defined by:

. .
Ui,rH-l = ~Vin+1 forl=is n,
V= vy forl<i<j=n.

Then, collapse the nodes 1, + 1 in a single node 1, i.e., define v" € R® by:

vi=vy,+v,,, for2<isn,

Ui =y for2=<i<j=n.

Then, the inequality v”-x =1 is valid for the cut polytope %, Note that the
quantity to be maximimized in (2.11) takes precisely the form v”"-x if v -x <0 is
valid for €,,, and v - 6({n +1}) = —1.

3. The k-extension operation

In this section, we introduce the k-extension operation and we shall see how it
permits to link the k-uniform cut cone €% and the cut cone 6, ,.

Given an integer 1<k =<n—1 such that k #¥n/2 and d e R?, we define its
k-extension ext,(d) € R©":" as follows:

(extk(d)),-j = d,, for 1= <j = n,

1 1
(extk(d)),-,,,ﬂ=n_2k( > di—— d,s> forl<i<n.

1sj=n,j#i n—k</Zo<n

Let us then define int,(d) € R*Y by
(lntk(d)),] = l(extk(d)i‘”.'_l + extk(d)j‘,,ﬂ - eth(d),-j) f0r 1 = l <} =n.
We shall use the notion int,(d) especially in Sections 4, 5. Set

1
Si(d) = —rr d;.
k( ) k(n __k) lsigjsn i
We group in the following lemma several relations linking ext,(d), int,(d), S.(d)
and d.

Lemma 3.1. (i) Si(d) = (exty(d)); 41+ (ext, 1 (d)); i  for 1<si<n.
(i) S(d)=d; + (int,(d)); + (int,_,(d)), for 1<i<j=n.
(i) Zimjmn o (it () = (k = 1)(€xty(d)); o for 1<i<n.
(iv) Xi<izn (€xte(d))inr1 = kSi(d).
(V) Dimicjen (inte(d)); = (5)Si().
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Take d = 6(S) for S<{l, ..., n} and set s =|S|. Then,

(=S)n=kos) e
(€xte(d))nar = ‘"1396%)
K2k TS

Therefore, if |S| =5 = k, then ext,(5(5)) = 6(S) (ascutin €,.,) and, if s =n — k,
then ext,_,(6(S)) = 8(SU {n + 1}); also, for s =k, int,(6(S)); is equal to 1 if
i, j € S and to 0 otherwise. Observe that int, is a linear injective map (use Lemma
3.1(ii), (v)). The map ext, is a linear map from %5 to €% . ,. The next Proposition
3.7 establishes precisely which elements of €, have their k-extension in €, . For
this, we need the following notion of quasi k-uniformity which is weaker than
membership in the k-uniform cut cone €.

Definition 3.2. Given a realisation of d e R®?, d = Y5 A;6(S), where the sum is
taken over subsets § of {1,...,n} with |S|<n/2, we say that it is quasi
k-uniform if the following conditions (3.3), (3.4) hold.

ies As 1S
M:k forany 1==i=<n, (3.3)
Ls.iesAs
LsAs |S|
LsAsiSI_ 3.4
LsAs >0

We say that d is quasi k-uniform if d admits a quasi k-uniform R, -realization.

Clearly, every k-uniform cut is quasi k-uniform and thus every member of the
k-uniform cut cone € is quasi k-uniform. So, the quasi k-uniform points of R
form a cone which contains €% as a subcone. Note that in the special cases k =1,
[n/2], the cone of all quasi k-uniform points coincides with the k-uniform cut
cone. An easy consequence of relations (3.3), (3.4) is:

2 As = Si(d). (3.5)

Indeed, by summation of (3.3) over i, we have that: YsAs ISI1>=k Y5 As |S].
Hence,

> @=2mm-mkw—m§um

Isi<jsn S
=k(n~k)> As
S

(by (3.5)), implying that S,(d) = L5 As.

Lemma 3.6. Given d e R®, the following assertions are equivalent.
(i) d = N5 As8(S) satisfying (3.3), (3.4).
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(it) ext(d) = L5 As0(S) (the cuts 8(S) being considered as cuts in ¥,.,) and
Zs As = Sk(d)-
(iit) ext,_x(d)=XsAs0(SU{n +1}) and L5 As = Si(d).

Proof. (ii) < (iii) follows from Lemma 3.1(i).

()=>(ii). Set d'=5sAs6(5). Then, d;,.1=2XsicsAs, implying that
Yi<isndin+1 = LsAs|S| and thus, by (3.4), (3.5),

(a) 2 d} nv1= kS (d).

1<i=n

E di,n+1+d/""+1‘dij= 2 AS ‘S|=k 2 As’

t=sj=n 2 S,ie§ S,ieS

by (3.4), and thus:

(b) > Limrs ¥ djnrs =y kd;,,, forl=<i=n.
1sj=n 2
From (a), (b), di,.:=(ext,(d)); .+, holds. Therefore, ext,(d)=d’' indeed
belongs to %, ., and admits a realization of size ¥ Ay = §,(d).

(ii) = (i). By assumption, d':=ext,(d) = ¥, As0(S) where A3=0, ¥ As = S.(d)
and the sum is over subsets S of {1,...,n}. Hence, d;, ;= Xs.ics As and thus
Yisicndini1=1Y As|S|. On the other hand, by using the definition of ext,(d),
one can compute that ¥, d; 1 =kSi(d). Now using the assumption that
Se(d) =% Ag, we deduce that ¥, Ag|S|=k ¥ Ag, i.e., (3.4) holds. Note that

> dy= 2 (n—ISDAs+ D, IS As

1=j=<n S,ieS S,i¢S
= > (n—2|SDAs + kSi(d).
S,ieS

Thus, d;,,1=1/(n~2k) Xs,s(n—2|S)As. Comparing with the fact that
d] i1 = Ysies As, we obtain that L s As 1S =k Xgics As, i€, (3.3) holds. O

An instant corollary of Lemma 3.6 is as follows.

Proposition 3.7. Given d € R®, the following assertions are equivalent.
(1) d is quasi k-uniform.
(ii) ext,(d) € 6,+, and admits a R ,-realization of size 5,(d).
(iii) ext,_,(d) € €, and admits a R ,-realization of size S;(d).

Note that a similar result holds at the [evel of the cut polytope instead of the
cut cone. Namely, given d € R, the following assertions are equivalent:

(i) d admits a convex quasi k-uniform realization: d =}, A;6(S) where Ag =0
satisfy (3.3), (3.4) and ¥ As =1,

(ii) exti(d) e P, ., and S;(d) =1.
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4. The k-uniform cut lattice %

In this section, we give the description of the k-uniform cut lattice %, i.e., the
lattice generated by all k-uniform cuts. Actually it follows from a result of Wilson
as we now explain.

Given integers 1<<t=<k=n, let W, denote the (7) X (%) binary matrix whose
rows are indexed by all t-subsets 4 of {1, ..., n}, whose columns are indexed by
all k-subsets B of {1,...,n} and the (A4, B)th entry of W, isequalto 1if Ac B
and is equal to O otherwise. Let L, , denote the lattice generated by the columns
of W,.

Theorem 4.1 (Wilson [14]). Given xeZ9, xelL,, if and only if
W,-x=0(mod (:2})) forall0si=<t.

We shall use the case t =2 in the above theorem.

Lemma 4.2. Assume that k #n/2. Then, given d € Z¥, d e &% if and only if
inte(d) € L, 4.

Proof. We use the following property of int,(d) mentioned in Section 3. If
[S| =k, then int,(6(S)); is equal to 1 if i,je S and is equal to 0 otherwise.
Therefore, for |S| =k, int,(5(S)) is precisely the corresponding column of the
matrix W,,. The result now follows since int, is an injective linear map. O

Proposition 4.3. Assume that k+#n/2. Then, given deZ®, the following

assertions are equivalent.
(iy deZk

S(d)eZ, ie, Y d;=0(modk(n - k)),

i=i<j=n
(i) exty(d); .1 €Z foralll=si=n,
exty(d); a1 + exty(d); ;41 + ext(d); =0 (mod 2)

foralll1=si<j=n.

(iii) Sy(d) € Z and exty(d) € £,.1.
(iv) ext,_(d)eZ?" and ext,(d) € L, ...
(v) In the case n odd, d € %,, exti(d), ext,_(d) e Z(*3").

Proof. We first verify that (i), (ii) are equivalent. For this, we apply Theorem 4.1
and Lemma 4.2. So, de %% if and only if W, -int(d)=0(mod (42{)) for
i=0,1, 2. But, Wy, - int,(d) = ¥1<icj<n int,(d); which, by Lemma 3.1(v), is equal
to (5)Sc(d), thus yielding the condition: S,(d)eZ. Also, Wy, -int,(d) has its
coordinates equal t0 Xigjzj»inti(d); and thus, by Lemma 3.1(iii), to
(k — 1)exte(d); »+y; this yields the condition that exty(d)€Z*). Finally, the
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coordinates of W, - int,(d) are equal to int(d);; from this we deduce the third
condition that exti(d); ., + exty(d); .+, + ext,(d); =0 (mod 2).

The implications (iii) => (ii) and (i) = (iii) follow easily using the fact that the
lattice &, is described by the condition (1.2). The implications (i)=> (iv) and
(iv) = (ii) follow using Lemma 3.1(i). Finally, we check the equivalence with (v)
in the case » odd. The implication (i)=> (v) is clear. Assume that (v) holds; it
suffices to check that exty(d); .1 + exti(d); .., + exte(d); is an even integer for
any i, j. This fact follows from the following identities:

exty(d)inr1 + ext(d); vy +exte(d);
= exty(d); pi1 — exte(d); a1 +d;
1

1 on —2k
T n-2k (; i = dyy + d,,-) + ok d; (mod 2). 0

Observe that (i), (v) are not equivalent when n is even. For example, take
d =2d(Ks— e) = ant,(215); then d ¢ £z because exty(d) ¢ %, but d € %, exty(d),
ext,(d) € ZP. Indeed, say e = (1, 2), then Sy(d) =4, ext,(d),=2, 2, 1, 1, 1, 1 if
i=1,2,3, 4,5, 6and thus ext,(d);, + ext,(d)s; + exty(d);3 =5 £ 0 (mod 2).

5. Some results on 1, 2-nniform cuts

In this section we group several results on the k-uniform cut cone €* and other
hulls of k-uniform cuts in the cases k =1, 2. Note that the cone €% is simplicial if
and only if k =1, 2 or (n = 6, k = 3). We first give some results for the 1-uniform
case.

Lemma 5.1. Given d € R'?, the following assertions are equivalent.
(1) deR(O{1}), ..., 6({n})), ie., d= Y iz, AO({i}) for some A, e R.
(ii) There exist scalars A; € R such that (d; + dy — d;)/2 = 4, for all j, k and all
i
(iii) There exist some scalars A; € R such that (d;+ dy, —dy)/2= A, for all j, k
and some 1.

Proof. Clearly, (i) (ii) = (iii). Let us check the implication (iii) = (ii). Assume
that, for instance, (d;; + dyx —dy)/2= A, for all 2<j <k <n. Then,
di/+ dik - djk = (dij - du’ - dl;‘) + (dik - dli - dlk) + (dlj + dlk - d,'k) + 2d1i
=2(dy; — Ay).
Therefore, (ii) holds with A, =d,; —A,. O
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Corollary 5.2. Take d € R(¥})=R(6({1}), ..., 8({n})). Then,
(i) de 6, =R.(¥X)) if and only if ext|(d),,.,eR, for 1<i<n or,
equivalently, d € M,,.
(i) d € &, = Z(¥K,) if and only if ext,(d); ., € Z for 1 <i<n or, equivalently,
de %,.
(iii) d e Z.(X}) if and only if ext,(d); .1 € Z, for 1<i<n or, equivalently,
deM,NZ,.

Proof. Take d=Nicicn A0({i}) e R(K}). Then, since the cuts
6({1}), ..., 6({n}) are linarly independent, d € R (%) (resp. Z(%), Z (%(L))
if and only if 4, € R, (resp. Z, Z,) for all 1<i<n. Observe that ext,(d); .., = A,
for every i and d;; + d;; — dj = 24, for any i, j, k. Therefore, d € R, () if and
only if A; =ext)(d);,+1=0 for all i or, equivalently, d;+dy ~d, =0 for all
i,j, k, ie., de M, Also,deZ(¥)) if and only if A, = exty(d); .1 € Z for all i or,
equivalently, d; +dy —dy=0(mod2) for all i,j, k, i.e., de %, Finally, de
Z.(%}) if and only if A, = ext,(d); .+, € Z, for all i or, equivalently, by the above
argument, d e M, N %,. O

Let % be a family of subsets of a groundset X and A =1 be an integer. Then, 3
is called a A-design (or pairwise balanced design) if any two distinct elements of X
belong to exactly A common blocks of .

Take d = Yi<i<, A,6({i}) with 4, €Z,; take an arbitrary Z,-realization of d,
d =Y, as3(S) where the sum is over the subsets of {2,3,...,n)}. Let & denote
the family consisting of all subsets § each repeated ay times; it is easy to see that
P is a As-design on the groundset {2,3,...,n}. In other words, there is a
one-to-one correspondence between

» the 7, -realizations of d, and

¢ the A;-designs on n — 1 varieties.

Given d € 6, d = Y1i<n 4:6({i}), A; =0, assume that d is h-embeddable, i.e.,
that A, € Z. In general, d may have several other Z,-realizations. The following
result, which is a reformulation of Theorem 7(i) in {5], states that, if n is large
enough, then d is rigid, i.e., admits a unique Z -realization.

Proposition 5.3. Assume de €,N %, and d;#0 forall 1<si<j<n. If n is large
with respect to max(d;: 1<i<j=<n), then d is rigid.

Proposition 5.4. Assume de €,N %, and d;#0 for all 1<i<j<n. Let d=
Y as0(S) be a Z.-realization of d, where the sum is over the subsets S of
{2,...,n}. Then,

(i) Majumdar [11}) s:=Y ag=n—1.

(ii) (Ryser [12]). If s =n — 1, then there exists an integer k, 1 <k <n —1, such
that |\S| = k or n — k for any S for which as #0.
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Observe that in case (ii), when all subsets § with @;#0 have the same
size k, i.e., the realization is k-uniform, then the associated set family & is a
symmetric (k, A, = (dy; +d,; — d;)/2, n — 1)-design. Actually this is the most
frequent situation. Indeed it follows from a result of Woodall [15] that there is
only a finite number of h-embeddable points d € 4, with A,>0 admitting a
non-uniform Z,-realization of size s =n — 1. For more details and a conjecture
about the classification of the above objects, see [15, 12].

We now turn to the 2-uniform case.

Proposition 5.5. Take d e R®., Then,
(i) d € €2 =R, (%) if and only if ext(d) € M, .,
(i) d € F%=7(¥K?2) if and only if exty(d) € %, 1,
(iti) d € Z (H2) if and only if exty(d) € M, N L,yiq.

Proof. In all three cases, the conditions are clearly necessary (using Proposition
3.7 for (i) and Proposition 4.3 for (ii)). We check the sufficiency.
(i) Assume that ext,(d) € #,,,,. Hence, by definition,

inty(d), = exty(d)in4: t+ ethz(d)jn+l — exty(d) =0
We verify that d=ux:=} o<, int,(d);6({i, j}) holds. Indeed, by Lemma
3.1(iii),

x,'j = Z intz(d)is + 2 lntz(d)ls = extz(d)i'n.,.l -+ extz(d)j,n+1 - 2 1nt2(d),,

SHLLf FEN)
= exty(d); = d;.

(ii) Assume that exty(d) € %,,;. For showing that d € ¥4, by Proposition 4.3,
we need only to check that S;(d) € Z. By assumption, exty(d); .1 + exty(d); 1 +
exty(d); =0 (mod 2), i.e., inty(d); € Z for all i, j. Using Lemma 3.1(v), we deduce
that S)(d) e Z.

(iii) If ext.(d)e Mpo1N &L, .1, then d admits a R, -realization and a Z,-
realization both using only cuts of the form 6&({i, j}), but then these two
realizations must coincide since the cuts 8({i,j}), 1<i<j=<n, are linearly
independent. [J

We can deduce all facets of the cone %2 very easily from the triangle
inequalities, as we now explain.

Generally, a valid inequality v* - x <0 for the k-uniform cut cone €% can be
deduced from any valid inequality v - x <0 for the cut cone €,.,. Indeed, take
v e R and assume that the inequality v - x <0 is valid for the cut cone €, ;.
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Take d € R® and its k-extension ext,(d) € R"*". Then,
v - ext.(d)

< M . Al /Zl$_isn,_i#=idij lei<j£ndi') \
= 2 vyt 2, Uinn| - .

1=si<j=n I1<si=n n—2k (n - 2k)(n - k)

= K;jsn vydy + 2k 1s;§<n dii(Vins1+ Vjns)
Yi<i<j=n dy
- v 6({n+1
n—k)n—20)" oUn 1)

= 1 E vidy

=si<<j=n
=p*.d

where we have set

* Vinst T Viner - 0({n+1})
VitV T T 0 (n~k)(n ~ 2k)

forall 1si<j=n.

Proposition 5.6. Given ve R, if the inequality v -x <0 is valid for the cut
cone €,.,, then the inequality v* - x <0 is valid for the k-uniform cut cone 6%.

Proof. Take d € €%, then ext,(d) € €,.; hence, v*-d=v -ext, (d)<0. O

For example, let us compute the inequalities v* - x <0 if v - x <0 is a triangle
inequality. For v - x :=X; ,41 — Xj n41 — X;; With 1 <i <j<n, we have

v¥ox = 2 (xin — xjp) — (n — 2k)x;.

1=h=nh%*i,j
FOr v -x:=X; — Xi po1 ~ Xjna1 With 1 =i <j=<n, we have
2 > Ln

V¥ ex=2 O xmt-k)(n-2k-x;,—(n—k) > (xa+xp)<O0.

1=sh<k=n 1sh=nh*Ii,j

Therefore, from Proposition 5.5(i), the cone €2 is fully described as follows:
d € €2 if and only if d satisfies the following inequalities:

dj—~d;—~dp=<0 foralli,j, kin {1,...,n},
Y (dn—dy)—(n—4)d;<0 foralll<i<j<n, and
1<h<n, hsi,j
2 D dut(-2n—6)d;~(n—2) X (dn+d)<0
1<h<k=n 1<h=n,h#i,j

for all 1 <i <j=<n. In fact, it is shown in [6] that the latter class of (3) inequalities
suffices to describe the cone 42 which is a simplicial cone of dimension (5).
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