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O N  t - D I S T A N C E  S E T S  O F  (0, ___ 1 ) - V E C T O R S  

ABSTRACT. We consider sets of (0, + l)-vectors in R", having exactly s non-zero positions. In 
some cases we give best or nearly best possible bounds  for the maximal  number  of such vectors 
if all the pairwise scalar products  belong to a fixed set D of integers. The inw~stigated cases 
include D = { - d, d}, which corresponds  to equiangular  lines. 

1. INTRODUCTION 

For  given integers n and s, n >~ s i> 1, we consider  sets of (0, :L 1)-vectors, 
V = {vl,  ... ,Vm} in the n-dimensional  Eucl idean space R", such that  each 
vector  has s non-zero  coordinates ,  and consequent ly  they have all the same 
length xfs.  Fo r  two vectors  x = (x 1 . . . . .  x ) ,  y = (Yl , - "  ,Y~) we define the 
scalar product(x,  y) in the usual way:  (x, y) = E 1 <,i<,xlyi. 

For  a subset D of { - s, - s + 1 . . . . .  0, 1, ... ,s - 1 } let us m a k e  tlhe following 

D E F I N I T I O N  1.1. The set V = {v l , . . .  ,vm} is an element of  V(n, s, D) if 
(i) v i is a (0, _ 1)-vector of  dimension n for i = 1, ... ,m; 

(ii) (vi, vi) = s for i = 1,. . .  ,m; 
(iii) (vi, vj)eD for 1 <<. i < j  <~ m. 
Let us denote  by re(n, s, D) the m a x i m u m  cardinal i ty of  V e V(n, s, D). For  

V e  V(n, s, O), we set f~(V)= { v / ~ s : v s  V}, the homothe t ica l  image of V on 
the unit  sphere, ~n. 

If (v~, v j )=  d, then the Euclidean distance of vi /x/s  and V j / ~  is 
Xf2(1 -- d/s); hence f~(V) is a ]Dl-distance set on f~", i.e. these points  span at 
mos t  IDI different non-zero  distances. Delsarte  et al. [3] have shown: 

T H E O R E M  1.2. I f  X is a t-distance subset of  f~", then 

+ 
t t - 1  

For  (0, _+ 1)-vectors we have the following immedia te  

COROLLARY 1.3 .  m(n's'D)<"( n+IDI-IDI 1) + ~,{n+ IDI-2~IDI- 1 ) 
Since this bound  is independent  of s and depends only on the cardinal i ty 

of  D, it is not  surprising that  it can be improved  for par t icular  cases. 
Let V e V(n, s, {d} ) with d > O. We call V a sunflower if there are d posi t ions 

1 4 i 1 < i 2 % "'" < i d ~ n, such that  all the vectors in V have the same non-  
zero (ij)th coordinates  for 1 ~<j ~< d. 

T H E O R E M  1.4. (Deza and Vrankl [5]). Suppose V e  V(n, s, {d}). Then 
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(i) d < 0 :  I VI ~ < [ 1 - s / d ] ,  moreover ,  the same bound  holds if 
V e V ( n , s ,  { - s , . . . , d } ) .  

(ii) d = 0 : I V I ~ n (the case of  equality corresponds  to so-called weighing 
matrices, which are just H a d a m a r d  matrices if s = n). 

(iii) d > O ,  d>~s/2: ] V ] < - . . m a x { ( s - d ) ( d + 2 ) ,  n - d } ,  and in the case 
I V I > (s - d)(d + 2) the set V is a sunflower. 

(iv) d > 0, d < s/2: ] V I <<. max { (s - d) 2 + (s - d) + 1, n - d}, and in the 
case I V ] >  ( s -  d ) 2 +  ( s -  d ) +  1 the set V is a sunflower. Let us ment ion 
that  all the above bounds  are best possible for large n, e.g. for n > s 2. In case 
(iii) there always exists a V with] V I = (s - d)(d + 2) which is not a sunflower. 
In case (iv) nonsunflowers with cardinali ty (s - d) 2 + (s - d) + 1 exist if there 
is a projective plane of  order  s - d or  a H a d a m a r d  matrix of  order  s - d - 1. 

Par t  (i) of  the above theorem was proved by Delsarte, et al. [3] in a more  
general setting; case (ii) is trivial. 

2. S T A T E M E N T  OF TH E R E S U L T S  

Most  of  our  results are best or nearly best possible upper  bounds  for the 
case n > no(S ). 

Our  first theorem shows that  in the case D = {d, d + 1, ... ,d + t -  1}, 
d o t> 0, t />  2, for re(n, s, D) the same bound  holds as for (0, 1)-vectors. 

T H E O R E M  2.1. Suppose d, t are non-negative integers, t >~2. Then for 
n > no(S) we have 

Note  that in view of  Theorem 1.4 the condi t ion t /> 2 cannot  be omitted. 
The bound  is best possible in the sense that  equality can be attained whenever 
a Steiner-system S(n - d, s - d, t) exists, i.e. a family of  (s - d)-subsets of  an 
(n - d)-set X, such that  every t-subset of  X is conta ined in exactly one member  
of  the family. The same bound  for (0, l)-vectors was proved in [4]. 

By a simple linear algebraic a rgument  we deduce the following: 

T H E O R E M  2.2. Suppose a, b are integers, 0 <<, a < b, and d = a (mod b) for 
every d~D, but s ~ a (mod b). Then 

m(n , s ,D)<~n+ 1. 

For  the case D = { - d, d} we have 

T H E O R E M  2.3. Suppose d > O, and n > no(S ). Then m(n, s, { -  d, d}) <~ 
n + i, unless s/d is an odd integer. In this latter case m(n, s, { - d, d} ) <~ 2(n - d) 
holds. 
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The  interest in the case D = { - d, d} is explained by the following: 
As before, let f~(V) be the homothet ica l  image of V e  V(n, s, { - d, d} ) on the 

unit sphere f]". Then  for any two points  A, B in f~(V) the angle between the 
lines OA, OB (0 is the origin) is the same, arc cos dis. Thus  ~(V) cor responds  
to a set of equiangular lines (in the elliptic space E" -  1, whose points  are the 
lines th rough  the origin, and whose the distance is defined as 1Lhe angle of  
these lines, it is just  an equidistant  point  set). 

The  p rob lem of determining the m a x i m u m  number  of  equiangular  lines in 
R" has been extensively studied. For  0 ~< a ~< 1 let us denote  by va(n) the 
m a x i m u m  number  of  equiangular  lines in R", with angle arc cos a. 

T H E O R E M  2.4. (Lemmens  and Seidel [9]). 

(i) a = 1 / 3 :  v l / 3 ( n ) = 2 ( n - 1 ) f o r n = 3 , 4 a n d n > ~ 1 5  
v l / 3 (n  ) = 28for  7 ~ n <~ 14, Vl/3(5  ) = 10, Vl/3(6 ) = 16. 

(ii) maxv  (n) >/2k(22k + 2 k + 1)for n = 22k + 2 k + 1 ; 
a 

max  v (n) = V l/3(n)(Vx/5(n) ) for  4 <. n <. 14 (15 ~< n ~< 43), respectively. 
a 

Let us note  that  the bounds  in (i), for the cases n = 3, 6 ~< n ~ 14, and also 
the lower bound  in (ii) can be at ta ined by (0, _+ 1)-vectors. For  example,  for 
7 ~ n ~< 14 we take the seven lines, each conta ining three points,  of  the 
project ive p lane  of order  2, and replace each line by the following four vectors 
(1, 1, 1), (1, - 1, - 1), ( - 1, 1, - 1), ( - 1, - 1, 1), put t ing zeros in the posit ions 
which are not  conta ined  in the cor responding  line. Again, for odd  n/> 15 we 
can a t ta in  equali ty in (i) with (0, _+ 1)-vectors: all the vectors  have 1 in the 
first posit ion,  V4i , V 4 i + l  , V4.i+2, V41+3 are non-zero  in the posi t ions 2i and 
2i + 1 having (1, 1), (1, - 1), ( - 1, 1), ( - 1, - 1) in these positions,  respectively. 
On  the other  hand,  for n = 4, 5 and even n > 15 the bounds  of (i) cannot  be 
ob ta ined  by (0, _ 1)-vectors. 

Let us men t ion  (cf. [9])  that  any system of unit vectors with pairwise 
scalar p roducts  a, b; a + b < 0, in R" can be lifted to a system of equiangular  
lines in R "+1. Fo r  (0, +__ 1)-vectors a similar s ta tement  holds:  if V e V ( n ,  s, 
{a, b}), with a + b = - 2 c ,  c positive integer, then by adding in V to each 
vector  c new l 's  in posi t ions n + 1 th rough  n + c we obta in  V e  V(n + c, s + c, 
{a + c , -  (a + c)}). 

Fo r  the p roof  of T h e o r e m  2.3 we need Ramsey ' s  theorem in its mos t  
e lementary  form (cf. Ramsey  [12]):  

T H E O R E M  2.5. For any two positive integers k, l > 2, there exists an integer 
R(k, l) such that in every graph with R(k, l) or more vertices there is either a 
complete subgraph on k or an empty subgraph on l vertices. 

We have one more  theorem,  on V(n, s, D)'s in general. 
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T H E O R E M  2.6. Let  f denote the number of  non-negative elements of  D. Then 
re(n, s, D) <~ c(s)n f, where e(s) is a constant depending only on s. 

The p roof  of  this theorem is running  along the same lines as that  of  
Theorem 4 in Deza et al. [4]. As the bounds  on c(s) are rather  poor ,  we did 
not  include the proof. 

3. T H E  P R O O F  OF T H E O R E M  2.1 

First we need some definitions. Let, as always, V e  V(n, s, D), 1 ~ i ~< n. Then 
let deg+(V) or  simply deg + (deg~-) denote  the number  of  vectors in V which 
have + 1 ( - 1) in the ith position. Moreover ,  let V+i (V~-) be the set of  these 
deg + (degi-) vectors replacing the ith coord ina te  by 0. 

For  any integer j, define D - j  = {c - j  : ceD} .  
The following two observat ions are immediate:  

(i) V/+ and V i- can be viewed as V~ V(n - 1, s - 1, D - 1); 

(ii) Z 1.<I.<. IV/+[ + [Vi-] = Zl-<i-<.deg/+ + degl- = s] V[. 
Using (i) and (ii) we deduce 

L E M M A  3.1. re(n, s, D) <~ (2n/s)m(n - 1, s - 1, D - 1). 
When iterating this 1emma j times, we obtain 

C O R O L L A R Y  3.2. m(ns, D ) < ~ 2 J ( ( ] ) / C ) ) m ( n - j , s - j , D - j ) .  

For  a vector v let S(v) denote its support: 

S(v) = {i : 1 ~ i <~ n, v is non-zero  in the ith position}. 

For  a given subset T of  {1, 2 . . . .  ,n} we define 

V(T) = {re V : T ~_ S(v)}. 

P R O P O S I T I O N  3.3. Let d be the largest element in D and T an arbitrary 
(d + 1)-element subset of  {1, 2 . . . . .  n}. Then 

[ v(r)J-< 2a+ l(s-a). 
Proof In fact there are 2 d+ 1 possibilities for the restriction of  v to T for 

ve V(T). On the other  hand, vectors having the same restriction have scalar 
p roduc t  at most  - 1 on {1,... ,n} - T. Thus in view of  Theorem 1.4(i) there 
are at most  s - d of  them, and the statement of  the proposi t ion  follows. 

N o w  we ~a ke a V satisfying the assumptions  of  Theorem 2.1. 

( ) P R O P O S I T I O N  3.4. I f I V [ >  d + l  2 a + t ( s - d - t + l )  n - t _ l d - 1  then 

we can find vector v 1 , v 2, . . . ,  vs+l~V such that  C = S(v~)c~S(v 2) is a d-ele- 
ment  set and we have C = S(v~)c~S(vj) for every 1 ~ i < j  ~<s + 1.. 
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ProoJl Let us choose  an arbi t rary v 1 e V, and define T 1 = S(vl). Suppose 
v l , . . .  , v  and T1 , . . . ,  T have already been defined. Then choose/),.+ 1 ~ V such 
that [S(v  + 1) c~ T [  <~ d, set T +  1 = T u S ( v  + 1)" First we have to show that 
this is possible. Let us suppose the contrary.  

This means that  for every v e V  we have [S(v)c~ T [ ~>d+ 1. Let T o be an 
arbi t rary (d + 1)-subset of T +  1" Set ~ '0  = {S(v) - T o : T o ~_ S(v), v s  V}. We 
consider s J  0 as a multiset, i.e. each set may  occur  several times. However,  
Propos i t ion  3.3 yields that every ( t -  1)-subset of  {1, 2 . . . . .  n } -  T o can be 
contained in at most  2'+t(s - d - t + 1) of  the S(v). Thus we derive 

t ol 

( ' t  As IT[  = d + r(s - d) <~s 2, there are at most  d + 1 choices for T o. Thus 

( ' )  ( ) Ivl  d+l 2'÷'(s-d-t+1)n-d-1 
t - 1  ; 

a contradict ion.  
Since (vl ,  v~+l)>~d, IS(/)I)C-~S(/).+I)I >~d holds. Thus [S(/) +l)C~rl=d 

holds. Consequently,  S(v + 1) ~ T = S(v + 1) c~ S(vl). By definition T = S(Vl) w 
... w S(v) ,  implying S(V +l)C~S(vi) ~_ S(v +l)c~ S(vl)  for 2 ~<;i ~ r. But 
]S(/) +l)c'~S(vi)[ >..-d for 2 <,i <~r. Thus for 2 <~i <~r, S (v ,+ l ) c~S(V l )=  
S(V+l)C~ S(/)i) holds. We claim t h a t  all these pairwise intersections are in 
fact C = S(/)1) n S(/)2). Indeed, I c l  -- d and C ~_ (S(/)+ 1) n S(/)1) ) ~ (S(/)+ 1) n 
S(v2) ) = S(v+ 1) c~ S(vl). Since the set on the r ight-hand side is also a d-element 
set, we must  have equality. Thus we have shown that  choosing v 1 . . . . .  /)~+ 1 

in the above way, they will satisfy the proposit ion.  
For  n > no(S ) we have 

(n~d)/(s-d)>(dS21)2a+'(s-d-t+l)(n-d-lt + t-i )"  

Thus we may  assume the existence of/)1 . . . .  , vs+iE V, satisfying Proposi t ion  
3.4. As (v 1, vl) >~ d and [S(vl)c~S(vl) = C] = d, v 1 and v i must  be identical on 
C(2 ~<i ~<s + 1). 

N o w  we are going to show that every/)~ V coincides with v I on C. Let us 
denote by w i the (0, + 1)-vector which is zero on C but coincides with v i 
everywhere else (1 4 i ~< s + 1). The sets S(wl ) , . . .  ,S(ws+ 1) are pairwise dis- 
joint  and their number  is s + 1. Thus no s-element set intersects all of  them. 
In particular, for every /)~ V we can find i, 1 ~< i ~< s + 1, such that S(wi)c~ 
S(v) = ~Z~. Consequently,  S(vi) c~ S(v) ~_ C. As ] C] = d and (v, vl) ; ,  d, v and v i 
must  be identical on C. But/)~ coincides with v 1 on C, proving our  claim. 
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Thus we have shown the existence of  a d-subset C such that  all the vectors 
in V have the same non-zero  posit ions on C. Define for v~ V the vector w 
which is zero on C but  coincides with v everywhere else. Let W denote the 
collection of  these w's. Then Iwr=lv] and W e V ( n - d , s - d ,  
{0, 1,.. .  ,t - 1}). Thus it will be sufficient to prove the theorem for the parti- 
cular case d = 0. 

F r o m  now on we assume d = 0. Denote  deg~ + -- dl +, degi- = d F  
If for every i, 1 ~< i ~< n, d~ + d~- -- 0, then we can replace - l ' s  by + l 's  in all 

the vectors wi thout  altering the scalar products.  We obtain  a system of(0, 1)- 
vectors, which can also be viewed as a family of  s-element subsets of  {1, ... ,n}. 
The fact that  any two different vectors have scalar p roduc t  less than t yields 
that  any two sets in the family have at mos t  t - 1 element in common ,  i.e. 
every t-subset of  {1, 2 . . . . .  n} is conta ined in at mos t  one of  the s-sets. We 

infer [ V] <~(n'] / (s '] ,  as desired. For  the case d[d[- is non-zero  we shall 
\ t / / k t J  

prove that  d~ + + d 7 is at most  c(s)n t-2 only. Let us omit  all these vertices - 
denote  by q their number.  What  remains can be viewed as a family of  s-subsets 
of  an ( n -  q)-element set, no two of  which intersect in more  than t -  1 
elements. By the above a rgument  the number  of  such s-sets is at most  

( n  ~ q ) f l ( : )  • We infer 

( ) 2 )  (')2) t V ] <~ n q + qe(s)n t -z< for n>no(S). 
t t t ' 

Thus to conclude the p roof  of  the theorem it is sufficient to prove the next 
proposi t ion.  

P R O P O S I T I O N  3.5. If both deg+(V) and degi-(V) are non-zero, then 

deg~- + deg( <<, ( ( n ) / (  s - 2 ' \ t 1 
t - 2  t 2 ) ) 2 -  ( s - t + l ) ( s - 1 )  

<~ c(s)n'- ~. 

Proof. By symmet ry  we assume that  deg~ + /> deg 7. Let u o be a vector in V 
which has - 1 in the ith position, and let Ul . . . .  , u e  V, be all those having + 1 
in the ith position. Let us set Tj = S(uj)- {i}. As (u0,uj)~>0, we have 
T O c~ Tj =p ~ for 1 ~ j  ~ r = degi ~. Moreover ,  in at least one posit ion of  
T O c~ T i the two vectors u o, uj have the same sign. Thus  there is one position, 
say the kth, of  T O where at least r/(s-  1) of  the u i have the same non-zero  
entry. Omit t ing  f rom these vectors the ith and kth entry we obtain at least 
r/(s - 1) vectors forming V~V(n - 2, s - 2, { - 2, - 1, 0 . . . . .  t - 3}). Thus  
applying Corol lary  3.2 with j = t -  2, and taking into account  Theorem 



ON D I S T A N C E  SETS OF VECTORS 

1.4(i), we deduce  

deg:/(s-l)~2'-z(( n )/(s-2)) 
t - 2  t 2 ( s -  t + 1). 

As deg~- ~< deg~ +, the s ta tement  of the p ropos i t i on  follows. 
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[ ]  

4. T H E  PROOF OF THEOREM 2.2 

Let  V = {v I . . . . .  vm} be in V(n, s, D), and  let N be the  mat r ix  which has m 
rows, n columns ,  the i th row being jus t  v i. Set M = N N  r, where N r is the 
t r anspose  of N. Of  course,  M is m x m, with general  e lement  mi, j = (vi, v j). 
Since r ank  M = rank  N ~ n, it will be sufficient to show that  r ank  M t> m - 1. 
To do  so add  one more  row, consis t ing  only of  l ' s ,  to M. Let  M '  be the new 
matr ix .  Obv ious ly  rank  M '  <~ rank  M + t. Thus  it is sufficient to show rank  
M '  ~> m. Let  us sub t rac t  a t imes the last  row f rom all the other's. Then the 
first m rows of  the new mat r ix  are  congruen t  m o d u l o  b to (s - a)I m, where 
I,,  is the m x m ident i ty  matr ix ,  p rov ing  r ank  M '  >1 m. [ ]  

5. T H E  PROOF OF THEOREM 2.3 

Let V be in V(n, s, { - d, d})  with [ V[ -- m. F i r s t  note  tha t  if d does  no t  d ivide  
s, then an app l i ca t ion  of T h e o r e m  2.2 yields re(n, s, { - d, d}) ~< n + 1. So 
assume s = bd, with b ~> 2, integer. In  view of T h e o r e m  1.4(i) there  are no  b + 2 
vectors  in V having  pa i rwise  scalar  p roduc t s  equal  to - d .  Thus  for 
m >1 R(b + 2, S 2) T h e o r e m  2.5 yields an independen t  set W = {w 1 . . . . .  w}  c V, 
r ~>s 2, i.e. (w i, wj) = d for 1 ~< i < j  ~<r. 

N o w  T h e o r e m  1.4(iii) and  (iv) yields tha t  W is a sunflower.  

By s y m m e t r y  we m a y  assume tha t  all the vectors  in W have 1 in the first 
d coord ina tes .  Let  us deno te  by  e d the vector  which has 1 i n t h e  first d pos i t ions  
and  zero elsewhere.  Define u~ = w i - e d for i = 1 . . . .  ,r. 

P R O P O S I T I O N  5.1. For every v~ V we have (v, ea) = +_ d. 
Proof. Suppose  the cont ra ry .  This means  tha t  for some ve  V all the scalar  

p roduc t s  (v, ui), i = 1, . . .  ,r have abso lu te  values at  least  1. Let  us, fix e~ = + 1 
in such a way  tha t  (v, eiui)~> 1 for i =  1, . . . , r .  E x p a n d i n g  the inequal i ty  

(SV--Y~l~i<~s213ibli,SV--Zl~<i~s2eilAi)~O , we ob ta in  - d s Z = s  3 - 2 s s 2 +  
$ 2 ( S  - -  d) >>-0; a con t r ad i c t i on  since d > 0. [ ]  

Thus  we have shown  tha t  every ve V has e i ther  only  + 1 or  only  - 1 in 
the first d posi t ions.  If  necessary we replace  some of  the v by  - v, thus we may  
assume:  each vE V coincides  with e d in the first d posi t ions.  

Let  us deno te  by  V' the  set of  (n - d ) -d imens iona l  vectors,  which we ob ta in  
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by deleting f rom each v~ V the first d positions.  Then  V' is in V(n - d, s - d, 
{ - 2 d ,  0}). Again T h e o r e m  2.2 yields I V ' [ = I V I  ~ < n + l  unless s - d  is 
divisible by 2d, i.e. b = 2b 0 + I is an odd integer (s = bd). This proves  the first 
pa r t  of the s ta tement  of  T h e o r e m  2.3. 

N o w  consider  the set of  suppor t s  ~ = {S(v):v~ V'}. Then  ~ is a family 
of(s  - d)-subsets of  the (n - d)-set {d + 1, . . . ,  n}. Hence  we can find i, d < i ~< n, 
such that  i is conta ined  in at least m(s - d)/(n - d) of the sets. Thus  by sym- 
metry,  we m a y  assume that  there are at least q >>- m(s - d)/2(n - d) vectors  
u a . . . . .  uq in V' having 1 in the ith posit ion. Omi t t ing  the ith posi t ion of these 
vectors  we are left with V ~ V ( n  - d - 1, s - d - 1, { - 2d - 1, - 1}). Thus  
T h e o r e m  1.4(i) yields q ~< s - d and, consequent ly,  ] V I = I V' ~< 2(n - d). [ ]  

6. C O N C L U D I N G  R E M A R K S  

I. First we give some examples  for the use of(0,  _ 1)-matrices. 
(a) Signed set-systems and, especially, or iented mat ro ids  (cf. [1]). 
(b) Weighing matr ices  (a weighing matr ix  is just  V ~ V(n, s, {0} ) with I V I = n). 
(c) Genera l ized  balanced matr ices  (cf. [6]),  i.e. VE V(n, s, {d}) conver t ing 

(by changing all - l ' s  to l 's) into a BIB design with pa ramete r s  v = I VI, 
b = n, r = s, k, 2; more  general, Bhascar  R a o  designs (cf. [14]). 

(d) Circulant  (v, k, # ) d e s i g n s  (el. [8]),  i.e. circulant  V e  V(n,s, { d } ) w i t h  
[ V l = n = v , s = k , d = # .  

II. On some related research connected with scalar p roduc t s  of  unit vectors, 
cf. [2] and [10]. 
III .  Let us men t ion  the following related 

C O N J E C T U R E  6.1 (Neumaier  [11]). Suppose that m >1 2n + 1 equiangular 
lines at cos ~p = l ip  span R n (so the product o f  unit vectors alon 9 different lines 
is 1/p). Then m is o f  the order p2. 

IV. One  of the ways to es t imate  re(n, s, D) is to try to use linear p r o g r a m m i n g  
bounds  in the following associat ion scheme on the set X of all n-dimensional  
(0, + 1)-vectors with s non-zero  posi t ions:  two vectors  are (i , j)-related if they 
have H a m m i n g  distance i and agree in j non-zero  positions. The  associat ion 
classes are the orbits  of  the g roup  Z~ wreath  S .  This associat ion scheme is 
not  metric. It  is studied in [7], [13], in a more  general  setting. There  X 
consists of all the q-ary sequences of  length n and weight s (our case is q = 3). 
Let  us ment ion  that  in this case the associat ion classes are the orbits  of  
S" wreath  S on X 2. q - 1  
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