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Abstract A Frank–Kasper structure is a 3-periodic tiling
of the Euclidean space E3 by tetrahedra such that the vertex

figure of any vertex belongs to four specified fullerenes

with, respectively, 12, 14, 15, and 16 faces. Frank–Kasper
structures occur in the crystallography of metallic alloys,

clathrates, zeolites, and in geometrical optimization. 27

such physical structures are known. In Dutour et ai. (Acta
Crystallogr A 66:637–639, 2010) we obtained, by com-

puter enumeration, all 84 such structures with up to 20 cells

in a reduced fundamental domain; 13 among them were
known physical structures. In the present follow-up study,

we managed, by improving the computation, to get all 37

new structures with 21 cells in a reduced fundamental
domain. Those structures are described, using six invari-

ants: group, the size of fundamental domain, mean coor-

dination number !f , fraction sequence, cell orbits and major

skeleton. We found pairs of distinct structures having all

six invariants equal. So, we devised a new invariant, zigzag
vector, and computed it for all 135 structures known from

now; all have this invariant different. New bounds for !f and

new directions (computational perspectives, number of
Kekule structures, space octahedrites, space cubites) are

also discussed.

Keywords Frank–Kasper structures ! Enumeration !
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Introduction

A tiling is a partition of Euclidean 3-space E3 into tiles, i.e.,

interiors of cages (generalized polyhedra with, possibly,
vertices of degree two, topologically equivalent to a

sphere). Faces of tiles have vertices and edges but are not

necessarily contained in an affine plane. A tiling is face-to-
face if each face belongs to exactly two tiles; it is normal if

the intersection of any two cages is a face, edge, point or ;.
A tiling is simple if four tiles meet at each vertex. So, the

skeleton graph of a simple tiling is 4-regular. A tiling is 3-

periodic (or crystallographic) if its automorphism group
contains translations in three non-coplanar directions.

A (geometric) fullerene [1] Fn is a polyhedron with n, all
of degree three, vertices and only 5- and 6-gonal faces. So,

p5 = 12 and p6 ¼ n
2# 10 for the number of faces. Fn exist

for any even n C 20, except 22. The number of n-vertex
fullerenes is 1, 0, 1, 1, 2 for n = 20, 22, 24, 26, 28.

The Frank–Kasper polyhedra are all (four) fullerenes

with isolated hexagons: unique ones F20, F24, F26, and one of
two F28, with maximal symmetry Ih, D6d, D3h, Td, respec-

tively (see Fig. 1). Crystallographers usually consider their

duals as the coordination polyhedra with vertices of degree
six being possible disclinations of the local icosahedral

order. These duals are called Frank–Kasper deltahedra and

denoted by Z12, Z14, Z15, Z16 or X, R, Q, P, respectively.
A space fullerene is a normal face-to-face simple tiling

of E3 by any fullerenes (possibly, non-congruent and with

curved faces). A Frank–Kasper space fullerene or, for
short, FK space fullerene is a 3-periodic space fullerene,

where any tile is isomorphic to one of four Frank–Kasper
polyhedra.

In crystal chemistry, usually are considered their duals,

introduced in [2, 3] and called since Frank–Kasper

M. Dutour Sikirić
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structures or Frank–Kasper phases, t.c.p. (tetrahedrally or

topologically close-packed) structures with coordination
numbers 12, 14, 15, 16. Then vertices correspond to atoms

and edges correspond to atomic bonds. Terms t.c.p. and

Frank–Kasper phase are preferred usually in crystallogra-
phy and material science, respectively.

In [4], the first 3-periodic space fullerene, which is not

FK, was given. This DS space fullerene is a tiling of E3 by
F20, F24 and its elongation F36(D6h) in proportion 7:2:1. In

[5], an infinite number of (1-periodic only) space fullerenes
(having tiles F20, F24, F30, F36 with maximal symmetry Ih,
D6d, D5h, D6h, respectively) is constructed from any infinite

non-periodic plane fullerene, i.e., a 3-regular normal plane
partition with 5- and 6-gonal faces only.

In [6] (see also the Reticular Chemistry Structure

Resource—RCSR-database), besides DS space fullerene
named mds, seven other 3-periodic space fullerenes, which

are not FK, are given (Table 1). So, five new putative tiles,

in addition to four Frank–Kasper ones and F36(D6h). They
are all possible ones with at most 11 vertex orbits. See

Fig. 1 for the Schlegel diagrams of the newly occurring

tiles.
Note that the composition of odg, given above, differ

from the erroneous one given in [6] (Fig. 2). Note also that

in all known [4] 4-regular tilings of the 4-sphere S3 by
fullerenes, the putative tiles were among seven ones: four

Frank–Kasper fullerenes and F30(D5h), F32(D3h), F36(D6h).

FK space fullerenes occur in:

1. 27 known t.c.p. (ordered tetrahedrally close-packed

phases) of metallic alloys, where cells are atoms.

2. Clathrates (compounds with one component, atomic or
molecular, enclosed in framework of another),

including

– clathrate hydrates, where cells are solutes cavities,
vertices are H2O, edges are hydrogen bonds;

Fig. 1 The four fullerenes with
isolated hexagons

Table 1 DS space fullerene and seven space fullerenes from [6]

Name Group Nr t-orbit f.d. f Composition Zigzag vector
DS = mds P6/mmm 7 10 13.20 7F20 ? 2F24 ? F36(D3h) 1112, 3018

odf Im!3 9 23 13.30 17F20 þ 6F30ðC2tÞ 3020, 1606

odg P!43m 10 21 13.26 12F20 ? 7F24 ? F28(Td) ? F40(Td) 812, 278, 3312, 6012

odh P6/mmm 10 20 13.40 9F20 ? 10F24 ? F36(D6h) 1124, 364, 782, 906, 1322

odi P42/nmc 11 18 13.3 6F20 þ F24 þ 2F030ðC2tÞ 84, 244, 288, 308, 338, 468

odj P6/mmm 11 17 13.29 10F20 ? 4F24 ? 2F26 ? F36(D6h) 3012, 466, 526, 1022

odl P63/mcm 11 30 13.3 8F20 ? 6F24 ? F36(D3h) 2712, 3016, 482, 526, 962, 3182

odm R!3c 11 20 13.40 6F20 ? F24 ? 3F28(D2) 32, 1118, 1912, 256, 366, 1052, 1802

For each such non-FK space fullerene, we give the space group, the number of vertex orbits, the number of cells in a fundamental domain, the
average coordination number, and the composition

Fig. 2 The six non-FK fullerenes occurring as tiles in [6]
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– clathrasils (silicate materials with clathrate

structure);

– zeolites (hydrated microporous aluminosilicate
minerals), where vertices are tetrahedra SiO4 or

SiAlO4, cells are H2O, edges are oxygen bridges.

3. Soap froths (foams, liquid crystals).
4. An affine version of A15 gives, a better solution to

Kelvin’s problem see [7] for details.

See [8] for updated table of all 27 known physical FK

space fullerenes, with their invariants and explanations.

The enumeration techniques

In [8], the first computer enumeration of FK space fuller-

enes was implemented and the results were tabulated. The
enumeration method consists of enumerating oriented

manifolds formed by a number of cells. The method is to

add cells one-by-one in a tree search algorithm. For each
new cell added, the set of possibilities is considered itself

in a tree search; so we have a double tree search. This
standard approach [9] makes relatively small memory

usage and can be parallelized very easily [10]; it is the

basic technique of combinatorial enumeration. The result-
ing objects are then checked for isomorphism. After that, it

is checked whether the obtained oriented manifolds admit

Euclidean universal covering or not. Finally, the universal
coverings are checked for isomorphism. The fundamental

domain under translation contains n = 21 k cells with k
belonging to {1, 2, 3, 4, 6}. This is because the size of the
point group of a 3-dimensional Bieberbach groups, i.e.,

fixed point free groups, having only rotations, belongs to

{1, 2, 3, 4, 6}. See [8] for more details on the relation
between the enumeration procedure and Bieberbach

groups.

The key computational bottleneck is in computing the
initial list of manifolds. This can take months of compu-

tations in some cases, while the next steps are much faster.

Thus there is a general interest in improving the speed of
the combinatorial enumeration part of the problem.

Unfortunately, all known methods for enumerating such

manifolds are quite inefficient. Moreover, there is some
ground to believe that general efficient enumeration pro-

cedure are not possible (P = NP questions).

Thus our focus was on improving the enumeration
procedure. The enumeration procedure works by adding

cells one by one in all possible ways. The algorithm keeps

track of all the connected components of the boundary. It
selects one of the maximal size and finds the possible other

connected components to which it can be attached. So, we

have a double tree search being done for the enumeration
which explains, in a way, the slowness of the enumeration.

Part of the effort went into improving the existing C

program. By doing this, we managed a 2.5-fold improve-
ment. Apart from that, speed improvement can come from

two sources. One possibility is proving some theoretical

results on the possible final structures. Any such result can
give a potential pruning method for the tree search. A typical

example of such strategy is given in [11]. In [8], many con-

jectures that had been stated over the years on the structure of
FK space fullerenes, had been proved wrong. Thus it seems

that FK space fullerenes have few or no obvious algebraic
structure that would have helped in their enumeration.

So, we used the second possibility to use the symmetries

of the space fullerenes in order to reduce the time of the
enumeration. We want to be able to detect if a branch in the

tree search has already been covered in the enumeration

without having to store the enumeration itself. The tech-
nique is to generate all possible reorderings and kill a

branch if there is a reordering that makes it lexicographi-

cally higher. Using a breadth first search, one can index the
vertices of the structure uniquely by starting from one

vertex and one direction. So, the possible reorderings are

actually exactly the directed edges of the structure. So, for
every cell of the structure, we store the list of directed

edges and, for each of them, check whether they can yield a

symmetry reduction or not. At the end of the process, only
the directed edges, for which we cannot prove that they

give a reduction in the branching, are left. Since the

ordering is lexicographic, those directed edges have to be
all equivalent and since they define the structure uniquely,

they also index the elements of the rotation symmetry

group of the structure. So, the symmetry reduction is done
in a polynomial time, which is expected, since for cell-

complexes, everything is determined by one single flag. In

general, symmetry reduction does not always yield speed
up because the cost of symmetry might offset the cost of

treating the branch anyway. But in our case, the symmetry

reduction is cheap and thus one does not face this problem.
We find out that, whenever we used this symmetry

reduction method, we got a speedup.

One problem of this approach is that after the whole
enumeration is finished, many structures have a universal

cover which is not the Euclidean plane. They correspond

instead to one of seven other Thurston geometries [12]. So,
quite often we get several hundreds manifolds and no

periodic structures. This is a major limitation and we

believe that this sort of exhaustive enumeration has reached
here its limits. For the enumeration up to 21 cells in the

reduced domain we found 834 manifolds up to oriented

equivalence, 545 up to equivalence. Of those, 299 are
Euclidean and after testing equivalence of tilings, this gave

84 ? 37 = 121 distinct tilings.

One possible replacement could be iterative generation
scheme, that is from a given space fullerene rules for
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generating new space fullerenes. If this could be done (see

[13] for fullerenes), then we would be able to generate
easily millions of possible structures.

Up to isometric equivalence, there are [14] exactly ten

flat (i.e., locally isometric to E3) compact manifolds: the
quotients T3/F of 3-torus by F, where F ' SL(3,Z) is the

cyclic group of order 1,2,3,4,6 or Z2 9 Z2. There is exactly

one orientable manifold for each such F and two non-ori-
entable ones with F = Z2 and two with Z2 9 Z2. Nine of

the ten flat spaces can be obtained as torus T2 or Klein
bottle K2 bundles over the circle S1. The direct products

T2 9 S1 = T3 and non-orientable one K2 9 S1 are among

them. The other seven bundles are twisted products. It will
be interesting to find out to which of six above oriented flat

manifolds relates each of 84 ? 37 obtained FK space ful-

lerenes. Moreover, is a space fullerene can come from one
of 4 above non-oriented manifolds?

Finally, a new challenge to practical crystallography and

chemistry is to check the existence of physical compounds
having one of new geometrical structures.

Invariants and statistics for obtained structures

Especially important among 27 known physical FK struc-
tures are space fullerenes A15, C15 and Z. They correspond

to clathrate hydrates of type I, II and IV. Their fraction
sequences (4-vectors x = (x20, x24, x26, x28) representing
proportion of four FK fullerenes in the fundamental

domain) are tA15 = (1, 3, 0, 0), tC15 = (2, 0, 0, 1), and

tZ = (3, 2, 2, 0). Clearly, any 4-vector x is a linear com-
bination a0t120 þ a1tA15 þ a2tZ þ a3tC15, where t120 = (1,

0, 0, 0). In these terms, long-standing conjecture, Yar-
molyuk–Kripyakevich rule ([15, 16], for example) means
that a0 should be 0. We obtained in [8] the first (five)

counterexamples to this conjecture. One of them (Nr. 58 of

Table 3 and Fig. 7 in [8]) is presented as structure odk in
[6]. The present computation produced six new counte-

rexamples; see Table 4 and Fig. 8. Note that structures 2, 3

(as well as of structures 5, 6), given in this Table, differ
only by their group.

The major skeleton Maj Fð Þ of a space fullerene F is a

graph with the vertices being all non-dodecahedral tiles of
F and an edge between vertices if the corresponding cells

share a 6-gonal face. Major skeletons are given in the last

column of our Tables as partial fractions (x24; x26; x28) of
the connected components, together with the number of

components of this type if finite. If a Z is put as prefix, then

there exists a translation vector t of the space group, such
that all translations give distinct components of the major

skeleton. If a Z/pZ is put as prefix, then there is a translation

of vector t of the space group such that the translations by

0; t; . . .; ðp# 1Þt are all distinct but the translation under pt
is a symmetry of this component of the major skeleton.

Contrary to the situation with all known physical FK

structures and to implicit hypothesis in [2, 3], we found

examples of different structures with isomorphic major
skeletons, whenever the reduced fundamental domain

contains N = 19, 20 or 21 cells and the fraction sequence is

not among known physical ones. In the Table 3 of [8],
structures 3, 4 with fraction (11, 2, 2, 4), differ only by

their cell orbits. Structures 19, 21, 24–26 with fraction (10,
4, 4, 2), as well as 41–45 with fraction (10, 5, 2, 3), have

the same major skeletons. Structures 25, 26, as well as 44,

45 have all six invariants of the table the same. Similar
examples appear in Table 2 of 26 structure of the present

study. Structures 19, 21 differ only by the group, while 6, 9

differ only by their major skeleton. Structures 7, 8 (as well
as 15, 16) have all six invariants of the table the same.

The average coordination number !f of a space fullerene

is the mean number of faces per cell in its fundamental
domain. Clearly,

12\!f ¼ 12x20 þ 14x24 þ 15x26 þ 16x28

x20 þ x24 þ x26 þ x28
\16 ð1Þ

for any FK space fullerene. Clearly also, Yarmolyuk–
Kripyakevich rule, when it holds, implies 6x20-2x24-

7x26-12x28 = 0 and so, 13:ð3Þ( !f ( 13:5 with equalities

on left and right side for and only for Laves structures
(having fraction sequence (2, 0, 0, 1)) and A15,

respectively.

33 among 37 obtained new structures have the same
!f ¼ 94

7 ) 13:428, as FK space fullerene Z with fraction

sequence (3, 2, 2, 0). Five of them are, moreover, Z-like,
i.e., have the same fraction; cf. Table 3. But in Table 4,

structure 1 has !f ¼ 13:ð3Þ, i.e., it is the first, other than

Laves structures, FK space fullerene with this minimal !f .
Structures 4–6 of Table 4 with fraction sequence (5, 10, 6,

0) have !f ¼ 290
21 ) 13;810. So, the problem is to find the

maximal and minimal !f over all FK space fullerenes vio-
lating Yarmolyuk–Kripyakevich rule.

It is also interesting to find minimal !f over all (not only

FK) space fullerenes; such structures could be energetically
competitive with diamond. As now, the best is the DS

space fullerene with !f ¼ 13:2.

Note that for all 27 known physical structures and (84-
13) ? 37 = 108 new structures found by us, it holds.

x20* max 1;
1

3
x24;

5

6
x26; 2x28

! "
: ð2Þ

In fact, x20 ¼ 5
6 x26 holds only for the structures 4–6 in

Table 4.

So, one expect to have relatively many dodecahedra in

the fundamental domain of a space fullerene. Several other
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conjectures seems likely: one that any fullerene is realized

as a cell in a space fullerene. Another one is existence of a
sequence of F24’s giving a cycle in the major skeleton of

some space fullerene; this is excluded in [2, 3] but we see

no reason for their non-existence.
Any space fullerene contains at least two types of cells,

because otherwise existed a regular E3-tiling by some

fullerene with tetrahedral vertex-stars. But such S3-tiling by
dodecahedra exists: it is the regular 4-polytope 120-cell.

We expect that dodecahedra are always among tiles of any

space fullerene. Maybe techniques from Diagram Geome-
try (as in [17]) could help to prove it. Non-simple normal

face-to-face E3-tilings by dodecahedra exist; cf. [18].

Enumeration and partial, say, classification of space
fullerenes having only two type of cells, one of them

Dodecahedron, requires new techniques. For example, are

such structures with cells F26 are possible? Is A15 unique
such structure with fraction (1, 3, 0, 0)?

Table 2 FK space fullerenes with 21 cells in the reduced fundamental domain, with new fraction sequence respecting Yarmolyuk–Kripyakevich
rule

No. Group f.d. f Fraction Cell orbits Major skeleton

1 Pmc21 42 13.428 (9, 7, 4, 1) (182
5
,4

2, 142
5
,4, 82

4, 22) 2(3, 4, 1), 2Z2(2, 0, 0), Z2(4, 0, 0)

2 Pmc21 42 13.428 (9, 7, 4, 1) (182
5
,4

2, 142
5
,4, 82

4, 22) (10, 8, 2), 2Z2(2, 0, 0)

3 P64 63 13.428 (9, 7, 4, 1) (273
3
,6

3, 213
3
,6

2, 123
2
,6, 33) (15, 6, 3), 3Z(0, 2, 0), 3Z2(2, 0, 0)

4 Amm2 42 9 2 13.428 (9, 7, 4, 1) (364
3
,8

3, 284,8
3, 164

4, 44) (2, 8, 2), 6Z2(2, 0, 0)

5 Cmm2 42 9 2 13.428 (9, 7, 4, 1) (364,8
4, 284,8

3, 164
2
,8, 44) Z(0, 4, 0), Z/2Z(10, 4, 2), 2Z2(2, 0, 0)

6 Cmc21 84 9 2 13.428 (9, 7, 4, 1) (7216
2
,8

5, 5616,8
5, 328

4, 88) 2(10, 4, 2), 2Z(0, 4, 0), 4Z2(2, 0, 0)

7 Cmc21 84 9 2 13.428 (9, 7, 4, 1) (7216,8
7, 5616

2
,8

3, 328
4, 88) (12, 16, 4), 8Z2(2, 0, 0)

8 Cmc21 84 9 2 13.428 (9, 7, 4, 1) (7216,8
7, 5616

2
,8

3, 328
4, 88) (12, 16, 4), 8Z2(2, 0, 0)

9 Cmc21 84 9 2 13.428 (9, 7, 4, 1) (7216
2
,8

5, 5616,8
5, 328

4, 88) Z/3Z(20, 16, 4), 4Z2(2, 0, 0)

10 P12/m1 21 13.428 (9, 8, 2, 2) (91
3
,2,4, 82

4, 22, 22) Z/3Z(6, 2, 2), Z2(2, 0, 0)

11 Pnnm 42 13.428 (9, 8, 2, 2) (182,4
2
,8, 164

4, 44, 44) Z/3Z(12, 4, 4), 2Z2(2, 0, 0)

12 Pmma 42 13.428 (9, 8, 2, 2) (182
3
,4,8, 164

4, 44, 44) Z/3Z(12, 4, 4), 2Z2(2, 0, 0)

13 Pmmn 42 13.428 (9, 8, 2, 2) (182
3
,4

3, 164
4, 44, 44) (4, 4, 4), 2Z2(2, 0, 0), 2Z2(4, 0, 0)

14 Pmn21 42 13.428 (9, 8, 2, 2) (182
7
,4, 162

4
,4

2, 42
2, 42

2) (8, 4, 4), 4Z2(2, 0, 0)

15 Pmc21 42 13.428 (9, 8, 2, 2) (182
5
,4

2, 162
6
,4, 42

2, 42
2) 2(4, 2, 2), 2Z2(2, 0, 0), Z2(4, 0, 0)

16 Pmc21 42 13.428 (9, 8, 2, 2) (182
5
,4

2, 162
6
,4, 42

2, 42
2) 2(4, 2, 2), 2Z2(2, 0, 0), Z2(4, 0, 0)

17 P3121 63 13.428 (9, 8, 2, 2) (273,6
4, 246

4, 66, 66) (12, 6, 6), 6Z2(2,0,0)

18 Cmmm 42 9 2 13.428 (9, 8, 2, 2) (3616,4,8
2, 3216,8

2, 88, 88) (4, 4, 4), 6Z2(2,0,0)

19 C2/m 42 9 2 13.428 (9, 8, 2, 2) (3616,4,8
2, 328

4, 88, 88) Z/3Z(12, 4, 4), 2Z2(2, 0, 0)

20 C2/m 42 9 2 13.428 (9, 8, 2, 2) (364,8
4, 3216,8

2, 88, 88) (8, 4, 4), 4Z2(2, 0, 0)

21 Imm2 42 9 2 13.428 (9, 8, 2, 2) (3616,4,8
2, 328

4, 88, 88) Z/3Z(12, 4, 4), 2Z2(2, 0, 0)

22 P6122 126 13.428 (9, 8, 2, 2) (5412
3
,6

3, 4812
4, 1212, 1212) (24, 12, 12), 12Z2(2, 0, 0)

23 Cmca 84 9 2 13.428 (9, 8, 2, 2) (7216
2
,32,8, 6416

4, 1616, 1616) Z/3Z(24, 8, 8), 4Z2(2, 0, 0)

24 Cmca 84 9 2 13.428 (9, 8, 2, 2) (7216
4
,8, 6416

2
,32, 1616, 1616) (16, 8, 8), 8Z2(2, 0, 0)

25 Cmc21 84 9 2 13.428 (9, 8, 2, 2) (7216,8
7, 6416

2
,8

4, 168
2, 168

2) (16, 8, 8), 8Z2(2, 0, 0)

26 Cmc21 84 9 2 13.428 (9, 8, 2, 2) (7216
2
,8

5, 6416,8
6, 168

2, 168
2) (24, 8, 8), 4Z2(2, 0, 0)

For each such FK space fullerene we give the space group, the number of cells in a fundamental domain, the average coordination number, the
fraction sequence, the partition of cells into orbits and a description of the major skeleton

Table 3 FK space fullerenes with 21 cells in the reduced fundamental domain, with physical fraction sequence (of Z)

No. Group f.d. f Fraction Cell orbits Major skeleton

1 Pmmn 42 13.428 (3, 2, 2, 0) (182,4
2
,8, 122

2
,4

2, 122
4
,4, 0) Z(0, 4, 0), 2Z(2, 4, 0), 2Z2(4, 0, 0)

2 P21212 42 13.428 (3, 2, 2, 0) (182,4
4, 122

2
,4

2, 122
4
,4

2, 0) Z(0, 4, 0), 2Z/2Z(6, 4, 0)

3 C2/m 42 9 2 13.428 (3, 2, 2, 0) (3616,4,8
2, 248

3, 248
3, 0) 2Z(2, 4, 0), Z(8, 4, 0)

4 Cmca 84 9 2 13.428 (3, 2, 2, 0) (7216
2
,32,8, 4816

3, 4816
3, 0) 2Z(12, 12, 0)

5 Cmcm 84 9 2 13.428 (3, 2, 2, 0) (7216,32,8
3, 4816,8

4, 4816
2
,8

2, 0) 4Z(0, 4, 0), 2Z(8, 4, 0), 2Z2(4, 0, 0)

For each such FK space fullerene we give the space group, the number of cells in a fundamental domain, the average coordination number, the
fraction sequence, the partition of cells into orbits and a description of the major skeleton
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Zigzag structure of space fullerenes

If we have a cell-complex C of dimension 3, then a flag is a

list f = (F0, F1, F2, F3) with F0 being a vertex, F1 an edge,

F2 a face, F3 a cell and F0 , F1 , F2 , F3.

A flag operator ri is an operation that sends a flag f to
the unique flag ri(f) that differs from f in position i. The

moving operator m is the composition operator defined by.

mðf Þ ¼ r0ðr1ðr2ðr3ðf ÞÞÞÞ: ð3Þ

A zigzag is a finite or infinite sequence ðfiÞi2I of flags,

such that fi?1 = m(fi); if the zigzag is finite of length N,
then I = {1, …, N} and i ? 1 is interpreted modulo N. So,

if I is infinite, then necessarily I = Z. The notion of zigzag

was introduced in a chemical setting in [19] and the above
formalism is exposed in [20].

In the case of space fullerenes, we have an adequate cell

complex on which to build zigzags. Let us denote by
L = Zt1 ? Zt2?Zt3 the crystallographic translation group.

Up to L, there is only a finite number of flags; so, if we start

from a given flag f0 and apply the operator m, then we get a
sequence of flags f1, …, fl-1 with l [ 0 and then

fl = f0 ? t with t being some translation vector in L. It

may happen that t = 0, in which case the zigzag is finite.
We do not know a single case of this phenomenon but we

have no reason to believe that it does not occur. Hence, to

the set of zigzags z1, …, zM we associate the number l,
which is a kind of length under periodicity and vector t.
We write a zigzag vector lm1

1 ; lm2

2 ; . . .; lmr
r , which indicates

that there are mi zigzags of length li. We list the zigzag

vectors in Tables 5, 6,7, 8, 9 and 10.

Table 4 FK space fullerenes with 21 cells in the reduced fundamental domain, with fraction sequence breaking Yarmolyuk–Kripyakevich rule

No. Group f.d. f Fraction Cell orbits Major skeleton

1 P63/mcm 42 13.333 (10, 8, 0, 3) (2012,2,6, 162,4, 0, 66) Z/3Z(12, 0, 6), 2Z2(2, 0, 0)

2 P41212 84 13.428 (11, 4, 2, 4) (444,8
5, 168

2, 88, 168
2) 4Z(4, 2, 4)

3 P43212 84 13.428 (11, 4, 2, 4) (444,8
5, 168

2, 88, 168
2) 4Z(4, 2, 4)

4 P42/m 42 13.810 (5, 10, 6, 0) (102,8, 204
3
8, 124,8, 0) 4Z(1, 2, 0), 2Z2(2, 0, 0), 2Z2(6, 2, 0)

5 P43 84 13.810 (5, 10, 6, 0) (204
5, 404

10, 244
6, 0) 8Z(1, 2, 0), 4Z2(2, 0, 0), 4Z2(6, 2, 0)

6 P41 84 13.810 (5, 10, 6, 0) (204
5, 404

10, 244
6, 0) 8Z(1, 2, 0), 4Z2(2, 0, 0), 4Z2(6, 2, 0)

For each such FK space fullerene we give the space group, the number of cells in a fundamental domain, the average coordination number, the
fraction sequence, the partition of cells into orbits and a description of the major skeleton

Table 5 Zigzag vectors of physical space fullerenes from Table 1 of
[8]

No. Phase Zigzag vector

1 C14 1112, 3014, 1322

2 C15 86, 3012

3 C36 3024, 634, 842, 2462

4 6-layers 3036, 962, 1174, 3542

5 8-layers 3048, 1264, 1606, 1802

6 9-layers 3018, 1322, 2102

7 10-layers 3060, 526, 1982, 3934

8 Mg4Zn7 194,3018, 1092, 1612, 12942

9 X 1912,3024, 338, 4574, 5004

10 T 278,3512,7312, 7412, 1868, 2048

11 C 1116,3012, 932,1822,3092

12 K7Cs6 3024,2162,3122

13 pr 1112,144,3012, 3074

14 l 116,196,3012, 1742

15 M 118,3016, 1208,2538

16 R 1124,1052,2716,7622

17 K 1119, 14, 16, 27, 332,35, 46, 62, 87,
195, 275, 281, 2932, 353, 677, 839

18 Z 812,1112,306,362

19 P 118,308,368,4038

20 d 1120, 168, 198, 278, 334, 524,
2622, 2924, 5462

21 m 274, 308, 3618, 494, 708, 7412,
924, 1724, 1842, 1882, 3222, 3254

22 Jcomp 812, 194, 304, 368, 1122, 1774

23 Fcomp 1924,3614, 906, 1006, 1802, 1982, 3602

24 Kcomp 1912, 274, 3622, 824, 1174, 1222, 1342,
1642, 2022, 3442, 3502, 5422

25 Hcomp 88, 114, 302, 366, 3242

26 r 118, 198, 368, 828, 2204

27 A15 812, 308, 366

Table 6 Zigzag vectors of space fullerenes from Table 2 of [8]

No. Zigzag vector

1 88, 118, 3010, 362, 1822

2 1120, 304, 364, 1044, 2194

3 810, 1116, 308, 334, 1662

4 816, 1116, 142, 164, 224, 308, 964, 4062

5 118, 164, 308, 364, 2922, 4002

6 88, 114, 198, 224, 278, 304, 334, 364

7 812, 1110, 196, 276, 332, 632, 662, 2482, 3092

8 82, 114, 194, 224, 274, 3012, 334, 364, 574, 704, 2222

9 118, 274, 304, 334, 364, 2362, 4282

10 816, 114, 142, 198, 278, 334, 462, 494, 6862, 7402

11 812, 304, 368, 798, 1882
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This new invariant, zigzag vector, looks to be very
sensitive: all space fullerenes, known from now, have it

different. The simplest zigzag vectors, (86, 3012), (3024,

Table 7 Zigzag vectors of space fullerenes from Table 3 of [8]

No. Zigzag vector

1 168, 198,3012, 468, 604,3364

2 196, 3018, 336, 2222

3 3036, 962, 1022, 1502,4082

4 3036, 1322, 6242

5 812, 3010, 362, 924,1154

6 118,304, 362, 1182,1562, 2342

7 168, 308, 364, 524, 604, 4084

8 1116, 3010, 364, 1062, 3282, 5522

9 276, 3018, 576, 1262

10 1912, 306, 333, 523, 713, 237, 279, 633, 696,1167

11 198,2 44, 308, 364, 902, 2674, 3562

12 1112, 194, 3018, 334, 1922, 3324

13 820,3016, 364, 522,878, 1504

14 812, 3012, 338, 364,2522

15 1114, 306, 362, 384, 932, 3122

16 3036, 1022, 1174, 4922

17 812, 308, 364, 4442

18 84, 118, 3010, 474, 1144, 1522

19 118, 3012, 364, 414, 742, 1004,1402,1448

20 88, 224, 3024, 334, 844, 1264, 2234

21 118, 3016, 364, 524, 904, 3644

22 118, 192, 274, 308, 338, 362, 412, 462, 624, 682

23 118, 144, 3012, 418, 4764

24 1116, 244, 308, 364, 902, 934, 1342, 1374, 1784

25 118, 228, 308, 364, 384, 4844

26 1116, 3010, 364, 714, 9162

27 3024, 3242

28 812, 1112, 3024, 78, 847, 1142, 1226, 1624, 168, 2383

29 1112, 146, 573, 843, 99, 108, 141, 276, 378, 4033, 618, 636

30 84, 114, 144, 194, 274, 308, 844, 2382

31 168, 198, 304, 368, 604,1374,3154

32 1120,304, 368, 4022, 6522

33 114, 142, 244, 278, 308, 334, 364, 464, 902, 1114, 2574

34 86, 114, 304, 362, 1302, 2042, 2082

35 812, 3012, 364, 1944, 2262,4542

36 114, 164, 194, 3010, 368, 1034, 1684, 4402

37 168, 278, 308, 364, 604, 2002, 6842

38 82,114, 224, 3020, 334, 2564, 4162

39 8, 116, 132, 194, 274, 3013, 332, 384, 472, 802, 1062, 1742,228,
230, 2862

40 812, 198, 308, 334, 364, 684, 1662

41 114,142, 194, 308, 334, 364, 384, 414, 494, 654, 1154, 4202

42 82, 118, 194,3016, 364, 522, 954, 3624

43 118, 194, 308, 334, 364, 414, 684, 734, 1264, 2064

44 86, 114, 194, 274,3012, 364, 684, 8422

45 82, 114, 308, 334, 364, 384, 524, 684, 7642

46 820, 3012, 368, 522, 1778

47 810, 118, 308, 464, 642, 1084, 5882

Table 7 continued

No. Zigzag vector

48 820, 3012, 368, 1178, 2922

49 810,1112, 142, 224, 634, 64, 682, 1882, 200,3182, 336

50 88, 1112, 304, 362, 802, 2062

51 88, 308, 364, 3582, 3782

52 118, 164, 304, 368, 1002, 1154, 3502

53 820, 308, 3612, 682, 1882, 5642

54 820, 308, 3612, 522, 3242, 4442

55 516, 3048, 522, 3264, 6002

56 820, 304, 3616, 468, 6962

57 58, 3024, 524, 968, 1184

58 58, 3016, 338, 588

59 58, 118, 198, 3016, 338, 584, 724, 2384

60 524, 3042, 846, 96, 983, 102, 1316, 1943

Table 8 Zigzag vectors of space fullerenes from Table 2

No. Zigzag vector

1 114, 164, 194, 308, 334, 368, 384, 464, 3022, 5482

2 164, 224, 308, 364, 5864

3 812, 1112, 3018, 366, 526, 84, 906, 1202, 3343, 3863

4 824, 3012, 338, 3612, 384, 544, 604, 664, 1900

5 164, 198, 224, 3012, 364, 1042, 1802,3764

6 118, 3016, 338, 368, 418, 544, 684, 9564

7 1116, 308, 338, 3616, 388, 418, 1118, 1264, 1624,1784, 2804

8 84,1124, 3016, 3616, 384, 444, 5412, 1238, 1328, 3484

9 1116, 3016, 368, 444, 1204,1364,1804, 3628

10 86, 224, 308, 334, 362, 1502, 2802

11 812, 3024, 338, 364, 524, 3624

12 812, 3016, 338, 364, 714, 782, 842,1618

13 168, 198, 308, 3612, 714, 4114

14 82,114, 304, 368, 384, 604, 764, 2514, 3562

15 114, 164, 3010, 368, 2244, 6442

16 114,164, 308, 334, 368, 984, 4304

17 812,1112, 3012, 3612, 9012, 387, 537, 573, 723

18 824, 3016, 3612, 608, 3244

19 168, 228,308, 364, 5484

20 164, 194, 224, 308, 368, 1584,1804, 1934

21 812, 2712, 3016, 3320, 364, 384, 524, 2044

22 824, 1124, 3024, 3624, 84, 872, 9024, 962, 1082, 126, 1976, 4982,
732, 738

23 1616, 2216, 244, 3032, 368, 2268, 5004

24 168, 228, 3016, 3616, 738, 1068, 1808, 1918

25 1116, 308, 3616, 388, 418, 444, 1364, 4278

26 144, 278, 3016, 368, 384, 548, 908, 1164, 7384
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3242) and (1112, 3018), (3020, 1606) have C15, structure 27

from Table 7 and non-FK space fullerenes DS and odf. The
most complicated zigzag vector, 136 zigzags of 14 differ-

ent sizes, have structure 22 from Table 10.

Crystallographic realizability and perfect matching

considerations

A perfect matching (or Kekulé structure, in chemical terms)

in a graph G is a set of edges E such that every vertex belong

to exactly one edge of E. Perfect matchings are a classical
tool used to evaluate the chemical realizability of a fuller-

ene graph G [21]. They might be of interest for space ful-

lerenes also but we have to qualify how they could be used.
First of all, the skeleton Skel Fð Þ of a space fullerene F is

the graph with vertices being the cells of F with two cells

being adjacent if they share a face; cf. major skeleton above.
IfF is periodic over three non-coplanar directions t1, t2 and

t3 defining a lattice L, then we can consider the number of

perfect matchings of the quotient Skel(F)/L. Let us assume
for simplicity, that Skel Fð Þ/L has an even number of ver-

tices. Then it is likely that for any sublattice L0 of L of

index d the number nper f (F , L0) of perfect matchings of
Skel Fð Þ/L0 is asymptotic to.

ad ð4Þ

for some constant a. Since the number of perfect matchings

of a graph with t vertices of degree at most k is bounded by
kt, we have the inequality a B k0, where k0 is the maximal

number of faces over all cells. The skeleton of the dual

tessellation, or, in other words, dual skeleton is a 4-regular
graph and one may expect the same asymptotic behavior

Table 9 Zigzag vectors of space fullerenes from Table 3

No. Zigzag vector

1 168, 3012, 368, 818, 1364, 2284

2 84, 112, 1910, 272, 332, 522, 662, 1372, 2202, 3172, 4662

3 1612, 2212, 3012, 658, 834, 1444, 1594

4 1624, 2232, 3024, 808, 1808, 2348

5 168, 3024, 368, 608, 1248, 1828, 2128

Table 10 Zigzag vectors of space fullerenes from Table 4

No. Zigzag vector

1 3024, 364, 4112, 1922, 5582

2 516, 3072, 742, 774, 1124, 5022, 8062

3 516, 3072, 1344, 3 064, 44 04

4 512, 88, 158, 234, 364, 704, 814, 1034, 1214, 2494

5 524, 816, 1516, 238, 368, 582, 68, 708, 818, 152, 324, 4342, 4444,
480

6 524, 816, 1516, 238, 368, 708, 818, 1962, 3754, 440, 4462, 560

Fig. 3 The four octahedrites
with isolated 4-gons

Fig. 4 Three of 28 uniform
E3-tilings: perovskite structure
and two space cubites
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Fig. 5 FK space fullerenes with
21 cells in the reduced
fundamental domain, with new
fraction sequence respecting
Yarmolyuk–Kripyakevich rule
(first part)
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with a constant a B 4. Another possible construction is the

medial graph construction Med Fð Þ where vertices of Med
Fð Þ are edges of F with two edges being adjacent if they

have a common vertex and are contained in a common

face. A perfect matching in Med Fð Þ corresponds to an

assignment of hydrogen bonds in a clathrate structure; so,

the enumeration of perfect matchings of Med Fð Þ/L gives
the number of L-periodic assignments of hydrogen bonds.

Fig. 6 Space fullerenes with 21 cells in the reduced fundamental domain, with new fraction respecting Yarmolyuk–Kripyakevich rule
(second part)

Fig. 7 FK space fullerenes with 21 cells in the reduced fundamental domain, with physical fraction sequence (of Z)
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Again, we can expect the same asymptotic behavior with

a B 6 since Med Fð Þ is 6-regular.

We designed a very fast program for enumerating per-
fect matchings under symmetry. As a consequence, we can

derive in 0.01 s the 158 orbits of perfect matchings of

Buckminsterfullerene F60(Ih) [22]. Unfortunately, we
found out that the program cannot be applied to the space

fullerene case, because the number of perfect matchings is

extremely high even for simple structures. A more realistic
study would have been to study numerically the crystal-

lographic realizability of the structures, but again there are
so many possibilities for choosing atoms for each cells, that

an exhaustive search is infeasible.

Space octahedrites and cubites

Similarly to fullerenes, an octahedrite OCn is a polyhedron

with n, all of degree 4, vertices and only 3-gonal and

4-gonal faces. So, p3 = 8 and p4 = n – 6 for the number of
faces. OCn exist for all n C 6, except 7. The FK octahe-
drites are all (four) octahedrites with isolated 4-gons:
Octahedron (APrism3), APrism4, doubled APrism3 and

cuboctahedron (Fig. 3).

A space octahedrite is a normal face-to-face 6-regular
(moreover, with octahedral vertex-stars) partition of E3 by

octahedrites. A FK space octahedrite is a such 3-periodic

partition by FK octahedrites only. The only known
3-periodic space octahedrite is the FK one, which is such

tiling by octahedron and cuboctahedron only, in proportion

1:1, representing physical crystal perovskite structure (see
Fig. 4). It is an analog of prominent physical FK space

fullerenes, Laves structures, which are similar E3-tilings by

smallest and largest FK fullerene only. It is one of 28

uniform (vertex-transitive and with Archimedean tiles)

E3-tilings and the Delaunay tiling of J-complex (mineral
perovskite structure).

The fraction sequence (x6, x8, x9, x12) of a given FK

space octahedrite is the 4-vector representing the propor-
tion (x6:x8:x9:x12) of 6-, 8-, 9- and 12-vertex FK octahe-

drites in its fundamental domain. The average coordination
number of such space octahedrite is the number (Figs. 5, 6,
7, 8).

!f ¼ 8x6 þ ð8x8 þ 2x8Þ þ ð8x9 þ 3x9Þ þ ð8x12 þ 6x12Þ
x6 þ x8 þ x9 þ x12

:

ð5Þ

Clearly, 8\!f \14 since extremal fraction sequences
(1, 0, 0, 0) and (0, 0, 0, 1) are impossible. The perovskite

structure has the fraction sequence (1, 0, 0, 1) and so,

its !f is 11 ¼ 8þ14
2 .

The major skeleton of a space octahedrite is the graph
having as vertices all non-octahedral tiles, two of them

being connected by an edge if they are adjacent on a

4-gonal face. The major skeleton of the perovskite is the
graph Z3.

The general chemical formula for perovskite compounds

is ABX3 where A and B are two cations (the A-atoms are
larger), and X is an anion that bonds to both. The most

abundant solid phase in the Earth, is such distorted struc-

ture of magnesium silicate MgSiO3.
Analogic space cubites are normal face-to-face, with

bipyramidal stars, tilings of E3 by cubites, i.e. 3-regular
polyhedra with only 4- and 6-gonal faces. FK space cubites
are such 3-periodic tilings by Cube (Prism4) and Prism6

only (any other cubite has adjacent 6-gons). Examples are
such 6- and 5-regular tilings by Cube and by Prism6:

Voronoi tilings of lattices Z3 and A2 9 Z with stars Prism +
4

Fig. 8 FK space fullerenes with 21 cells in the reduced fundamental domain, with fraction sequence breaking Yarmolyuk–Kripyakevich rule
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(octahedron) and Prism +
3, respectively. They are uniform

E3-tilings.
Examples of non-Euclidean analogs of space fullerenes,

octahedrites and cubites are tilings of 3-sphere S3 by

Dodecahedron (120-cell), by Octahedron (24-cell) and of
hyperbolic 3-space H3 by F24 (Löbell space).

Acknowledgments First author has been supported by the Croatian
Ministry of Science, Education and Sport under contract
098-0982705-2707. Computational facilities were provided by
ACEnet, the regional high performance computing consortium for
universities in Atlantic Canada. ACEnet is funded by the Canada
Foundation for Innovation (CFI), the Atlantic Canada Opportunities
Agency (ACOA), and the provinces of Newfoundland and Labrador,
Nova Scotia, and New Brunswick.

References

1. Fowler PW, Manolopoulos DE (1995) An atlas of fullerenes.
Oxford University Press, Oxford

2. Frank FC, Kasper JS (1958) Acta Crystallogr 11:184–190
3. Frank FC, Kasper JS (1959) Acta Crystallogr 12:483–499
4. Deza M, Shtogrin MI (1999) Southeast Asian Bull Math 23:9–18
5. Deza M, Shtogrin MI (2009) Russ Math Surv 64:139–141

6. Delgado-Friedrichs O, O’Keeffe M (2010) Acta Crystallogr A
66:637–639

7. Weaire D, Phelan R (1994) Philos Mag Lett 69:107–110
8. Dutour Sikiric M, Delgado-Friedrichs O, Deza M (2010) Acta

Crystallogr A 66:602–615
9. Brinkmann G (2000) Discret Math Theor Comput Sci 51:25–38

10. Brinkmann G, McKay BD (2007) MATCH Commun Math
Comput Chem 58:323–357

11. Coolsaet K, Degraer J (2008) Electron J Comb 15:R30
12. Bessieres L, Besson G, Boileau M, Maillot S, Porti J (2010) Geo-

metrisation of 3-manifolds. In: EMS tracts in mathematics, vol 13
13. Hasheminezhad M, Fleischner H, McKay BD (2008) Chem Phys

Lett 464:118–121
14. Wolf JA (1967) Spaces of constant curvature. McGraw-Hill

Series in Higher Math. McGraw-Hill,NY
15. Yarmolyuk YP, Kripyakevich PI (1974) Sov Phys Crystallogr

19:334–337
16. Shoemaker DP, Shoemaker CB (1986) Acta Crystallogr B 42:3–11
17. Pasini A (2001) Discret Math 238:115–130
18. Schulte E (2011) Combinatorial Space Tiling 22(3–4):477–491
19. Deza M, Dutour M, Fowler P (2004) J Chem Inf Comp Sci

44:1282–1293
20. Deza M, Dutour Sikiric M (2005) Southeast Asian Bull Math

29:301–320
21. Doslic T (2008) J Math Chem 44:1–4
22. Vukicevic D, Kroto HW, Randic M (2005) Croat Chem Acta

78:223–234

Struct Chem

123


