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E x p l o i t i n g  some ideas  o f  C41, t h i s  paper i s  focused on t h e  equ i -  
valence between se ts  o f  m u t u a l l y  o r thogona l  pe rmuta t i on  a r rays  and 
a s p e c i a l  c l a s s  o f  seminets ( t h e  so -ca l l ed  t r a n s v e r s a l  seminets ) .  
Besides t h i s  equ iva lence,  Sec t i on  2 con ta ins  a c o n s t r u c t i o n  method 
f o r  t r a n s v e r s a l  seminets u s i n g  groups. Nonsolvable pe rmuta t i on  
groups o f  p r ime degree and t h e  p r o j e c t i v e  spec ia l  l i n e a r  groups 
PSL(2,Zm) 
bounds a r e  proved f o r  t h e  number o f  m u t u a l l y  o r thogona l  pe rmuta t i on  
ar rays ,  depending on t h e  i n t e r s e c t i o n  s t r u c t u r e  o f  these a r rays .  
With t h e  r e s u l t s  o f  Sec t ions  4 i t  i s  shown t h a t  a l l  examples o f  
Sec t i on  2 a r e  row-ex tend ib le .  S e c t i o n  5 dea ls  w i t h  seve ra l  i n c i -  
dence s t r u c t u r e s  assoc ia ted  t o  t r a n s v e r s a l  seminets.  The consequen- 
ces a r e  i n v e s t i g a t e d  when these inc idence  s t r u c t u r e s  have spec ia l  
p r o p e r t i e s  ( f o r  ins tance,  when they  a r e  p a i r w i s e  balanced des igns ) .  
Sec t i on  6 d iscusses  b r i e f l y  t h e  r e l a t i o n s  o f  t r a n s v e r s a l  seminets 
w i t h  o t h e r  mathematical  s t r u c t u r e s ,  e.g.  w i t h  t r a n s v e r s a l  pack ings ,  
genera l i zed  or thogona l  a r rays ,  and se ts  o f  m u t u a l l y  o r thogona l  
p a r t i a l  quasigroups. 

y i e l d  examples f o r  t h i s  method. I n  Sec t i on  3 some upper 

1. INTRODUCTION 

A v x r  m a t r i x  A = ( a .  . )  w i t h  e n t r i e s  a . .  f rom t h e  s e t  I1,2 ,..., r l  i s  
1J 1J 

c a l l e d  a p e r m t a t i o n  amuy i f  each row o f  A 

. . . ,  r e x a c t l y  once, i . e .  i f  the  rows o f  A rep resen t  permuta t ions  o f  { l , Z  ,..., 
r l .  The in tersec t ion  s tructure o f  A i s  d e f i n e d  as t h e  vxv m a t r i x  F(A)  = 

(Fi i , (A )  ) 
A = ( a . . )  and B = ( b . . )  a r e  c a l l e d  e i r n . L Z a i *  i f  F(A)  = F(B) .  C l e a r l y ,  A and B 

a r e  s i m i l a r  i f  and o n l y  i f ,  f o r  a l l  i n d i c e s  i , i ' , j ,  

con ta ins  each o f  t h e  elements 1,2, 

w i t h  F .  . , ( A ) : =  t j  I l s j s r ,  a . . = a .  

1J 1J 

1 .  The v x r  pe rmuta t i on  a r r a y s  
1 1  IJ i ' j  

The permuta t ion  a r rays  A and B a r e  c a l l e d  orthogonu2 i f  they  a r e  s i m i l a r  and 

i f , f o r  a l l  i , i ' , j , j ' ,  

aij = ai , j ,  and bij = bi ,j, ==3 j = j ' .  

This  concept o f  o r t h o g o n a l i t y  genera l i zes  t h e  wel l -known idea  o f  o r thogona l  l a t i n  

rec tang les .  It has been de f i ned  and i n v e s t i g a t e d  by B o n i s o l i  and Deza i n  C41. 
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(See a l s o  1 7 3  f o r  c l o s e l y  r e l a t e d  cons ide ra t i ons . )  

S i m i l a r l y  as f o r  l a t i n  rec tang les  and l a t i n  squares, one w i l l  be i n t e r e s t e d  i n  

se ts  4 = {A1,A 2,...,At} o f  t m u t u a l l y  o r thogona l  permuta t ion  ar rays ,  w i t h  t 

p o s s i b l y  g r e a t e r  than 2 .  I n  t h i s  case t h e  in tersec t ion  s tructure 

(Fi i,(fi) ) 
i . e .  

F(A) = 

o f  A i s  de f i ned  as t h e  common i n t e r s e c t i o n  s t r u c t u r e  o f  t h e  A k '  
F(&):= F(A1) = F(A2) = ... = F(At) .  

A permuta t ion  a r r a y  A = ( a .  .)  i s  c a l l e d  standardized i f  alj = j f o r  a l l  j . 
1 J  

Without loss of generality, i t  w i l l  be assumed i n  t h i s  paper tha t  each permu- 

ta t ion  array is standardized, and tha t  i t  s a t i s f i e s  the following n o n t r i v i a l i t y  

conditions (CII and (C2) .  

(C,) The pe rmuta t i on  a r r a y  A has no cons tan t  column, i . e .  each column o f  A 

con ta in>  a t  l e a s t  two d i s t i n c t  values, 

(C,) any two rows o f  A a r e  d i s t i n c t .  

L e t  X be a nonempty se t ,  and l e t  Lo,L1, ..., Lt  ( w i t h  t z l )  be m u t u a l l y  

d i s j o i n t  s e t s  o f  nonempty subsets o f  X. The elements o f  X w i l l  be c a l l e d  

points  and t h e  elements o f  u,,,,, ,..,, Lk Zines. Then 3 :=(X;Lo,L1 ,..., Lt )  

i s  c a l l e d  a seminet o r  (more p r e c i s e l y )  a ( t t 1 ) - s e m i n e t  i f  

(S1) 

( S , )  each c lass  Li p a r t i t i o n s  t h e  p o i n t  s e t  X. 

Cond i t i on  (S2)  j u s t i f i e s  t h e  te rm paral le l  c lass  f o r  each o f  t h e  l i n e s  

n o t i o n  o f  a seminet genera l i zes  such well-known s t r u c t u r e s  l i k e  a f f i n e  p lanes ,  

ne ts  and (more g e n e r a l l y )  t he  p a r a l l e l  s t r u c t u r e s  o f  Andre 121. A subset o f  X i s  

c a l l e d  a transi.arsa2 o f  t he  seminet 3 i f  i t  i n t e r s e c t s  each l i n e  o f  3 i n  

e x a c t l y  one p o i n t .  I f  5 has a t ransve rsa l  c o n s i s t i n g  o f  r p o i n t s ,  then each 

p a r a l l e l  c l a s s  Li con ta ins  e x a c t l y  r l i n e s  (and hence each f u r t h e r  t ransve rsa l  

o f  t h e  seminet c o n s i s t s  a l s o  o f  e x a c t l y  r p o i n t s ) .  I f  T1,T *,..., TV a r e  t r a n s -  

ve rsa l s  o f  5 i s  c a l l e d  a transversa2 

seminet ( o r  transversal ( t t 1 , r ) - s e m i n e t  i f  each t ransve rsa l  cons i s t s  o f  r 

p o i n t s ) .  B o n i s o l i  and Deza r41 po in ted  o u t  t h a t  t he re  i s  a c l o s e  r e l a t i o n s h i p  b e t -  

ween set.s o f  m u t u a l l y  o r thogona l  permuta t ion  a r rays  and o t h e r  mathematical  s t r u c -  

t u r e s .  For  ins tance,  they  proved t h a t  each s e t  o f  t m u t u a l l y  o r thogona l  v x r  

permuta t ion  a r rays  i s  e q u i v a l e n t  t o  a 1-design w i t h  v t rea tments ,  r e p l i c a t i o n  

number r and t t l  mutua l l y  o r thogona l  r e s o l u t i o n s  (see Sec t ion  5 ) .  Moreover, 

i t  was shown t h a t  any o f  these a re  e q u i v a l e n t  t o  a t ransve rsa l  ( t t 1 , r ) - s c m i n e t  

w i t h  t r a n s v e r s a l s .  There fore  many o f  t he  examples and r e s u l t s  i n  t h i s  paper 

can be t r a n s l a t e d  i n t o  analogous statements on comb ina to r ia l  designs w i t h  m u t u a l l y  

o r togona l  r e s o l u t i o n s .  

any two d i s t i n c t  l i n e s  i n t e r s e c t  i n  a t  most one p o i n t ,  

Li. The 

then r:= (X;Lo,L1 ,..., Lt;T1,T2 ,..., Tv) 

v 
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2. AN EQUIVALENCE AND A CONSTRUCTION METHOD 

L e t  J := (X;Lo,L1,.. . ,Lt;T1,T2,. . . ,Tv) be a t r a n s v e r s a l  seminet w i t h  Lo:= 
1 2  {lo,l o,...,lL). ( I n  f a c t ,  th roughout  t h i s  paper t h e  s e t  o f  p a r a l l e l  c lasses ,  t h e  

s e t  o f  t r a n s v e r s a l s  and t h e  s e t  o f  l i n e s  of  Lo o f  any t r a n s v e r s a l  seminet a r e  

assumed t o  be l i n e a r l y  ordered, by t h e  numbering o f  t h e i r  elements.) One can now 

d e f i n e  t m u t u a l l y  o r thogona l  v x r  pe rmuta t i on  a r rays  Ak = ( a . . ) ,  k=1,2, ..., t, 
i n  the  f o l l o w i n g  way: For  

x be t h e  unique po in t .  con ta ined i n  Ti n l;, and l e t  1 be t h e  L k - l i n e  th rough 

x .  L e t  y be the  un ique p o i n t  w i t h  y c T 1 n  1, and l e t  1; be t h e  L o - l i n e  

th rough y. F i n a l l y ,  d e f i n e  a:j:= c .  From t h e  p r o p e r t i e s  o f  t r a n s v e r s a l  seminets 

one can conclude t h a t  &J):= IA1,A2, . . . ,  A t )  

o r thogona l  pe rmuta t i on  a r r a y s .  

t r a n s v e r s a l  seminets as f o l l o w s :  

k 
1 J 

i E I1 ,2  ,... ?v1,  j E I1 ,2  ,..., rl, k < I1,2 ,..., t)  l e t  

i s ,  i n  f a c t ,  a s e t  o f  m u t u a l l y  

The c o n d i t i o n s  (C,) and (C,) o f  Sec t i on  1 can be paraphrased i n  terms o f  

(D1) There i s  no p o i n t  o f  t h e  seminet wh ich  i s  conta ined i n  a l l  t r ansve rsa l s ,  

1.‘. n i = 1 , 2 ,  ..., v i 
l i n e  1 , a n d  v .2 . )  

T .  = 0. ( T h i s  i m p l i e s ,  i n  p a r t i c u l a r ,  I 1  I t 2 f o r  each 

(D2) Any two t r a n s v e r s a l s  a r e  d i s t i n c t ,  i . e .  Ti i T f o r  i z j .  
j 

I n  t h e  c o n s t r u c t i o n  procedure f o r  J?-(r) o n l y  those p o i n t s  o f  X have been 

used which a re  conta ined i n  one o f  t he  t r a n s v e r s a l s  

r e s t r i c t  onese l f  t o  the  reduced t r a n s v e r s a l  seminet 

Tv)  de f ined by X I : =  u i = 1 , 2 , . . . , v  T i ’  L ’ : =  k (1  n X ’  j l c L k I .  

Ti. There fore  one can always 

( X ’  ;LA,Li,. , . ,LC;T1,T2,. . . , 

I n  the  r e s t  of this paper a l l  transoersa2 seminets are assumed t o  be reduced 

arid t o  s u t i s f g  the ron,Zitions (0,) m d  (DJ. 
Y 

The process of  c o n s t r u c t i n g  m u t u a l l y  o r thogona l  pe rmuta t i on  a r rays  f rom t r a n s -  

ve rsa l  seminets can be reversed:  L e t  & be a s e t  o f  t m u t u a l l y  o r thogona l  v x r  

permuta t ion  a r rays  Y : =  {1,2. ..., v )  x { l , Z ,  ..., 
r ; ,  and l e t  + be t h e  equ iva lence r e l a t i o n  on Y w i t h  ( i , j )  $ ( i ’ , j ’ )  i f  and 

o n l y  if j = j ’  and j i Fi i ,  (A). Def ine  the  p o i n t  s e t  X o f  t h e  seminet as t h e  

s e t  o f  equ iva lence c lasses  o f  9 ,  i . e .  X : =  Y / $ =  “ ( i , j ) l l b  1 ( i , j ) t : Y I .  For  c = 

1 , 2  , . . . .  r and k =  1,2,, . .,t l e t  lo:= ( I  ( i , j ) l $  I j = c ,  i=1,2, . . . ,v)  and lk:= 

{ I  ( i , j ) l d j  ~ a . . = c l ,  and d e f i n e  Lo :=  {lo,lo ,..., lor}, 

F i n a l l y ,  l e t  T . : =  ’,r ( i , j ) l $  1 j =1 ,2 , .  ..,rI, i=1 ,2  , . . . ,  v .  Then J(R):= 
(X;Lo,L1,.. .,Lt;Tl,T2,, . . ,Tv) 

=A. Summarizing, one ob ta ins  

k 
1J 

Ak = ( a . . ) ,  k=1,2, ..., t .  Def ine  

C C 

k 1 2  1 2  
1 J  k L : =  Ilk,lk ,..., 1 L I .  

1 
i s  a (reduced) t ransve rsa l  seminet w i t h  &(T(R)) 
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2.1. PROPOSIT ION.  The existence of a se t  01 t mutually orthogonal v x r  perm- 

tation arrays i s  equivaZent t o  the existence of a transversal (t+l,r)-seminet with 

v transversals. 

Th is  equ iva lence was a l ready  observed i n  141. One can show even a l i t t l e  more. 

L e t  = (X;Lo,L1.. . . ,Lt;T1,T2,.. .,Tv) and ‘U = (Y;Mo,M1,. ..,Mt;U1,U2,. . .,Uv) 

be reduced t ransve rsa l  seminets w i t h  Lo = ilo,lo ,..., 1 L I  and Mo Imo,mo , . . . ,  
m i l ,  and assume R(’3’) = A(%). Def ine  a mapping $:  X 4 Y as f o l l o w s .  For  

X E  Ti n 1: l e t  $ ( x )  be the  unique element conta ined i n  Ui nm:. Then 0 i s  an 

isomorphism o f  and U ,  i . e .  0 i s  a b i j e c t i o n  which maps p a r a l l e l  l i n e s  
i i  onto p a r a l l e l  l i n e s  ( i n  f a c t ,  0 s a t i s f i e s  $Li = Mi, $Ti = Ui and $lo = mo 

f o r  a l l  i ) .  Th is  y i e l d s  

1 2  1 2  

2.2. PROPOSITION. I f  y and are reduced transversa2 seminets with 

J,(J) = L ( U )  then and u are isomorphic. 

The t ransve rsa l  seminet 

s e t  &(J) = IA1,A 2,.. . ,At l  

T .  n T .  = 0 f o r  a l l  i,j, i z j .  The a r rays  A1,A 2,...,At form a s e t  o f  m u t u a l l y  

o r thogona l  Zatin squares i f  and o n l y  i f  

tT1,T2,,..,Tv\, i s  a ne t .  

s p e c i a l i z e s  t o  the  c l a s s i c a l  correspondence o f  m u t u a l l y  o r thogona l  l a t i n  squares 

w i t h  ne ts .  

gonal permuta t ion  a r rays  v i a  seminets, us ing  groups. 

= ( X;Lo,Ll,. . . ,Lt;T1,T2,. . . ,Tv) corresponds t o  a 

o f  m u t u a l l y  o r thogona l  Zatin rectanglos e x a c t l y  i f  

1 J  
(X;Lo,L1,, ..,Lt,Lt+l), w i t h  Lt+l:= 

I n  o t h e r  words, t he  equ iva lence o f  P r o p o s i t i o n  2.1 

The f o l l o w i n g  theorem prov ides  a c o n s t r u c t i o n  method o f  s e t s  o f  m u t u a l l y  o r tho -  

2.3. THEOREM. Let G he a f i n i t e  group with neutral eZement e .  Let t and 

S be pos i t ive  integers, and Zet So,S1,.. .,St and F1,F2,.. .,F be nontrivial 

subgroups of G such that the foZZowing conditions are sa t i s f ied  fcr aZl i , j  E 

10,1, ..., tl, k , l  E 11,2 ,..., ~ 1 :  

S 

( 2 )  i j 4 Si n S j  = (e l ,  

(2)  S .  O F  = {e l ,  i k  

(3)  k *  1 =$ Fk z F,, 

(41  l Fk I  = CG:S i l .  

Then there ex i s t s  a s e t  o f  t mutualZy orthogonal v x r  permtat ion  arrays, with 

r : =  I F  I and v:= -./GI . 1 r 
S 

- Proof .  For  each i E (O,l, ..., t l  l e t  Li c o n s i s t  o f  t h e  r i g h t  cosets  o f  Si, 

i . e .  Li = {Sig 1 geG1. Then (G;Lo,L l,...,Lt) i s  a ( t t 1 ) - semine t :  Cond i t i on  (S1) 
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i s  t r i v i a l l y  s a t i s f i e d  w h i l e  ( S 2 )  i s  a consequence o f  ( 1 ) .  Each r i g h t  coset  

o f  one o f  the  subgroups 

s h o w  t h a t  

1S.g n Fkh l  i 1. Assumption ( 4 )  then i m p l i e s u f C F k  S i f  = G, and hence 

lSig n Fkh l  2 1. Each t r a n s v e r s a l  has r = lFll elements, and each Fk has 

d i s t i n c t  r i g h t  cosets .  Thus t h e r e  a r e  v = :*IGI 
form Fkh, w i t h  k t  t1,2,  . .., s l  and h e  G .  F i n a l l y ,  t h e  n o n t r i v i a l i t y  c o n d i t i o n s  

(D1) and ( D p )  a r e  a consequence o f  t h e  n o n t r i v i a l i t y  o f  t h e  subGroups Fk and o f  

(3), r e s p e c t i v e l y .  By P r o p o s i t i o n  2.1, t h e  p r o o f  i s  complete.  

Fkh 
(G;Lo,L1, ..., L t ) :  I t  has t o  be Fk 

lSig n Fkh l  = 1 

i s  a t ransve rsa l  o f  

f o r  a l l  g,hsG. As a consequence o f  ( 2 )  one o b t a i n s  

I G I  1 

d i s t i n c t  t r a n s v e r s a l s  o f  t h e  

n 

The seminet (G;Lo.L ,,..., L t )  o f  t he  above p r o o f  i s ,  i n  f a c t ,  a transZation 

seminet, i . e .  i t  has a t r a n s l a t i o n  group o p e r a t i n g  r e g u l a r l y  on i t s  p o i n t s :  I n  t h e  

r i g h t  r e g u l a r  rep rese r i t a t i on  o f  G each maoping XH xg, grG, maps eve ry  l i n e  

on to  a p a r a l l e l  l i n e .  On the  o t h e r  hand, each t r a n s l a t i o n  seminet can be ob ta ined  

i n  t h i s  way f rom a group G and subgroups So,S l....,St s a t i s f y i n g  c o n d i t i o n  

(1). Analogous group t h e o r e t i c  c h a r a c t e r i z a t i o n s  have been given, f o r  ins tance,  

f o r  t r a n s l a t i o n  planes, t r a n s l a t i o n  ne ts ,  t r a n s l a t i o n  s t r u c t u r e s  and t r a n s l a t i o n  

group d i v i s i b l e  designs (see e.g.  r l l ,  1151. C221, [31 and 1201).  Marchi r181 uses 

s i m i l a r  ideas  f o r  his c h a r a c t e r i z a t i o n  o f  r e g u l a r  a f f i n e  p a r a l l e l  s t r u c t u r e s  by 

p a r t i t i o n  loops .  Probab ly  one can fo rmu la te  an analogue o f  Theorem 2.3 u s i n g  loops  

i n s t a e d  of  groups. The problem would be t o  f i n d  examples f o r  such a genera l i za -  

t i o n .  The r e s t  o f  t h i s  s e c t i o n  y i e l d s  two c lasses  o f  examples f o r  Theorem 2.3. 

C f .  Huppert  1141 and Wie landt  1241 f o r  t h e  group t h e o r e t i c  n o t a t i o n s .  

2.4. EXAMPLE. L e t  G be a nonso lvab le  t r a n s i t i v e  pe rmuta t i on  group o f  p r ime 

degree p .  L e t  v:= p , r:= -, and l e t  d be the p o s i t i v e  i n t e g e r  w i t h  d < p - 1  

and d =  r (mod p ) .  Then one can c o n s t r u c t  a s e t  o f  t : =  i- 1 m u t u a l l y  o r thogona l  

v * r  permuta t ion  a r rays :  Assume G t o  opera te  on ial,a *,.... a I .  For  each k 6 

t l ,Z ,  . . . , p  1 d e f i n e  Fk t o  be the  s t a b i l i z e r  o f  ak i n  G, i . e .  Fk:= Ga Then 

F k z F ,  f o r  k z  1 s i n c e  6 i s  doub ly  t r a n s i t i v e  ( c f .  Theorem 11.7 o f  r241 ) .  L e t  

So,S l , . . . ,St ,  be t h e  Sylow p-subgroups o f  G ( w i t h  t '  1 1  because G i s  non- 

s o l v a b l e ) .  Obv ious ly ,  these subgroups s a t i s f y  the  assumptions o f  Theorem 2.3. 

Hence t h e r e  a r e  t '  m u t u a l l y  o r thogona l  v x r  pe rmuta t i on  a r rays .  I t  remains t o  

show t '  = t  o r ,  e q u i v a l e n t l y ,  t h a t  G has e x a c t l y  a Sylow p-subgroups. L e t  

P be a Sylow p-siibgroup o f  G.  The o n l y  Sylow p-subgroup o f  t he  no rma l i se r  NG(P) 

o f  P i s  P i t s e l f .  Hence NG(P) i s  s o l v a b l e  and thus  o f  o r d e r  pad'  w i t h  

d " p - 1  ( c f .  r141, Satz 1 1 . 3 . 6 ) .  There fore  t h e  number n o f  Sylow p-subgroups 

s a t i s f i e s  n = [ G : N  ( P ) l = p . d ' = a T .  From n = l  (mod p )  one ob ta ins  

i . e .  d = d '  and n =  

2 I G I  
P 

P 

k '  

r 

G r  d ' = r  (mod p ) ,  
G r  a .  

The nonso lvab le  t r a n s i t i v e  pe rmuta t i on  groups o f  p r ime degree have been com- 

p l e t e l y  determined, due t o  the  c l a s s i f i c a t i o n  o f  f i n i t e  s imp le  qroups (see 
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C o r o l l a r y  4.2 o f  F e i t  C111). 

used i n  the  above c o n s t r u c t i o n :  These groups have e x a c t l y  one Sylow p-subgroup, 

which would imp ly  t = 0. 

No t i ce  t h a t  solvabZe t r a n s i t i v e  permuta t ion  groups o f  p r ime degree o cannot be 

2.5. EXAMPLE. Fo r  each i n t e g e r  m r 2  one can c o n s t r u c t  a s e t  o f  t m u t u a l l y  
m - 1  rn or thogona l  v x r  permuta t ion  ar rays ,  w i t h  t:= 2 ( 2  -1 ) -19  v : =  (2m+1)2 and r : =  

2m(2m-l) :  Regard t h e  p r o j e c t i v e  s p e c i a l  l i n e a r  group 

as a permuta t ion  group o p e r a t i n g  c a n o n i c a l l y  on t h e  q + l  p o i n t s  {al,a2,. . .,aq+l) 

o f  t he  p r o j e c t i v e  l i n e  over  the  q-element f i e l d .  For  each 

de f i ne  Fk t o  be t h e  s t a b i l i z e r  o f  ak i n  G, i . e .  Fk:= G L e t  So,S l , . . . ,St l  

be t h e  (mu tua l l y  con jugate)  c y c l i c  subgroups o f  G o f  o rde r  q + l .  By the  r e s u l t s  

i n  1141, pp. 191-193, these subgroups s a t i s f y  t h e  assumptions o f  Theorem 2.3. For  

t h e  number t '  o f  conjugates o f  So one o b t a i n s  t '+ l  = C G : N G ( S o ) l = w  

= ,-= ttl, i .e. t '  = t. 

m G = PSL(2,q), w i t h  q = 2  , 

k t {1,2,. . . ,q+11 

a k '  

N o t i c e  t h a t  Hartman [121 used some o f  t h e  groups PSL(2,q) i n  o r d e r  t o  con- 

s t r u c t  designs w i t h  m u t u a l l y  o r thogona l  r e s o l u t i o n s .  For  ins tance,  f o r  each q E 

{19,31,431 the re  e x i s t s  a des ign  w i t h  v = q t l  t rea tments ,  r =? r e p l i c a -  

t i o n s  and t+l=q mutua l l y  o r thogona l  r e s o l u t i o n s .  

3. BOUNDS FOR THE NUMBER OF MUTUALLY ORTHOGONAL PERMUTATION ARRAYS 

A s e t  {A1,A2,. . . ,At)  o f  m u t u a l l y  orthogonal  permuta t ion  a r rays  i s  c a l l e d  

maxima2 i f  t h e r e  e x i s t s  no permuta t ion  a r r a y  

Ak, k =  1,2 ,..., t. A t ransve rsa l  seminet 

L-mo.ximaZ i f  the re  e x i s t s  no a d d i t i o n a l  p a r a l l e l  c lass  Lt+l such t h a t  (X;Lo,L1, 

.. .,Lt,Lttl;T1,T2,. . .,Tv) 
obv ious .  

Attl which i s  o r thogona l  t o  a l l  

(X;L0,L1, ..., Lt;T1,T2 ,... ,Tv) i s  c a l l e d  

i s  aga in  a t ransve rsa l  seminet. The f o l l o w i n g  lemma i s  

3.1. LEMMA. A s e t  of mutually orthogond permutation arraps is maximal 

i f  mid only if the associated transversal seminet J (A) is L-maximal. 

3.2. PROPOSIT IOM.  Eaeh s e t  of rnintualZy orthogoxu2 permutation arrays of 

Example 2 . 5  is maximal. 

Proof. L e t  G = PSL(2,2m) be t h e  group used f o r  t he  c o n s t r u c t i o n  of A. The 

assoc ia ted  t ransve rsa l  seminet 7 has G as p o i n t  s e t .  The subgroups SO'S1, 

..., St a r e  e x a c t l y  t h e  l i n e s  th rough t h e  n e u t r a l  element e o f  G, and t h e  sub- 

a r e  e x a c t l y  t h e  t r a n s v e r s a l s  th rough e ( c f .  t h e  p r o o f  groups F1,F2,. . . , Fq+l 
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o f  Theorem 2 . 3 ) .  By Satz 11.8.5 o f  Huppert  L141, these subgroups cover  G. Hence 

t h e r e  cannot be any a d d i t i o n a l  l i n e  through e, and i s  t h e r e f o r e  L-maximal. 

By Lemma 3 .1  the  p r o o f  i s  complete, s ince  P r o p o s i t i o n  2.2 y i e l d s  J 2 J(&). 0 

A c t u a l l y ,  t h e  a s s e r t i o n  o f  Propos 

s t r u c t u r e  F(&) o f  a: L e t  3 
gonal pe rmuta t i on  a r r a y s  w i t h  F(JJ ) 

Sec t i on  2 shows t h a t  t h e  t r a n s v e r s a l  

p o i n t  se ts  and t h e  same t r a n s v e r s a l s  

t i o n  3 .2  depends o n l y  on t h e  i n t e r s e c t i o n  

B1,B2 ,..., B t , I  

= F (& ) .  The c o n s t r u c t i o n  procedure o f  

seminets ')'(a) and 7113) have t h e  same 

The t r a n s v e r s a l  seminet 7 o f  t h e  p r o o f  

be a s e t  o f  m u t u a l l y  o r t h o -  

o f  P r o p o s i t i o n  3 . 2  con ta ins  

F1s, S E S ~ ,  w i t h  u s e s o  F1s = G. The re fo re  each l i n e  o f  con ta ins  e x a c t l y  

n p o i n t s ,  and 7 7 (A) i m p l i e s  t h a t  t h e  same i s  t r u e  f o r  J(&) and a l s o  

f o r  y@). As a consequence, t h e r e  i s  a p o i n t  x o f  J(3) such t h a t  t h e  

number t '+ l  o f  l i n e s  o f  T(&) th rough x cannot  exceed t h e  number t+l o f  

l i n e s  o f  Y th rough e ( i n  f a c t ,  t h i s  i s  t r u e  f o r  each p o i n t  x o f  y(2) ) .  

There fore  P r o p o s i t i o n  3.2 can be improved as f o l l o w s .  

n:= I S  I = CG:F1l p a i r w i s e  d i s j o i n t  t r a n s v e r s a l s  
0 

3.3. PROPOSITION. Get a= {A1,A 2,...,Atl be one of the  s e t s  ofmutuaZZy 

orthogonal permutation arrays of Exnmple 2 . 5 .  Let 

of mutually orthogonal permutation arrays with 

3 = IB1,B2,. . . ,B t ,  1 be a s e t  

F ( B  ) = F(&).  Then t '  5 C.. 

The nex t  lemma g i ves  an upper bound f o r  t h e  number o f  m u t u a l l y  o r thogona l  p e r -  

mu ta t i on  a r rays  depending on t h e  i n t e r s e c t i o n  s t r u c t u r e  of  t h e  a r rays .  The p r o o f  

o f  t h i s  lemma i s  a u n i f i e d  v e r s i o n  o f  t h e  p r o o f s  o f  severa l  r e l a t e d  r e s u l t s  i n  

'41 and 171. 

3.4. LEMMA. Let A= IA1,A2 ,..., At ]  be a s e t  of mutualZy orthogonu2 v x r  

pemutatioil arrays, and l e t  I { l , Z  ,..., v}, i o c  11,2  ,..., vl, J 5 {1 ,2 , . . . , r I ,  

j o <  { l , Z ,  . . . ,  r l  s a t i s f g  

al I f II, 

bi 

ai 'Ji E I :  j o d F .  1 i, (A), 
d l  V j c J  3 i . I :  j + F i i  (a. 

t"il,i2t I :  j O c  Fil12 ' (A), 

0 

I"he1i t ' r - ! J I - 1 .  

- Proof .  L e t  A = ( a . . )  be a v r pe rmuta t i on  a r r a y  w i t h  F(A) = F (& .  By a )  
' J  

"jd the re  e x i s t s  an element ilk I .  Def ine  c :=  a i  . From b )  one ob ta ins  

f o r  a l l  

w i t n  a i  = a i j ,  by d ) .  Thus j L j 0  and a i j z a . .  = c .  Hence a i o j  c .  There- 

1" 0 
i I ,  and c )  i m p l i e s  aio,of c. F o r  each j c J t h e r e  e x i s t s  an i c I 

OJ 'JO 
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f o r e  a i o j  = c f o r  e x a c t l y  one element j o f  t h e  ( r - i J l - l ) - e l e m e n t  s e t  { 1 , 2 ,  
. . . ,rl \ ( J  IJ { j , } ) .  I n  p a r t i c u l a r ,  t h i s  i s  t r u e  f o r  each o f  t h e  permuta t ion  a r rays  

A, t J?- w i t h  c and j rep laced by ck  and j, . By o r t h o g o n a l i t y ,  t h e  

mapping k t +  j, i s  i n j e c t i v e .  Th is  i m p l i e s  t s r -  IJ I  - 1. 0 

The f o l l o w i n g  c o r o l l a r y  t r a n s l a t e s  Lemma 3.4 i n t o  t h e  language o f  t ransve rsa l  

seminets.  No t i ce  t h a t  t h i s  c o r o l l a r y  cou ld  have been used i n  o r d e r  t o  prove t h e  

P ropos i t i ons  3.2 and 3.3. 

3.5. COROLLARY. L a t  = (X;Lo,L1,. . . ,Lt;T1,T2,. ..,Tv) b e  a transversa2 

seminet, and 7.et I c {1,2,. . . , v l ,  io c {1,2¶,  . . ,v l  and x E X s a t i s f y  

al I f 6, 

b )  mi,, T ~ ,  

el x T i  . 
0 

Then t s r - 6  - 1, w i t h  r:= ITl] and 6 : :  I T i  n ( u i c I  Ti) I . 
0 

3.6.  COROLLARY. Let A= {A1 ,A21 . . . ,A  1 be a s e t  of rnutuaZZy orthogonal v x r  t 
uerrnutation arrays,  and l e t  

t i r - U - 1 .  
p :  = max { I Fi , (A) I I i ,i '=1,2,. . . ,v, i *i ' I .  Then 

~ P roo f .  Choose i , i o t . i l , 2  ,..., v l  and j o t  { 1 1 2 ]  ..., r I1 w i t h  I F i  i o ( s Z ) I  = IJ 

and 

s a t i s f y  the  assumptions of Lemma 3.4. 1-1 
j o & F i  i (A) . De f ine  I : =  t i 1  and J : =  F i  l o ( & )  . Then I ,  io, J ,  jo 

0 

3.7. COROLLARY. Let A= IAl,A2, . . . ,  A 1 be a s e t  of mutzia1Zy orthogonal v x r  
t 

pervnitution a r r a y s .  Let h : =  min { I F .  #(.+?-)I 1 i , i ' =1 ,2 , . . , , v ) ,  and assume X z l .  

T'hen 
l i  

t s r - A - 2 . 

Proo f .  Choose io,i1,iz8 i1,2  ,..., v l ,  il*i2$ and joF11 ,2  ,..., r l  w i t h  j o '  

Fili2(&), j o ~ F i l i o ( ~ )  and j o & F .  '2'0 . (A). Def ine  I : =  {ilyi21, J : =  F. '1'0 . (A) 
IJ F.  (f-) .Then 

proof i s  complete i n  t h e  case IJI -Xtl. Assume now IJ I  = A .  Then X = IF.  (&)I 

= IF .  . (&) I ,  and thus  IJI = 

A i s  s e t t l e d  by C o r o l l a r y  3.6. U 

I ,  io, J ,  jo s a t i s f y  t h e  assumptions o f  Lemma 3.4. Hence t h e  
12iO 

1210 1 2  

1 l i O  
I F i  i ( & ) I  = IJ u tjo)l = X t l .  There fore  t h e  case 

The C o r o l l a r i e s  3.5, 3.6 and 3.7 y i e l d  s l i g h t  g e n e r a l i z a t i o n s  for some o f  t h e  

r e s u l t s  i n  L41, 171 and r171  (which a r e  fo rmula ted  i n  terms o f  designs w i t h  

m u t u a l l y  o r thogona l  r e s o l u t i o n s ) .  

s e t  o f  permuta t ions  opera t i ng  t r a n s i t i v e l y  on t h e  s e t  

A v x r  permuta t ion  a r r a y  A i s  c a l l e d  row-transit ive i f  t h e  rows o f  A form a 

{ l Y 2 , .  ..,rl. 
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3.8. PROPOSITION. L e t  A= IA1,A2, ..., A t ]  be 

v' r p e r m t a t i o n  arrays. Assume one of these arrays 

row-transitive. Then t c min Ir-1 , m t l }  , with m 
orti?ogonal Latin squares of order r . 

a s e t  of mutuully orthogonal 

(and hence a l l  of them) t o  be 

the largest number of rm*tualZy 

- Proof .  R o w - t r a n s i t i v i t y  i m p l i e s  each l i n e  o f  t h e  assoc ia ted  t r a n s v e r s a l  semi- 

n e t  T(&) = (X;Lo,L1 , . . . ,  Lt;T1,T2 ,..., Tv)  t o  have e x a c t l y  r p o i n t s ,  s ince  any 

l i n e  1 cLi, i > l ,  i n t e r s e c t s  each l i n e  o f  Lo e x a c t l y  once. Thus (X;Lo,L l,..., 
Lt )  
ex i s tence  o f  t -1 m u t u a l l y  o r thogona l  l a t i n  squares o f  o r d e r  r . Hence t - l s m .  

A complete ( t t 1 ) - n e t  o f  o r d e r  r has e x a c t l y  r t l  p a r a l l e l  c lasses .  B u t  a n e t  

w i t h  a t ransve rsa l  cannot be complete. There fore  t + l c  r t l .  U 

i s  a ( t - 1 ) - n e t  o f  o r d e r  r .  The e x i s t e n c e  o f  such a n e t  i s  e q u i v a l e n t  t o  t h e  

4. EXTENSION BY ROWS 

A s e t  J1= IA1,A2,. . .,At} o f  m u t u a l l y  o r thogona l  v x r  pe rmuta t i on  a r r a y s  i s  

c a l l e d  row-ertercdible i f  i t  i s  p o s s i b l e  t o  a d j o i n  a new row t o  each o f  t h e  a r rays  

such t h a t  t he  r e s u l t i n g  ( v t 1 ) x r  pe rmuta t i on  a r rays  a r e  aga in  m u t u a l l y  o r thogona l .  

(X;Lo,L1, ..., Lt;TI,T2, ..., T ) i s  c a l l e d  zrwsversa l -  

estendibZe i f  t h e r e  e x i s t s  a t r a n s v e r s a l  seminet (Y;Mo,M 1,...,Mt;T1,T2,...,TV, 

Tvtl) w i t h  Y 2 X and Li = I m n X  1 m c M i l .  As transversal-extendibility i s  t h e  

obvious t r a n s l a t i o n  o f  r o w - e x t e n d a b i l i t y  i n t o  t h e  language o f  t r a n s v e r s a l  semi- 

ne ts ,  one ob ta ins  

A t r a n s v e r s a l  seminet 
V 

4.1. LEMMA. A s e t  o f  inutun1L;j orthogonaz permutation arrays i s  TOW- 

extendible i j' and only i f  the associated transversal seminet 

sa 1 -e.-cteadib l e .  

J (&) i s  transver- 

The above d e f i n i t i o n  o f  r o w - e x t e n d a b i l i t y  i s  s t r i c t l y  s t r o n g e r  than t h e  one 

g i ven  i n  r 4 1  where t h e  r e s u l t i n g  a r rays  were o n l y  assumed t o  be s i m i l a r .  Both de- 

f i n i t i o n s  c o i n c i d e  i f  Y = X i n  t h e  t r a n s v e r s a l  seminets used i n  the  d e f i n i t i o n  o f  

transversal-extendibility. I n  p a r t i c u l a r ,  t he  d e f i n i t i o n s  c o i n c i d e  i f  

..., L t )  
l a t i n  squares, r o w - e x t e n d i b i l i t y  i s  e q u i v a l e n t  t o  t h e  ex i s tence  o f  a common 

colLumz-tj.ans?~ersaZ ( i  .e. a usua l  t r a n s v e r s a l  o f  l a t i n  squares w i t h  t h e  c o n d i t i o n  

"no two c e l l s  a r e  on the  same row" rep laced  by t h e  weaker c o n d i t i o n  " n o t  a l l  c e l l s  

a re  on t h e  same row" ) ;  see 141, P r o p o s i t i o n  4.2. 

Tv)  

(X;Lo,L1, 

i s  a n e t  ( c f .  P r o p o s i t i o n  4.4 o f  r 4 1 ) .  I n  t h e  case o f  m u t u a l l y  o r thogona l  

L e t  (X;Lo,L1,...,Lt;T1,T2 ,..., 
be t h e  t r a n s v e r s a l  seminet assoc ia ted  t o  the  l a t i n  squares A 1 , A 2 , .  . . ,A t .  
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C l e a r l y ,  t h e  l a t i n  squares have a common column-transversal  e x a c t l y  i f  t h e r e  

e x i s t s  a t ransve rsa l  Tvtl o f  (X;Lo,L1,. .. ,Lt) w i t h  Tv+l a Lt+l:= tT1,T2,. .., 
T v I .  There i s  no such Tv+l i f  the  n e t  (X;Lo,L1,...,Lt,Lt+l) i s  an a f f i n e  p lane 

( i . e .  i f  A1,A 2,...,At fo rm a complete s e t  o f  m u t u a l l y  o r thogona l  l a t i n  squares) .  

I n  genera l ,  i t  i s  an open ques t i on  whether such a t ransve rsa l  e x i s t s  i f  (X;Lo,L1, 

..., Lttl) 
A l though t h e  nex t  p r o p o s i t i o n  i s  easy t o  prove, t h e  r e s u l t  i s  q u i t e  s u r p r i s i n q .  

i s  a transversal-free ne t  i n  t h e  sense o f  Dow C101. 

4.2. PROPOSITION. 411 se t s  a of muti*aZZy o?thogonaZ permutation arrays 0.7 
the Examples 2.4 and 2.5 are row-extendible. 

- Proof .  L e t  G be the  group used i n  Example 2.4 o r  2.5 f o r  t he  c o n s t r u c t i o n  

be t h e  t ransve rsa l  seminet o f  JL, and l e t  

assoc ia ted  t o  G and t h e  subgroups So,S1 ,..., S and F1,F2 ,..., F, o f  G. 

Reca l l  f rom t h e  p r o o f  o f  Theorem 2.3 t h a t  X = G, Li = ISig I gcG1 = Is i f (  f tF1 }  

f o r  a l l  i E {O,l, ..., tl, and IT1,T2 ,..., T v }  = IFkg  1 gcG, k=1,2 ,..., s } .  By Lemma 

4 .1  and because o f  J r ( R ) ,  i t  i s  s u f f i c i e n t  t o  show t h a t  t he  t ransve rsa l  

seminet i s  t r ansve rsa l -ex tend ib le .  L e t  Fl = {fl fcF1) be  a copy o f  F1 
w i t h  F1OX=O, and d e f i n e  Y : =  XuF1.  A s  a l l  subgroups Si, i=O, l , . . . , t ,  a r e  

con jugate  t o  each o the r ,  t he re  e x i s t  ao,al, ..., at E G  w i t h  S. = a . S  a , L e t  

Mi:= {S ia i fu t - f }  I feF1}, i = O , l ,  ..., t, and d e f i n e  Tv+l:= F1. T r i v i a l l y  then Y g X  

and Li 2 tmnX I mcMi}. I n  o rde r  t o  show Li = ImnX I mcMi}, assume fl,f2 E F1 and 

S o n  F1 l e }  fl = f2. Th is  i m p l i e s  lLi I = ltmnX I mcMi} I ,  and t h e r e -  

fo re  Li = I m n X  i mcMil. The same argument i m p l i e s  c o n d i t i o n  (S2) f o r  

..., Mt). It remains t o  show (S1).  L e t  i , j  E { O , l ,  ..., t} ,  fl,f2 E F1 and x , y ~  X 

s a t i s f y  i z j ,  x r y  and x,y 6 (Siaifl u I f l } )  n ( S . a . f  IJ IT2}). A s  (X;Lo,Ll,~.., 

L t )  i s  a seminet, e i t h e r  x o r  y cannot be conta ined i n  X. Assume y k X. Then 

y=Tf l=f2 and x c S . a . f  n S . a . f  = (a.S aT1)a.f n (a.S aT1)a. f  = aiSoflnajSofl. 

Th is  i m p l i e s  xf;' E a.S n a.S Hence aiSo = a.S 

d i c t i n g  i * j .  17 

r = (X;Lo,L1 ,..., Lt;TI,T2 ,..., Tv)  

t 

-1 
- 1 i o i  

iaifl=Siaif2. Then (a.S 1 0 1  ay1)aifl = (a.S 1 0 1  ar1)aif2 and thus  flf;'cSo. From 

one ob ta ins  

(Y;Mo,M1, 

3 5 2  

1 1 1  J J 2  1 0 1  1 1  J O J  J 1  
and thus Si = S con t ra -  

1 0  J O '  J O  j' 

The a l t e r n a t i n g  group A 5  y i e l d s  an example f o r  some o f  t h e  r e s u l t s  o f  t h e  
2 preced ing  sec t i ons .  Since A 5  and PSL(2,2 ) a r e  isomorphic as permuta t ion  

groups, b o t h  o f  t h e  Examples 2.4 and 2.5 imp ly  t h e  ex i s tence  o f  a s e t  o f  5 

mu tua l l y  o r thogona l  25x12 permuta t ion  a r rays .  By P r o p o s i t i o n  3.2, t he  s e t  59, i s  

maximal, and by P r o p o s i t i o n  4.2 i s  row-ex tend ib le ,  i . e .  t h e r e  e x i s t s  a s e t  

-9: o f  5 m u t u a l l y  o r thogona l  2 6 x 1 2  permuta t ion  a r rays .  I t  i s  unknown whether 

i s  row-ex tend ib le  o r  n o t .  
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5. TRANSVERSAL SEMINETS CARRYING DESIGNS 

The concept o f  t r a n s v e r s a l  seminets comprises a l a r g e  v a r i e t y  o f  d i f f e r e n t  

mathematical  s t r u c t u r e s .  For  d e t a i l e d  i n v e s t i g a t i o n s  one has t h e r e f o r e  t o  add 

f u r t h e r  r e s t r i c t i o n s .  Sec t ions  2 and 4 and p a r t s  o f  Sec t i on  3 t r e a t e d  t r a n s v e r s a l  

seminets w i t h  a group o f  t r a n s l a t i o n s  o p e r a t i n g  r e g u l a r l y  on t h e  p o i n t s .  I n  t h i s  

s e c t i o n  a d d i t i o n a l  assumptions w i l l  be imposed on t h e  f o l l o w i n g  i nc idence  s t r u c -  

t u r e s  which a r e  assoc ia ted  t o  each t r a n s v e r s a l  seminet t '  1' 
T2,...,TV) ( l e t  L :=  LouL1u . . .  uLt and T:= IT1,T2, . . . ,  T V l ,  i . e .  L i s  t h e  s e t  

o f  l i n e s  and T the  s e t  o f  t r a n s v e r s a l s  o f  J ) :  

= (X;Lo,L1,. . . ,L -T  

I(X,L) - t h e  t rea tments  o f  t h i s  i nc idence  s t r u c t u r e  a re  t h e  p o i n t s  and t h e  

b locks  a r e  t h e  l i n e s  o f  'j', 

t h e  t rea tmen ts  a r e  t h e  t r a n s v e r s a l s  and t h e  b locks  a r e  t h e  p o i n t s  I (T,X) - 
of J, 

I(X,LUT) - t h e  t rea tments  

t h e  t ransve rsa  

The inc idence  s t r u c t u r e  I (X,L 

cases t h e  i n c i  dence i s  d e f  i ned 

c i d e n t  i n  I (T,X) e x a c t l y  i f  

are  the  p o i n t s  and the  b locks  a re  the  l i n e s  arid 

s o f  J. 

i s  e s s e n t i a l l y  t h e  seminet o f  J. I n  a l l  t h r e e  

n a t u r a l l y .  For example, x E X and Ti ,- T a r e  i n -  

x r  T . .  I(T,X) i s  t h e  des ign  w i t h  m u t u a l l y  o r tho -  
1 

gonal r e s o l u t i o n s  mentioned i n  Sec t i on  1: The b locks  x , y t  X a r e  de f i ned  t o  be 

p a r a l l e l  i n  t he  i t h  p a r a l l e l  c l a s s  i f  and o n l y  i f  t h e r e  e x i s t s  a l i n e  

w i t h  x,y E 1 . Two i n t e r e s t i n g  cases d iscussed l a t e r  i n  t h i s  s e c t i o n  occur  when 

I(T,X) o r  I(X,LuT) a r e  PBD's ( p a i r w i s e  balanced des igns ) .  Fo r  i ns tance ,  

I(X,LuT) has t h i s  p r o p e r t y  i f  t h e  assoc ia ted  s e t  o f  pe rmuta t i on  a r r a y s  i s  a com- 

p l e t e  s e t  of m u t u a l l y  o r thogona l  l a t i n  rec ta f ig les  ( t h e  examples a f t e r  P r o p o s i t i o n  

5 .3  show t h a t  t h e  converse o f  t h i s  s ta tement  i s  n o t  t r u e ) .  Before  go ing  i n t o  de- 

t a i l ,  some d e f i n i t i o n s  a re  necessary.  

3 = (X;Lo,L1, . . . ,  L t )  i s  c a l l e d  n - r e p Z a r  i f  each l i n e  con ta ins  

e x a c t l y  n p o i n t s .  I n  t h i s  case 's i s  a ( t t 1 , r ) - sen i i ne t  w i t h  r =  I X l / n  ( i . e .  

ILi I = r f o r  a l l  i ),  and 5 i s  a l s o  c a l l e d  an ( r , n ) - h n o  c o z f i p i m t i o z .  One 

has n s  r, w i t h  e q u a l i t y  i f  and o n l y  i f  3 i s  a n e t  o r ,  e q u i v a l e n t l y ,  i f  t h e  

assoc ia ted  pe rmuta t i on  a r rays  a r e  r o w - t r a n s i t i v e  (see Sec t ion  3 ) .  An n - r e g u l a r  

t ransve rsa l  seminet s a t i s f i e s  n 5 v (because r v  = C .  ITiI  2 1x1 = r n ) ,  

w i t h  e q u a l i t y  i f  and o n l y  i f  t h e  T i ' s  a re  p a i r w i s e  d i s j o i n t .  I n  t h i s  s i t u a t i o n  

the  s e t  o f  t r a n s v e r s a l s  can be cons idered as a new p a r a l l e l  c l a s s  Lt+l, and the  

assoc ia ted  pe rmuta t i on  a r r a y s  a r e  l a t i n  rec tang les .  There fore ,  i f  n = r = v ,  t hen  

I(X,LIJT) i s  a ( t+2 , r ) -ne t ,  and t h e  assoc ia ted  pe rmuta t i on  a r r a y s  a r e  l a t i n  

squares,  

1 t Li 

The seminet 

1=1,2, . . . ,  v 

The t r a n s v e r s a l  seminet r= (X;Lo,L1 ,..., Lt;T1,T *,.. .,Tv) i s  c a l l e d  
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q- uniform i f  each p o i n t  i s  con ta ined i n  e x a c t l y  q 

t ransve rsa l  seminet i s  n - regu la r  w i t h  

c i a t e d  permuta t ion  a r rays  conta ins  each element i e  {1,2, . .., r l  e i t h e r  q o r  0 

t imes.  An example o f  an n - regu la r  ( w i t h  n=4) b u t  not q-un i fo rm t ransve rsa l  seminet 

i s  p rov ided  by the  or thogona l  permuta t ion  a r rays  

t r a n s v e r s a l s .  A q -un i fo rm 

n = v/q.  Each column o f  each o f  t he  asso- 

(The s e t  

t o  check t h a t  A1,A2 have no or thogona l  mate.) 

IA1,A21 i s  a row-extension o f  two or thogona l  l a t i n  squares. I t  i s  easy 

For each p o i n t  x o f  a t ransve rsa l  seminet, l e t  Y denote the  number o f  

t ransve rsa l s  through 

the  i nc idence  s t r u c t u r e  I (T,X) i s  a 1-design S r ( l , i , v ) ,  i . e .  each o f  t he  v 

t rea tments  T i c T  i s  i n c i d e n t  w i t h  e x a c t l y  r b locks ,  and each b lock  x i s  

i n c i d e n t  w i t h  E ;  t rea tments .  N o t i c e  t h a t  I (T ,X)  may have repeated b locks .  

The b locks  o f  I (T,X) have t t l  m u t u a l l y  o r thogona l  r e s o l u t i o n s  ( i . e .  any two 

p a r a l l e l  c lasses  o f  d i s t i n c t  r e s o l u t i o n s  c o i n c i d e  i n  a t  most one b l o c k ) .  The reso-  

l u t i o n s  a r e  g iven by 

I f  t h e r e  i s  a nonnegat ive i n t e g e r  A w i t h  ITinTT.l = A f o r  a l l  i,j w i t h  

i f j ( i . e .  i f  t h e  t r a n s v e r s a l s  fo rm an ( r , h ) - e q u i d i s t a n t  code),  then I (T ,X)  

becomes a PBD w i t h  any two d i s t i n c t  t rea tments  conta ined i n  e x a c t l y  A b locks .  

E q u i v a l e n t l y ,  t he  assoc ia ted  permuta t ion  a r rays  a re  equidis tant  w i t h  Hamming- 

d i s tance  r-A, 1.e .  any two rows o f  each o f  t h e  permuta t ion  a r rays  c o i n c i d e  i n  

e x a c t l y  A p o s i t i o n s .  I f ,  moreover, t h e  t ransve rsa l  seminet i s  q-uni form, then 

I(T,X) i s  a 2-design S,(2,q,v). As a consequence, r ( q - 1 )  = A ( V - 1 ) .  Analogously,  

if I(T ,X)  i s  an S A , ( t ' , q , v ) ,  w i t h  t '  2 2 ,  then r (?,--ll) = h '  (:,--\) . I n  t h i s  

case, any t '  d i s t i n c t  rows o f  each o f  t h e  permuta t ion  ar rays  co inc ide  i n  e x a c t l y  

A '  p o s i t i o n s .  

The t ransve rsa l  seminets cons t ruc ted  i n  the  p r o o f  o f  Theorem 2.3 a re  n - r e g u l a r  

and q-uni form, w i t h  n = -  and q = s .  For  none o f  these examples I (T ,X)  i s  a 

PBD. 

x, and d e f i n e  i :=  {: I X E X I .  For  each t ransve rsa l  seminet 

Lo,L1 ,..., Lt.  

J 

I G I  
r 

Many examples o f  t ransve rsa l  seminets a re  g i ven  i n  r171, w i t h  I (T ,X)  an 

S A , ( t ' , q , v )  o r  a g r o u p - d i v i s i b l e  des ign  ( i n  t h i s  case IT i  n T . 1  < 1 f o r  a l l  d i s -  

t i n c t  i, j ) .  For i ns tance ,  by Theorem 1 . 5  o f  r171 the re  i s  a p o s i t i v e  i n t e g e r  v1 
such t h a t ,  f o r  

tence o f  a t ransve rsa l  seminet w i t h  t 2 and t h e  p r o p e r t y  t h a t  I (T ,X)  i s  an 

S(2,3,v). There a re  s i m i l a r  r e s u l t s  o f  o t h e r  au thors ;  some o f  them a re  l i s t e d  here: 

J 

v z  vl, t he  c o n d i t i o n  v =  3 (mod 12) i s  e q u i v a l e n t  t o  t h e  e x i s -  
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k 1) D i n i t z  l81. For  each p r ime  power o f  t h e  fo rm q = 2  c t  1, w i t h  k a p o s i t i v e  

i n t e g e r  and c > l  an odd i n t e g e r ,  t h e r e  e x i s t s  a t r a n s v e r s a l  seminet such t h a t  

t = c - 1  and I (T ,X)  i s  an S (2 ,2 ,q t l ) .  

2 )  Kramer e t  a l .  C161. There e x i s t s  a t r a n s v e r s a l  semient such t h a t  t =  12 and 

I(T,X) i s  an 5(5,8,24). 

3 )  Hartman C121. There e x i s t  t r a n s v e r s a l  seminets such t h a t  I (T ,X )  i s  an 

S(3,4,v) f o r  ( v , t )  = (20,3),(32,5),(44,7).  

T ransversa l  seminets can be represented  by t h e  f o l l o w i n g  ( t t 1 ) - d i m e n s i o n a l  

a r r a y . o f  s i d e  r :  t h e  c e l l  (io,il,. , , , i t )  con ta ins  t h e  s e t  I T i c T  1 xcTi} i f  

l ~ o n l ~ l n . . . n l ~ t  = {XI, and i t  i s  empty o the rw ise  ( t h e  l i n e s  o f  each p a r a l l e l  

c l a s s  a r e  assumed t o  be l i n e a r l y  ordered, i . e .  Lk = {lk,l k y . . . , l k } ) .  I f  I(T,X) 

i s  an S(2,2,v), then t h i s  a r r a y  i s  c a l l e d  a Room ( t t 1 ) - c u b e  o f  s i d e  r = v - 1 .  Each 

such a r r a y  i s  e q u i v a l e n t  t o  t t l  p a i r w i s e  or thogona l  symmetric l a t i n  squares o f  

s i z e  ( v - l ) x ( v - l )  (see 191).  I f  I(T,X) i s  an S,,(t ' ,q,v), then t h e  above 

( t+ l ) -d imens iona l  a r r a y  i s  a ( t + l ) - d i m e n s i o n a l  Room design; f o r  i ns tance ,  

S(5,8,24) y i e l d s  a 13-dimensional  Room des ign  o f  s i d e  253, see [161. 

1 2  r 

The inc idence  s t r u c t u r e  I (X,L) o f  t h e  seminet 3 = (X;Lo,L l,...,Lt) i s  a 

1-design Sttl(l,; I 1  I I l c L }  ,I X I  ) 

then I (X ,L )  becomes an Sttl( l,n,rn). 5 i s  c a l l e d  an An&& seminet ( o r  a f f i n e  

purullel structure) i f  I (X ,L )  i s  a l i n e a r  space, i . e .  i f  any two d i s t i n c t  t r e a t -  

ments o f  I (X ,L)  a r e  i n c i d e n t  w i t h  e x a c t l y  one b l o c k .  Obv ious ly ,  AndrG seminets 

do no t  admi t  t r a n s v e r s a l s .  A t ransve rsa l  seminet i s  c a l l e d  aZmost-Andr6 ( o r  com- 

p l e t e )  i f  any two d i s t i n c t  p o i n t s  a r e  e i t h e r  connected by a l i n e  o r  by a t r a n s v e r -  

s a l .  As each almost-Andre t r a n s v e r s a l  seminet i s  L-maximal, Lemma 3.1 y i e l d s  

w i t h o u t  repeated  b locks .  I f  3 i s  n - regu la r ,  

5.1, REMARK. Let t h e  warisverstil seniinet be aZmost-An&&. Then. the asso- 

raiatecl s e t  fL( r) 0.f m : i t i t a  2Zy mtho<gontrl perrrmtation arrays is mcLcima2. 

A c t u a l l y ,  P r o p o s i t i o n  3.2 was proved e s s e n t i a l l y  hy showing t h a t  t h e  i n v o l v e d  

Reca l l  t h a t  a s e t  o f  t m u t u a l l y  o r thogona l  l a t i n  rec tang les  o f  s i z e  v x r  i s  

t r a n s v e r s a l  seminets a re  almost-AndrG. 

c a l l e d  .?ompZete i f  t = r-1. 

5.2.  PROPOSITISN. Let  be a trwi?suersiiZ ( t t 1 , r ) - semins t  w i t h  v trcrnsver- 

sols.  Then 

pemnutation arrags is a z o ! p i e t e  se% of ni!tunllLg orthogonal L i t i n  rec tang les .  I n  

this i?me I(X,LuT) is dr: S ( P , j r , v } , r v )  . 

t .. r-1, wit;z e p n l i t y  if U ~ L !  oxLy if t he  associated set  A( 3') of 



198 M. Dezu and T. Iliringiv 

- Proof. The inequality t 5 r-1 i s  a t r iv ia l  consequence of Corollary 3.5.  
Assume now t =  r-I .  By Corollary 3.6 then u = O  for  Jt(T) or ,  equivalently, 
& ( T )  i s  a se t  o f  l a t in  rectangles. The completeness of fL(J) implies 7 
t o  be complete, i . e .  any two elements of X are connected by a b l o c k  from L u T .  
As T i  r i T . = O  for a l l  i , j  with i t j ,  one obtains t h a t  I ( X , L u T )  i s  a n  

J 
S(Z,{r ,v) , rv) .  n 

Notice that complete sets of mutually orthogonal la t in  rectangles have been 
constructed in Quattrocchi, Pellegrino C191 for  a l l  
prime divisor of r . 

v n o t  exceeding the smallest 

For a transversal seminet ( X ; L o , L 1 , . .  .,Lt;T1,T2 ,..., T v )  and M c {1,2 ,  ..., v l ,  

, . . . , v }  ,Mz0 M Z ~ ,  l e t  tM:= inicM T ~ I  , and  define d : =  E ~ ~ ~ ~ , ~  

Then 
- 

with equality if the transversal seminet i s  almost-Andr6. 

5 .3 .  PROPOSITION.  Let  J be a transversaZ (ttl,r)-semiMet i i ) i th  v transuer- 

s a k .  L e t  7 be n-regular, and asswne I(X,LuT) to bc an S(2 ,{ r ,n l , rn ) .  
Thev t = w- 1 ,  anti there are eractly - transversals through. each x t X ,  ' V 

n n-  n 

Proof. As the transversal seminet i s  almost-Andr6, (1 )  i s  valid with equality. 
t l i ' , )  = v ( ; ) .  With l l l = n  

- 
Since I T i  nT.1 5 1 for i z j ,  one o b t a i n s  o = El:. 

for a l l  1 - L  and  1x1 = rn, (1)  turns into 
J '-1 I V  

This can easily be transformed into the claimed equality for t . Let Q. be the 
number o f  transversals through some x c X. Then v - l =  r n - l=a ( r -1 )+  ( t + l ) ( n - 1 )  
together with the equality ju s t  proved yields Q. =:. 3 

A class of examples satisfying the assumptions of Proposition 5 . 3  can be ob- 

tained as follows. Let 
kz2,  consider the transversal seminet 
where T1 , T 2 , .  . . ,Trk are the lines contained in Ur-k<iir L i  . Then sa t i s -  
fies the assumptions of Proposition 5 .3 ,  with n = r and  v = rk . I n  th i s  s i tua-  
t ion,  Corollary 3.6 yields the bound t s  r-2 (since ~ = 1 )  while the exact value 
i s  t = r-k . 

( X ; L o . L 1 ,  ..., L r )  be an affine plane of order r . For 
J = ( X ; L o , L 1 , .  . . ,Lr-k;T1,T2,.  . . ,Trk)  

However, there also exist  transversal seminets for  which I ( X , L u T )  i s  a linear 
space S(Z,{r ,n} , rn)  with r z  n . I n  terms of 1131 these transversal seminets 
correspond exactly t o  the partiully resolvable 2-partitions P R P  2 - ( n , r , v ; t t l )  
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w i t h  t h e  a d d i t i o n a l  p r o p e r t y  t h a t  

r e s u l t s  o f  [131 and [51 on these designs imp ly  

v =  n r .  Together w i t h  P r o p o s i t i o n  5 .3 ,  t he  

5.4. PROPOSITION. A n  n- regu la r  transversa2 ( t+ l , r ) - semine t  w i t h  I (  X,LuT) an 

S (2, I r,nl, r n )  

a )  i n  the  case n = 2, r ?  3 if and onZy if e i h t e r  t = 0, r = 3 o r  t = r-1, 

bi in the case n = 3, r = 2 if and onZy if t = 0, 

c i  in t he  case n = 3 ,  r = 4  if and onZy if t = O  or t = 3 .  

ez is ts  

N o t i c e  t h a t  a l l  seminets i n  t h e  above p r o p o s i t i o n  a r e  e i t h e r  complete s e t s  o f  

m u t u a l l y  o r thogona l  ? a t i n  rec tang les  ( t  = r-1) or t r a n s v e r s a l  des igns  ( t=O).  

6 .  SOME STRUCTURES RELATED TO TRANSVERSAL SEMINETS 

It i s  well-known t h a t  ne ts  a r e  e q u i v a l e n t  t o  s e t s  o f  m u t u a l l y  o r thogona l  l a t i n  

squares, t o  t r a n s v e r s a l  des igns  ( v i a  d u a l i t y )  , t o  or thogona l  a r rays ,  t o  op t ima l  

codes, e t c .  P r o p o s i t i o n  2.1 i s  a g e n e r a l i z a t i o n  o f  t h e  f i r s t  o f  these equ iva len-  

ces. Next, t h e  second equ iva lence i s  genera l i zed  t o  t r a n s v e r s a l  seminets.  

= (X;Lo,L1,. . . ,Lt;T1,T2,. . . ,Tv) i s  e q u i v a l e n t  t o  

a ~ P ~ ~ ~ ~ J C I W J L  pack ing ,  v i a  t h e  i nc idence  s t r u c t u r e  I (L ,X) .  Each b l o c k  X C X  h i t s  

each o f  t h e  gyi"7u:s L .  i n  e x a c t l y  one t rea tmen t  l cL i ,  two t rea tments  f rom d i s -  

t i n c t  groups Li,L. a r e  j o i n e d  by  a t  most one b l o c k ,  and t h e r e  i s  no such b l o c k  
J 

i f  L .  =L.. Moreover, t h e r e  a r e  a d d i t i o n a l  mzin tr.eatmeurts Ti; each Ti p a r t i -  

t i o n s  t h e  t rea tments  o f  I (L ,X)  i n t o  d i s j o i n t  b locks .  

Supoose now X and each Li t o  be l i n e a r l y  o rdered,  i . e .  X = Ix1,x2,  . . .  I 
and Li = { l i 7 1  .,..., l j 1 .  L e t  t h e  m a t r i x  B =  ( b . . )  o f  s i z e  ( t t 1 ) X I X I  be de f i ned  

by b . .  = k : 0 x .  i . Th is  m a t r i x  i s  an OA (orthogomZ a r r a y )  i f  t h e  seminet 

i s  a n e t  (see  e.g. 191). 11.1 t h e  general  case, t h e  s e t  o f  a l l  1x1 columns o f  B 

forms a code o f  ZeilgLh t+l over  t h e  a lphabet  {1,2, ..., r l  w i t h  1x1 wrds and 

mi r i imaZ  distance t , s i n c e  any two d i s t i n c t  columns c o i n c i d e  i n  a t  most one p o s i -  

t i o n .  Each t r a n s v e r s a l  T. corresponds t o  a f a m i l y  o f  codewords (columns o f  6 ) 

such t h a t ,  f o r  a l l  k ' ~  11,2 , ..., r I  and a l l  i c [0,1, . . . ,  tl, t h e r e  i s  e x a c t l y  one 

codeword i n  t h i s  f a m i l y  w i t h  va lue  k i n  row i , The t r a n s v e r s a l  T .  can a l s o  

be regarded as an i i ! je,: t ioe , i i a g o n r l  subset o f  ( i . e .  as a s e t  o f  

r words o f  l e n g t h  t + l  over  { l , Z ,  ..., r ?  which d i f f e r  i n  an-y coo rd ina te ;  see 

161). 
now be l a t i n  rec tang les  

o r ,  e q u i v a l e n t l y ,  l e t  Ti i . , T . = 0  f o r  a l l  i , j ,  i z j .  Assume t h e  numbering o f  t he  

Do in ts  x c X  and o f  t he  l i n e s  li.Li ( i 2 1 )  now be more spec ia l  than above: L e t  

Each t r a n s v e r s a l  s e v i n e t  

1 

1 $1 

1 2  r 
1 1 J  

1J J 

J 

J 
{1,2,  . . . ,  rIttl 

L e t  t h e  assoc ia ted  pe rmuta t i on  a r r a y s  A1,A2, ..., At 

J 
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k k l = l k  i f  l n T 1 z l o ,  a n d l e t  x = x  

these assumptions t h e  f i r s t  row o f  B s a t i s f i e s  b = k  i f  j = k  (mod r )  and, 

f o r  m.1, t he  m t h  row o f  B becomes a " l i n e a r i z a t i o n "  o f  t he  l a t i n  r e c t a n g l e  

'm-19 i.e. ( b m , ( i - l ) r + l  9 bm,( i -1)r+2 3.. 3 bm,ir)  i s  t h e  i t h  row o f  Am-l. 

N o t i c e  t h a t  t h e  t r a n s v e r s a l  Ti corresponds now t o  t h e  s e t  o f  columns ( i - l ) r + l  , 
( i - l ) r t 2 ,  . . . , ir  o f  B . For  example, c o n s i d e r i n g  t h e  s imp le  complete s e t  

2) o f  m u t u a l l y  o r thogona l  l a t i n  rec tang les ,  one o b t a i n s  

w i t h  j = ( i - 1 ) r t k  i f  x c T i n l o .  Under 
i j 

U 

A1 = 1 2 3  (i : ;) , A2 = (3 

The permuta t ion  a r r a y s  A and A'  a r e  s i m i l a r  e x a c t l y  i f ,  f o r  a l l  j , column 

j o f  A '  can be ob ta ined f rom column j o f  A by renaming t h e  symbols. L e t  

Q(A,A ' )  be t h e  r x r  m a t r i x  ( q . . )  de f i ned  by q i j =  k i f  the  i ' s  i n  column j 

o f  A become k ' s  i n  column J o f  A ' ,  and q i j = *  o the rw ise .  For example, 
'J 

Q (  [; : ;) ' (; : 23) = (; ; :) . 
* 1 3  

As a l l  permuta t ion  a r rays  a r e  assumed t o  be s tandard ized,  qii = i f o r  a l l  i i n  

Q(A ,A ' ) .  I n  no  column o f  t h i s  m a t r i x  a symbol a p e a r s  tw ice .  There fore  Q(A,A ' )  

can be cons idered as ( t h e  m u l t i p l i c a t i o n  t a b l e  o f )  a p a r t i a l  l e f t - c a n c e l l a t i v e  

g roupo id  de f i ned  on {1,2, ..., r l .  The pe rmuta t i on  a r rays  A , A '  a re  o r thogona l  i f  

and o n l y  i f  t h i s  g roupo id  d l s o  i s  r i g h t - c a n c e l l a t i v e ,  and 

a p a r t i a l  quasigroup. Moreover, Q(A ,A ' )  i s  a complete quasigroup i f  and o n l y  i f  

t h e  permuta t ion  a r rays  a re  r o w - t r a n s i t i v e .  L e t  A1,A2¶. . . ,At be s i m i l a r  permuta- 

t i o n  a r rays .  By P r o p o s i t i o n  1.2 o f  141, these a r r a y s  a r e  m u t u a l l y  o r thogona l  

e x a c t l y  i f  Q(A1,A2j, Q(A1,A3), . .. , Q(A1,At) a r e  m u t u a l l y  o r thogona l  p a r t i a l  

quasigroups. N o t i c e  t h a t  t he  assoc ia ted  t r a n s v e r s a l  seminet i s  n - regu la r  i f  and 

o n l y  i f  each Q(Ai,A.), i z j ,  has t h e  f o l l o w i n g  p r o p e r t i e s :  Each i E (1,2, ..., r }  

appears e x a c t l y  n t imes, and t h e r e  a r e  e x a c t l y  n d i s t i n c t  symbols i n  each rcw 

and i n  each column. 

Q(A ,A ' )  then becomes 

J 

There a re  many inc idence s t r u c t u r e s  b u i l t  f rom ne ts .  Examples a r e  t r a n s v e r s a l  

geometries 161, d-dimensional  ne ts  1211, and ex tens ions  o f  dua l  a f f i n e  planes 

C231. I t  w i l l  be i n t e r e s t i n g  t o  s tudy  s i m i l a r  s t r u c t u r e s  w i t h  ne ts  rep laced by 

t ransve rsa l  seminets. 
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