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Abstract. A finite distance space X , d  d : X  2 --,7/ is hypermetric (of negative type) if 
axay d(x, y) < 0 for all integral sequences {axlx ~ X} that sum to 1 (sum to 0). X, d is connected 

if the set {(x, y)ld(x, y) = 1, x, y ~ X} is the edge set for a connected graph on X, and graphical if 
d is the path length distance for this graph. Then we prove 

Theorem 1. A connected space X, d has negative type if and only if X may be realised as a subset of a 
Euclidean space E, IJ II, sdch that 
(i) X contains 0 and spans E 
(ii} d(x,y) = 1/2tlx - Yll 2 ( x , y ~ S )  
(iii) L = Y_X is a root lattice, i.e. an orthogonal direct sum of lattices of type A,, D,, E6, ET, and Es. 
Call a hypermetric space X, d complete if for each triple x, y, z ~ X with d(y, z) = 1 and d(x, y) + 1 = 
d(x, z), there is a unique element w ~ X with d(w, x) = 1, d(w, y) = d(x, z), and d(w, z) = d(x, y). Then 
we also prove 

Theorem 2. (i) A connected distance space is hypermetric if and only if it is isomorphic to a subspace of 
a complete connected hypermetric spcae. (ii) The complete connected hypermetric spaces are graph- 
ical, and are precisely the Cartesian products of Johnson graphs, half cubes, Cocktail Party graphs, 
the Schlafli graph on 27 vertices, and the Gosset graph on 56 vertices. 

We finish by describing how a given connected hypermetric space may be canonically 
embedded in a complete one, and give some open problems. 

Theorem 1 is an extention of a result of Schoenberg. Theorem 2 is obtained by applying a result 
of Assouad to show any connected hypermetric space may be identified with a subset of a minimal 
saturated set induced by a coset of some root lattice in its lattice of weights. 

1. Introduction 

A dis tance space X ,  d consis ts  of  a f inite set X (of vertices) a n d  a symmet r i c  in teger  
va lued  distance func t ion  d sat isfying d(x,  y) = 0 if a n d  o n l y  i fx  = y(x ,  y ~ X) .  Vertices 
in  X at  d i s t ance  1 are cal led adjacent.  X ,  d is connected  if n o  p r o p e r  n o n e m p t y  subse t  

Y of  X c o n t a i n s  all  vert ices a d j a c e n t  to some  ver tex in  Y, a n d  in  this case X possesses 
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a second distance function ~, the path length distance, with 

3(x,y) = min{tl3x = Xo,X1,. . . ,x t = y, x i eX ,  d(X,_l,Xl)= 1, 1 <_ i <_ t, x, y e X } .  

In general d ¢ 0; ifd and # coincide we call X, d graphical. To generalize the notion 
of a metric space, we say X, d is hypermetric, or an h-space, (is of negative type) 
if 

a~ard(x,y) < O f°r all {axlaxeZ, x e X }  with Z a~ = l ( ~ ax = O) (1) 

/ \ 

x , y ~ X  x e X  kx~X / 

H-spaces are metric, but the converse is not true in general (Deza [10]). Spaces 
of negative type were studied by Schoenberg [15], who used them to characterize 
subspaces of L 2. Interest in h-spaces centers around their use in characterizing 
subspaces of L 1 (Assouad [1,2, 3], Avis [4], Deza [10, 11], Kelly 1-13]), although 
they also appear in graph theory (Neumaier [14], Terwilliger [16, 17], Winkler 
[18]). In this paper we apply the theory of root lattices to characterize connected 
h-spaces and spaces of negative type. Our main idea for the first characterization 
is that the vertex set of any connected h-space may be identified with a subset of 
a so called minimal saturated set induced by a coset of some root lattice in its weight 
lattice. Our result is then obtained through the well known decomposition of root 
lattices into orthogonal direct sums of lattices of type A,, D,, E6, ET, Es, and 
the corresponding decomposition of their minimal saturated sets into Cartesian 
products of known h-spaces. Theorems 1 and 2 below are our main results, which 
we prove after reviewing root lattices and their associated h-spaces. 

Theorem 1. A connected space X, d has negative type if and only if X may be realised 
as a subset of a Euclidean space E, 11 II, such that 
(i) X contains 0 and spans E (2) 
(ii) d(x,y) = 1/21[x- yll z (x ,y~E) (3) 
Off) L = ~_X is a root lattice, i.e. an orthogonal direct sum of lattices of type A,, D,, 

E6, ET, and E s. (4) 

We note the nonstandard 1/2 in (ii) is convenient to our purposes, but can be 
eliminated throughout this paper by scaling all vectors by l/v/2. 

A subspace of an h-space X, d is a subset of X with the induced distance. 
Subspaces of h-spaces are again h-spaces, so we consider those that are in a 
sense maximal or in our terminology complete, as defined below. Call a sequence 
p = {x, y, z} of vertices in X linear if d(y, z) = 1 and d(x, y) + 1 = d(x, z). Call w e X 
a completion of p if d(w, x) = 1, d(w, y) = d(x, z), and d(w, z) = d(x, y). X, d is complete 
if each linear triple possesses a unique completion. 

Theorem 2. O) A connected distance space is hypermetric if and only if it is isomorphic 
to a subspace of a complete connected h-space. (5) 
(ii) The complete connected h-spaces are graphical, and are precisely the Cartesian 
products of Johnson graphs J(d, n) (2 <_ 2d <_ n), half cubes 1/2H, (n >_ 4), Cocktail 
Party graphs CP n (n >_ 4), the Schlajqi graph S on 27 vertices, and the Gosset graph 
Q on 56 vertices. (6) 
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2. Root Lattices and Their Hypermetric Spaces 

We now define root  lattices and their associated h-spaces. Let E, Ij It be a Euclidean 
space, with inner p roduc t  ( u , v )  = 1/2(ILull 2 + Ilvt[ 2 - llu - vii 2) (u, veE). An inte- 
gral lattice L is a subgroup spanning E, where (u, v)  ~ 7/(u, v ~ L). We suppress E if 
its identity is clear. If  L equals the set Z X  of all integral linear combinat ions  from 
X we say X generates L. L is irreducible if it cannot  be expressed as the or thogonal  
direct sum H • K of nonzero  integral lattices H, K. A root lattice is any integral 
lattice L generated by a set of no rm w/2 vectors, q~ = {rlr~L, I]rll 2 = 2} is the 
root system of L. The dual or weight lattice L* of  a root  lattice L is the group 
{u[u e E, (u, v) e 7/for  all v e L}, which we note contains L as a subgroup.  To each 
coset H of  L in L* we assign a distance space, called a minimal saturated space or 
ms-space, consisting of the set X = {xlx e H, Ilx II 2 = t}, where t = min { iI x II 2Ix e H}, 
and distance d(x,y) = 1/2l[x - ylL 2 (x ,y~X).  We write t(X) = t, L(X) = L. It is 
immediate that  

( x , r > =  - 1 , 0 , 1  (xEX,  rE~),  (7) 

since if the integer I(x,r>l exceeds 1 then either Ilx + r[I 2 < t or  IIx - rl] a < t. We 
also note distinct cosets of  L may  yield isomorphic distance spaces, since the 
or thogonal  t ransformat ion v ~ - v  (v e E) fixes L and L* but permutes the cosets. 
If ms-spaces X, - X  are distinct we call them opposites. Call X = 0 the trivial 
ms-space. To prove Theorem 2 we will show 
(i) an ms-space X, d is a complete graphical h-space (8) 
(ii) the ms-spaces are precisely the Cartesian products  of  the spaces listed in (4) (9) 
(iii) any connected h-space X, d may  be identified with a subspace of an ms-space, 
and if complete, with the whole ms-space. (10) 

It  will be most  convenient if we prove (8) now, then review the classification of 
root  lattices and their ms-spaces to show (9), then prove Theorem 1, and finish with 
the p roof  of (10). 

The proof of (8). To show X, d is hypermetric,  pick an integral sequence {axlx e X} 
that sums to 1, pick a base vertex z e X, and set u = 2x~xaxX - z e L(X), t = t(X). 
Then 

( ~ ) x~x a ~ x 2  2 a~ard(x,Y) = 1/2 a~ar[[x - yll 2 = t - = t - Ilu + zll 2, 
x , y ~ X  x,  X 

which is nonposit ive by the construct ion of X. X, d is complete, since if x, y, 
z E X  is linear any complet ion must  equal x - y  + z, which is in X. To show 
X, d is graphical we fix x, y ~ X  (x ~ y) and produce some z e X  with d(x ,z )= 1 
and d(y ,z )= d ( x , y ) -  1. (This will show X is connected with 0 < d, but  then 

> d by the triangle inequality). N o w  z = x - r is such a vertex if r e ~ with 
( x , r )  = - ( y , r )  = 1, so assume no such r exists. N o w  write x -- y = r 1 + ... + r e 
(r i e ~ ,  1 _< i < e) with e minimal, and note  (r~, rj) > 0 (1 < i,j < e) and (7) imply 

i=~l ri 2 ~, 2e < = Ilx - Yll a = (ri, x -- y )  < e, 
i=1 

a contradict ion.  Hence X, d is graphical. 
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The Classification of Root Lattices and Their ms-Spaces 

We now describe the irreducible root  lattices L = An(n > 1), D,(n >_ 4), E6, ET, and 
E 8, with indices [L* • L]  = n + 1, 4, 3, 2, and 1, respectively, along with their 
nontrivial ms-spaces. For  more  information see Bourbaki  [6, Appendix]  and 
Humphreys  [12, p72]. Let  B" = {e I . . . . .  e,} be the s tandard basis for the Euclidean 
space ~" and let Z" = ZB". 

(1) A, = {x]xeZn+l, x i  + " .  + x,+ 1 = 0} has ms-spaces J(d,n + i) (1 < d_< n), 
called the Johnson graphs, with J(d, n + 1) consisting of all vectors in R "+i pos- 
sessing d coordinates  equal e = (n + 1 - d)/(n + 1), and n + 1 - d coordinates 
equal e - 1. J(d,n + 1) and J(n + 1 - d , n  + 1) are opposites (1 < d <_ n). 

(2) The ms-spaces for D, = { x l x ~ Z " , x ,  + . . .  + x ,  even} are the Cocktail Party 
graph CP, = { Teile, eB" , 1 <_ i < n}, the half cube 1/21-1, = {x lxe  R",x, = T 1/2, 
1 < i < n,x~x2. . .Xn > 0}, and its opposite. 

(3) Es, consisting of all integral linear combinat ions of Ds and the vector 
t/2(1, 1, 1, 1, 1, 1, 1, 1), is self-dual and hence has no nontrivial  ms-spaces. 

(4) E 7 = { x l x ~ E s , x 7  + x8 = 0} has one ms-space, called the Gosset graph Q 
(Coxeter [9], Neumaier  [14]), consisting of the 56 vectors of the form 1/2(ai ,a2,  
. . . .  a 6,0,O)(a, = -T-l, 1 < i < 6 ,a la2 . . . a  6 = 1) ,and -T-e,-T- 1 / 2 ( e 7 -  es)(1 < i <  6) 
(ej B 8, _<j _< 8). 

(5) The two ms-spaces for E 6 = { x l x e E s , x 6  - x7 = x7 + x8 = 0} are opposites, 
so we describe one. The Schlafli graph S (Cameron [8]) has 27 vertices consisting 
of 2/3(e 6 + e 7 - e 8) and all vectors of the form 1/2(a1, aa, a3, a4, as, 1/3, 1/3, - 1/3) 
( a , =  T l ,  l < i < 5 , a i a 2 . . . a 5 = l  ) and T e , - 1 / 3 ( e 6 + e 7 - e s )  ( 1 < i < 5 )  
(e jeB s,1 < j  < 8). 

We note  the above graphs are distance-transitive (Bannai and I to [5]). The ms- 
spaces for reducible root  lattices are readily constructed from the above examples. 
If subsets Y~, Y2, . . . ,  Y~ of E lie in mutually or thogonal  subspaees, their Cartesian 
Product Y1 x I12 × " ' "  × Ys is the set {Yl + Y2 + " "  + YslYie Yi, 1 < i < s}. Now Y 
is an ms-space for L 1 @ L2. . .  • Ls if and only if Y = Y1 x I12 × "'" x Y~, with each 
Y/an ms-space for L i (1 _< i < s ) (Humphreys  [12, p63]). 

The proof of  Theorem I. First let X, d have negative type. By Schoenberg E15] 
x may  be realised as a subset of a Euclidean space E satisfying (2) and (3). Now 
the lattice L = Z X  is integral, so it suffices to show L is generated by the set of 
norm x /~  vectors 

F(X) = {x - y l d ( x , y ) =  1,x, y e X }  (11) 

But L is generated by X, and if x e X, by connectivity there is a sequence 0 = Xo, 
Xl . . . .  ,xs.-~-~ x ( x i e X ,  d(xi_x,X,)~- l, 1 ~ i ~ s),so x = x l  - xO-q- x2 - x 1 -}-... -}- 
x~ - x~_~ is a sum of elements in F(X). Thus (4) holds. The converse is immediate 
from Schoenberg [15]. 

The proof of  (10). Let X, d be a connected h-space. Then by Deza [10] X, d has 
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negative type, so we view X as a subset of a Euclidean space E, II II, satisfying (2)-(4). 
By Assouad [1, L e m m a s  1.12, 1.13] there is a vector  a c E  with t = I l a -  xll  2 
independant  of x e X, where II a - v 112 > t for all v e L = 7/X. N o w  a e L*, for if x e X 
then (a ,x )  = 1/2(lla - 0112 - I[a - xtl 2 + IIx - 0112) = t - t + d(x,O), an integer. 
But now the t ranslat ion X - a is contained in the ms-space for the coset - a  + L 
of L*. 

N o w  assume X, d is a complete  connected h-space, presented as a subspace of 
an ms-space Y for a roo t  lattice L. Let  F = F(X) be as in (11), which we m a y  assume 
generates L. We assume X ~ Y and get a contradict ion.  The completeness of X 
implies 

x -  ( x , r ) r e X  for a l l x e X  and reF.  (12) 

Fo r  each pair  x, y with x e X and y e Y \ X ,  fix an integral sequence {a r]r e F, a, >_ 0, 
ar = a~(x,y)} with s(x,y)= ~ ,~ea ,  minimal  subject to x -  y = ~',,~rarr. Pick a 
pair  x, y with s(x, y) minimal.  N o w  (x,  r )  _< 0 for all r e F with a~ > 0, otherwise 
x - r e X  by (12) and s(x - r ,y) < s(x,y). But then x ¢ y implies 0 < I[x - y][2 = 
2 ( x , x  - y )  <_ 0, a contradict ion.  Hence  X = Y. 

We finish by describing how a given connected h-space X, d may  be canonically 
embedded  in a complete  connected h-space. The const ruct ion is based on the 
observat ion  that  if w is the comple t ion  of a linear triple x, y, z e X, then 

d ( p , x ) - d ( p , y )  + d ( p , z ) - d ( p , w ) = O  (peX).  (13) 

This can be seen by applying (1)twice,  with (ax, ar, az, aw, ap)= ( 1 , -  1, 1 , -  1, 1), 
and ( -  1, 1, - 1, 1, 1). If  X, d is not  complete,  pick any linear triple x, y, z e X with 
no complet ion.  N o w  enlarge X by adding the missing comple t ion  w, extending the 
distance function so that  d(w, p)(p e X)satisfies (13). The  resulting (connected) space 
is still hypermetr ic  by (5), and  if it is not  complete,  we repeat  the process, obtaining 
a complete  space X*, d* in a finite number  of steps. Tha t  the process does end is 
also a consequence of (5). We call X*, d* the completion of X, d. 

Open Problems. (1) Call a connected h-space X, d minimal if the complet ion of Y is 
proper ly  contained in the complet ion of X for any connected subspace Y proper ly  
contained in X. W h a t  are the minimal  connected h-spaces? 
(2) Call a connected distance space X, d minimal forbidden if it is not  hypermetric ,  
but  all its p roper  connected subspaces are. Find the minimal  forbidden connected 
distance spaces. 
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