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Two connections between fullerene structures and alternating knots are established. Knots may appear in
two ways: fromzigzagsi.e., circuits (possibly self-intersecting) of edges running alternately left and right

at successive vertices, and fraailroads, i.e., circuits (possibly self-intersecting) of edge-sharing hexagonal
faces, such that the shared edges occur in opposite pairknét fullerene has only a single zigzag, doubly
covering all edges: in the range investigatads(74) examples are found fors&and all G, with n = 38,

all chiral, belonging to group&€,, Cy,, Cs, D3, or Ds. An r-knot fullerene has a railroad corresponding to the
projection of a nontrivial knot: examples are found fag, @refoil), Cs4 (figure-of-eight or Flemish knot),

and, with isolated pentagons, a§CCios Cios, Ci12, Ci14 Statistics on the occurrence pknots and of
z-vectors of various kindsz-uniform, z-transitive, andz-balanced, are presented for trivalent polyhedra,
general fullerenes, and isolated-pentagon fullerenes, along with examples with self-intersecting railroads
andr-knots. In a subset afknot fullerenes, so-called minimal knots, the unique zigzag defines a specific
Kekulestructure in which double bonds lie on lines of longitude and single bonds on lines of latitude of the
approximate sphere defined by the polyhedron vertices.

1. INTRODUCTION nomenclature, is to label isomers of thg fdllerenen:m
wherem is the place of the isomer in the lexicographical
order of spiral codes for the set of general or isolated-
pentagon fullerenes.

The present paper is concerned with a third structural
property, thezigzagvectorz, which carries information about
the edgesof the polyhedron and makes finer distinctions
within sets of isomeric polyhedra. This vector can provide
an overwhelming amount of detail for general polyhedra,

) ) and we intend here only to identify some basic notions and
2(6 Ny =12 2(6 e =12, use them as a framework for the study of the zigzag vectors
' ' of fullerenes. In particular, we discuss two connections

2(4 — N +p)=8 (1) betweerfullerenezigzag vectors anénots
' Knots appear for fullerenes in at least two ways. First, in
what may be considered the simplest case of zigzag structure,
when a given fullerene has onlysinglezigzag circuit, the
Schlegel diagram of the fullerene yieldspeojection of a
knot It will be shown that some (minimal) knots then define
a unique Kekulestructure (perfect matching) on the corre-
sponding fullerene, thus establishing an unexpected connec-
tion between mathematical knots and the electronic structure
of fullerenes as chemical entities.

Second, among fullerenes wittmore than onezigzag
circuit, some exhibit a pairing of zigzag circuits in which
two parallel (i.e. nonintersecting, concentric) circuits of edges
bound a circuit of hexagonal faces, ‘@imple railroad”.

The concept can be extended to include self-intersecting
ilroads. Simple and (doubly) self-intersecting railroads are

associated with projections of alternating knots defined by

the adjacencies of the hexagonal faces. Simple railroads give

* Corresponding author phone: 44 1392 263 466; fax: 44 1392 263 & point of departure for cyIindri<_:aI expansion of fullerenes
434; e-mail: P.W. Fowler@ex.ac.uk. and a formal route to construction of capped nanotubes.

Two structural vectors which play important roles in the
classification of polyhedra are the vertex-degree vecter
{vs, v4, ..} and the face-size vectpr= {ps, ps, ..}, Where
vy andp; are the numbers of vertices of degreand faces
of size r, respectively. Euler's theorem gives necessary
conditions for realizability of a giverv, p pair (the Eberhard
problen?). Entries inv and p satisfy

Sufficient conditions are known for various classes of
polyhedraz—* Alternative formulations of the third require-
ment are sometimes seen.

Some polyhedra of particular interest in carbon chemistry
are the fullerenes, (Zwhich are trivalent{z = n, v, = 0,
otherwise), have only pentagonal and hexagonal fagges (
= 12, ps = n/2 — 10, p = 0, otherwise), and are
mathematically realizable for ah = 20 + 2ps with the
exception ofps = 1. Isomeric fullerenes share- and
p-vectors but differ in the arrangement of their 12 pentagonal
faces. A number of fullerene polyhedra with vertex counts
in the range of 60 te-100, all with disjoint pentagonal faces
(isolated-pentagon fullerenes, in the chemical terminology),
have been characterized as all-carbon molecular cages. Whe
n is of moderate size, a useful notation, taken up in IUPAC
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We are aware of a previous connection made between @
fullerenes and knots: Jablagives a construction by which z z,
a Kekulestructure on a fullerene or other trivalent graph \\ /

can be associated to a planar 4-valent graph with digons on ﬁ

N

2y
double bonds and hence to a projection of an alternating knot; \
our method is different in that the knots arise from the

structure of the fullerene itself. ®)

The 7i . . 4 /Zz z Z,
e zigzag and railroad structures, even when restricted

to the fullerene class of polyhedra, still give rise to a huge

diversity of cases, and in the present paper we make only

an initial exploration of these two limiting situations, using

computer methods to catalog some of the different possibili-

ties. Computer programs were written, in GAB deal with

the identification and characterization of zigzags and related

e
Ny

structures in trivalent polyhedra, taking point-group sym- ©
metry into account. Zigzag structures were computed sys-
tematically for the trivalent polyhedra (< 24), the general
fullerenes i < 74), isolated-pentagon fullerenas£ 120),
and icosahedral fullerenea & 2000). The required input
information for the computations is the adjacency list and
embedding of the graph on the sphere. For the trivalent
graphs, this was obtained using the plantri progfaand Figure 1. _Self-intersection in zigzags. (a) Definition of edge types.
for the fullerenes it was generated from their face sgirals AroWs with solid ¢1) and empty Z,) heads represent portions of

. . .~ the same zigzag circut = Z;...Z,. If they run in opposite senses
and m_ Iarger cases from general ?XDYESS.IOHS for the Sp'ralsalong an edge where they intersect, that edge is of type I, if in the
of the icosahedral fullerené8Material obtained from these  same sense, the edge is of type Il. (b) Relation between edge types
computer searches is reported in tables and figures throughouin dual mapsZz, Z,, Z,...Z, in the map (right) are converted t6,Z

the paper, as the various concepts are introduced andNd Z2, Z'1...Z2in the dual (left). In the original map, the edge on
discussed which intersection takes place is of type Il, but in the dual its image

is of type I. The length o%;...Z; is not changed; a zigzag vector

The plan of the paper is as follows. Zigzag circuits and entry I, is replaced byle, e, in the dual. (c) Zigzag vectors of a
the associated concept of tlrevector are introduced in  pair of dual polyhedra: the trigonal prism and the trigonal
section 2 Propertes ofreecorare explored  secton VYA, Eah 1.8 Sngle 2zag et covern o s
3 and discussed for the set.of |cqsaheQraI fullerenes in SeCt'O'Hiagra¥n for each pF())thedron by the arrow markings. Edges ma?ked
4. z-knot fullerenes are defined in section 5 as the fullerenes yith an arrowhead at each end are traversed once in each direction,
with exactly one zigzag circuit. Symmetries @fknot those marked with a double arrowhead are traversed twice in the
fullerenes are discussed in section 6, and section 7 goes orsame direction. The-vectors are, respectively, (3§ and (183).
to define the relationship between mininzeknot fullerenes ) ) o ) .
and a specific Kekulstructure. Section 8 defines railroads for extension of a zigzag circuit, and since any two adjacent
of hexagons and shows that these too can lead to an€dges bounding a face define a zigzag, the set of zigzag
association with knots, giving rise to the definitionreftnot circuits gives an exaatouble caer of the edges: any edge
fullerenes. Section 9 concludes the paper with an outlook @Ppears either twice in the same zigzag or once each in two

for the wider application of zigzags to description of the different zigzags.

structural motifs that appear in chemistry. An explicit notation for thez-vector must take into account
the possibility that a given zigzag circuit may intersect with
2. 7ZIGZAG VECTORS itself. If the circuit is equipped with an orientation, the arrows

on an edge where self-intersection (if any) takes place run
In this paper we consider only plane graphs, i.e., graphsin either the oppositetype |) or the same senseaype Il)

that are embedded without crossings in the plane, although(see Figure 1(a)).(In Shank’s classificatio®? these two
in fact the conceptual framework and many of the results types correspond respectively to cocycle and cycle character
extend to graphs embedded in other orientable and non-of left-right circuits.) The pair of numbers, e, that count
orientable surfaces. Thevector describes the structure of the edges of types | and Il is thegnatureof the zigzag.
the zigzag circuits of edges of a graph embedded in a surfaceSimple (i.e. nonself-intersecting) zigzags have signature (0,
A zigzag circuit(zigzag for short) is a cyclically ordered  0).
set of edges in which each consecutive pair has one vertex Thus, thez-vector is a vector that lists, in increasing order
in common and successive edges are chosen by takingof length, the lengths of zigzags, with their signature
alternately leftmost and rightmost edges emanating from theappearing as a subscript and the number of zigzags of that
common vertex. For a planar, three-connected graph embediength (the multiplicity) as a superscript. Simple zigzags are
ded on the sphere, i.e., for a polyhedron, any two, but not listed with the (0, 0) signatures suppressed and are collected
any three, consecutive edges of the circuits belong to theat the beginning of the vector, separated from the self-
same face. This latter statement is taken as the definingintersecting zigzags (if any) by a semicolon. The multiplicity
property of Petrie circuits by Coxet&rCircuits of this type superscript is suppressed when equal to 1.
are variously calletetrig!! left-right,'2 geodesi¢ or zigzag Note that a polyhedro® and its dualP* are related by
circuits. Since for each edge there are two possible directionsinterchanging- andp-vectors and have the same distribution
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Table 1. Zigzag Structure of the Fullerenes @ith n < 40 Vertice$

DEZA ET AL.

n zvectors
20 (10)
24 (12; 602,19
26 (12; 42)
28 (12; 334 409 (12)
30 (1@; 705,10 (220,1, 68,19 (123 545,19
32 (14; 82029 (1434 ) (14% 540,12 (12, 14; 7Qo 19 (12% 3003, 305,0)
(12; 845,19
34 (102739 (12, 14, 48,9 (12; 303 607,9) (142; 745 20) (142, 74719
(33 721219
36 (46,7, 624,19 (16; 22 ,, 484.) (12, 14; 36 4, 461,7) (12, 14; 829,17) (12, 16; 8Qo 9
(12; 3G 5 360.) (14; 942,29 (14% 303 509) (144 26} ) (4605 62,19
(14 3003 50v,9) (14 38,4 (2635, 30.9) (14 262 ) (12, 1#)
38 (16; 982,29 (16% 223 ) (12;102029 (16; 36,4, 6279) (114139
(114929 (14, 16; 84119 (14; 264, 745 179 (114739 (114039
(14; 38,4, 6219 (16; 486 5019 (147, 869,29 (143, 2601, 460,) (122, 14, 621,19
(145 300,9) (147, 58 19
40 (1C; 9020,19 (34,2, 861510 (16; 104519 (12; 525, 563 6) (12; 24,1, 841519
(16% 88729 (2401, 961229 (16°% 22,1, 501 9) (16; 38,4, 6610, (16; 528, 525)
(5044, 70512 (16; 104029 (16; 38 4, 6679) (14; 26,1, 801510 (16; 104229
(142, 16; 760,19 (14; 106639 (14; 106529 (14, 16; 48,,) (122 962119
(16; 38,4, 665 10) (120139 (38,4, 825 20) (260,1, 941029 (14, 16; 9Q4.19
(14, 1064,3) (260,12, 940,29 (142, 2601, 662 19 (143 785,19 (143, 785,19
(1 303, 622,19 (12, 16; 8019 (122,14, 347 ) (14, 16; 76,19 (14, 16; 76,19
(143 78120 (144, 16; 48,4) (14 465 5) (14, 500,10 (305
aFor vertex counn, z-vectors are listed by isomer, in spiral lexicographic ofder.
Table 2. Zigzag Structure of All Isolated-Pentagon Fullerengsa@h n < 84 Vertice$
n zvectors
60 (189
70 (20; 110,29
72 (10824 1081519
74 (20; 42y 5)
76 (20; 56,4, 152 49 (20% 425 )
78 (18; 1980949 (38,1, 196259 (20% 6405, 1301 37) (18 1983949 (423, 6408)
80 (22; 130,30 (22% 98 19 (20, 2Z; 862,15 905,10 (20%, 22% 11412 1) (4201, 905,10, 108 19)
(20% 905 10 1101519 209
82 (20, 22 118,19 (20, 22; 160;5.3) (222 202359 (222 202559 (425, 1627,3)
(20 425 1, 12219 (4251, 120121 (205, 423 ) (20%; 425, 821)
84 (24; 725, 78 (9415 1581239 (222 4603 162 47) (20; 46 ., 140 29) (20; 46 5, 1401229
(2248259 (4201, 46,5, 825 9 (224 4201, 122,.2) (2¢?, 22°102:,1) (207, 22421, 8219)
(2, 225,42 1, 624) (20, 228, 425 1, 620.9) (20, 22 42 ) (22% 425 |, 8209) (22% 423 1, 820,9)
(20, 224 422 ) (20, 224 422 ) (2, 222 42, ) (20, 22) 4%)
(2, 22 622 ) (20, 22 42 ) 42) (20, 22)

aFor vertex counn, the z-vectors are listed for all isomers in the spiral lexicographic ofder.

of lengthsof zigzagsbut with each signatureeversed(Figure shaped 26-vertex fullerenes haxe= (12;60,17) andz =
1(b)). Figure 1(c) shows this reversal in the simple case of (12542, 4), respectively.

the trigonal prism and its dual, the trigonal bipyramid.  Taple 1 lists allz-vectors for the set of fullerenes with
Component-wiseP <> P* is therefore associated with < < 40 vertices, obtained by explicit computation on the
pr and, in thez-vector, lele2 |212e1 In the present case, the adjacency information generated from their face spirals.
trigonal prism hag-vector (18 ) and the trigonal bipyramid ~ Symmetries, spectral data, and illustrations of the three-

has (185). dimensional forms of these fullerenes, along with lists of
As examples, the-vectors of the tetrahedron, cube (and the face spirals are availadi@.able 2 listsz-vectors for the

octahedron), and dodecahedron (and icosahedron) 3re (4 isolated-pentagon fullerenes with< 84 vertices, including

(6%, and (16). All have only simple zigzags, and hence there the experimentally observed isomers a%,Cro, Cre, Crs,

is no need for explicit signatures. On the other hand, any and G

(2k + 1)-gonal prism hag = ((12Kk + 6)ax+1,4+2) With all These simple census tables already reveal some new

vertical edges (those that connect top and bottokH(2)- information on the discriminatory power of ttevector.

gonal faces) being of type | and all horizontal edges (those Table 1 gives some data relevant to an observation made by

that belong to top or bottom faces) being of type Il. Among Grinbaum on trivalent polyhedra. He rematksat it is not

the small fullerenes, the unique barrel-like 24-vertex and egg- known whether a knowledge of both tipevector of face
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Table 3. Zigzag Uniform Fullerenes (for n < 6(?

orbit  zvector intersection
isomern:m group  size length  signature  vector
20:1 Ih 6 10 0,0 0;2
28:2 Ta 4,3 12 0,0 0;2
40:40 Tq 4 30 0,3 3;8
44:73 T 3 44 0,4 4;18
44:83 D, 2 66 5,10 15; 36
48:84 C 2 72 7,9 16; 40
48:188 Ds 3,3,3 16 0,0 0;2
52:237 Cs 3 52 24 6; 26
(a) (b) 52:437 T 3 52 0,8 8; 18
Figure 2. The smallest fullerene that ig-uniform but not 565293 C 2 84 713 205 44
z-transitive. Schlegel diagrams of the tetrahedral isomer (28:2) are 56;349 C. 2 84 513 1_8' 48
shown marked with nonequivalent zigzag circuits. In maxiniym 56;393 Cs 3 o6 3.5 8 ,2@
symmetry, points at which three pentagonal faces meet form the 60:1193 gz g 90 1'13 gg 4510
vertices of a regular tetrahedron (filled circles); the six edge- 28;1883 Dz 631 91% 0368 09 8
midpoints of this master tetrahedron are marked with open circles. 60-1812 I 10 18 0.0 02

The zigzag in (a) passes through three vertices of the tetrahedron

and belongs to an orbit for four equivalent circuits; the zigzag in

(b) passes through four edge-midpoints, leaving out one antipodal
pair, and belongs to an orbit of three equivalent circuits. All seven

zigzags are simple and of length 12.

sizes and the-vector is sufficient to determine the combi-
natorial type of a trivalent polyhedron. As the table shows,

aThose with only a single zigzag-knot fullerenes) are not listed,
as they are triviallyz-uniform.

Table 4. Zigzag Uniform Isolated-Pentagon Fullerengsf@ n <
100

- - ' orbit  z-vector intersection
already for small fullerenes there are pairs of isomers with isomem:m group size length  signature  vector
equalz-vectors. Considering only lengths of zigzags, then ~ gg.7 I 12 20 0,0 @ 210
the Ggisomers 34:4 and 34:5, both @ symmetry, each 84:20 Tq 6 42 0,1 1;8
have two simple zigzags of length 14 and one other of length ~ 84:23 Daq 4,2 42 0,1 1 8
24. Isomers 36:9G,, symmetry) and 36:140, Symmetry) ggéi _'?3 12 gg %)* éo 3_1'2139
have exact coincidence afvector lengths and intersection 9286 T 6 46 03 38
patternsCs 36:8 andC, 36:11 also form such a pair. Table 94:110 Cs 3 94 2,13 15; 32
2 shows that pairs with the sammevector and intersection 100:387 C 2 150 13,22 35; 80
signature also occur among the isolated-pentagon fullerenes, 100432 Do 2 150 17,16 33,84

) ) ) o 100:438 D, 2 150 15, 20 35; 80
Isomers 78:1D3) and 78:4D3p) is the smallest such pair; a 100-445 D, > 150 17 16 33 84

pair in which all zigzags are simple is 84:1%()/84:24-
(Den); @ pair in which all zigzags are of the same length and
signature is 84:20()/84:23D24). Cso, Crs:1, and G423 are

aAs in Table 3, only those cases that are mdtnots are listed.
z-Uniformity implies z-transitivity when the number of orbits is one.

all examples where experimental fullerene isomers share their

zigzag structure with a less stable partner.

3. PROPERTIES OF ZIGZAG VECTORS

e + & for the intersection of the zigzag with itself, separated
by a semicolon from a series of entrigsfor r;, the number
of zigzags that have edges in common with the subject

Given a trivalent polyhedron, we will call it-uniformif zigzag. The self-intersection component and its accompany-
all zigzags have the same length and the same signatureing semicolon is suppressed when the intersection is equal
i.e., if thez-vector has only one component. In general, the to 0, i.e., for a simple zigzag.
zigzags are partitioned into orbits by the action of the A polyhedron will be calledz-balancedf all zigzags of
symmetry group of the polyhedron, and it is clear that two each given length and signature have the same intersection
zigzags may belong to the same orbit only if they have equal vector. Again, allz-transitive polyhedra are, by definition,

length and share the same signature. If there is ongorbit

of zigzags, the polyhedron is calledtransitve. Clearly,
z-transitivity impliesz-uniformity. The dodecahedron, with
its z-vector of (16) is z-uniform andztransitive; the next
two fullerenes, those with 24 and 26 vertices, are neither
z-uniform norz-transitive; the tetrahedral isomer of the 28-
vertex fullerene hag-vector (12), and so isz-uniform, but
cannot bez-transitive as the groujpy has no orbit of size 7
(its zigzags fall into two orbits (Figure 2)). Table 3 lists
z-uniform fullerenes witm < 60 vertices, and Table 4 lists
the z-uniform isolated-pentagon fullerenes with< 100
vertices.

For any zigzagZ, we can define arintersectionvector
Int(2) which lists the sizes of its intersections with itself and
with all other zigzags, with multiplicities, in increasing order
of number of common edges. This vector has first entry

z-balanced, as bothuniformity andz-balance are relaxations
of the notion of ztransitivity. The connection between
z-uniformity andz-balance is less clear. In one direction, it
is easy to find fullerenes that arebalanced but not
z-uniform; in the other, so far, however, we have no examples
of fullerenes that are-uniform but notz-balanced.

The smallest general fullerene thatnist zbalanced has
52 vertices andDyy symmetry (isomer 52:94); its zigzag
vector is (16;92;,19); not all of its four zigzags of length 16
have the same intersection vectdrlf the zbalanced
fullerene is required to have only simple zigzags, then the
smallest example is 8,4 108-vertex isomer with zigzag
vector (24, 26, 28). It is known from tests performed in
the present work on a catalog of the fullerenes with simple
zigzag®® that any zuniform fullerene with only simple
zigzags andh < 200 vertices is alsa@-balanced.
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Table 5. Icosahedrally Symmetriz-Uniform Fullerene Isomers ,C of the construction, the change framnj to ki, kj changes the
for n < 2000 zigzag structure in the following way: both the length of
z-vector the zigzag and the multiplicity with which that length occurs
n i,j N, length signature intersectionvector  are scaled bk. For example, any; fullerene {, 0) hasz =
20 10 6 10 0.0 02 ((101)_6') and anyl;, fullerene (, i) hasz = ((18i)9).
60 1,1 10 18 0,0 0;2 It is also observed that all icosahedral fullerenes are
140 2,1 15 28 0,0 0,2 z-uniform, but it turns out that icosahedral fullerenes are
260 31 10 /8 0,3 3% z-transitive only for the greatest common divigor 1, and
380 3,2 6 190 0,15 15; 82 . ; i . .
420 4.1 6 210 5 10 15: 36 2 e, for ¢, ) and (2, 2). In ggneral, |f. the copnme.parent
620 51 6 310 15, 10 25; 52 (i, ) hasz = (1Y), then the derivedk{, kj) hask/2 orbits of
740 4,3 6 370 0,25 25; 64 size 2 (whenk is even) or k — 1)/2 orbits of size 2and
780 52 6 390 0.25 25; 68 one orbit of siz¢t (whenk is odd). The length of the zigzags
860 6,1 10 258 0,9 9; 3428 foll f he f hat th d f h and
980 53 10 294 09 9: 2837 ollows from the fact that the product of length an
1140 7,1 15 228 0,4 4: S multiplicity is 3n. From the computations it is observed that
1220 5,4 15 244 0,4 4; inglo tis one of 6, 10, 15 in all caseso orbits of size 60 or 120
1340 7,2 15 268 0,8 8;
1460 8.1 10 938 0 18 18; A6 f\hre foun(IJI. Itég?:s been prolvecilhthaﬂways ]:cakelzs one o_f th_ese
1820 6.5 6 910 0,70 70: 154 (2, 0), derived from (1, 0) wittk = 2. Cgo (In) has 1 orbit of
1820 9,1 6 910 30, 40 70; 124 2 x 6 = 12 zigzags, each of length 2 10 = 20, having
1860 7,4 6 930 0,70 70; 158 i i i .
1020 83 6 970 16, 70 80 182 signature (0, 0) and intersection vector (9,;D). In the same

way, Gao (In), with (i, j) = (2, 2) derives from & (In) and
20nly those cases defined by coprime paitg)(are listed, as the ~ Shows doubling of zigzags in both length and number. There
zigzag properties of all others can be deduced from the coprime casesare various regularities in the multiplicities, signatures, and
as described in the tex, is the number of zigzags. intersection vectors which are revealed on more detailed
number-theoretic analysig.

We note that the intersection of two simple zigzags in @  The icosahedral series of fullerenes admits the possibility
fullerene can be arbitrarily long; it has been shown, for of isomerism in that the expression for the vertex count,
example, that any even numbkercan be realized as the  may admit multiple solutionsi(j) with i < j. At n = 980,
intersection size of two simple zigzags in a fullerene on there are two nonisomorphic icosahedral fullerenes; one is
18n — 8 vertices (Theorem 733 chiral and has coprime parameteisj( = (5, 3); the other

Further to the earlier remarks on discriminatory power, it s achiral (7, 0) and hence derives from (1, 0) whth 7.
has been established that two isomeric fullerenes can haverhe chiral isomer has 10 Zigzagsy of |ength 294 and Signature
the samez-vector entries. Table 3 shows that the similarity (9, 0) with intersection vector (9;283%) (Table 5); the
between isomers can be even closer: notice the existencechiral isomer has 42 zigzags, of length 70, and signature
of a Gso fullerene (60:1803) that is identical in zigzag length, (0, 0) with intersection vector (032 0f). At n = 1820, there
signature, and intersection with the isolated-pentagon icosa-are two nonisomorphic chiral icosahedral fullerenes, both
hedral isomer (601812) and differs onIy in its orbit with Coprime parameters, represented by)(: (6, 5) and
decompositiort? the existence of this pair is a counter- (9, 1), and as Table 5 shows, they have the same number of
example to an implicit conjectut¢hat for simple polyhedra  zigzags (6), the same length of zigzag (910), and the same
the p- andzvectors together define the combinatorial type intersection, each zigzag intersecting 154 times with the 5
(|e the isomer) and shows that resolution of isomers is not others, but the two isomers are distinguished by their

achieved even with full intersection information. signaturesd, €,).
4. ZIGZAG STRUCTURE OF ICOSAHEDRAL 5. A CONNECTION OF ZIGZAG VECTORS WITH
FULLERENES KNOTS

The mathematically simplest fullerenes are the icosahedral
family. Molecular graphs for, and | fullerenes are all
available by the Goldberg-Coxeter constructt6i;18 in
which two integer parameters specify a net on the triangula-
tion of the plane. The vertex counts band I, fullerenes
are

Zigzags correspond straight-aheador central®) circuits
in the medial graphrcircuits that leave each vertex by the
edge diametrically opposite to the one by which they entered.
Central circuits cover the edges of the medial graph exactly
once. Themedial of an embedded planar graph is a four-
valent graph, the vertices of which correspond to the edges
_ 2 o 2 of the original, and whose edges connect vertices that
n=200"+1j +J°) @) correspond to edges sharing a vertex and a face in the original
with integers 0< j < i, i > 0. The fullerene hak, symmetry polyhedron; a graph and its dual have therefore the same
wheneveri = j orj = 0 i.e., whenj(i — j) = 0, and had medial. Any four-valent plane graph can be seen as a
symmetry, otherwise. projection of analternating link®2—just take a straight-
The results orz-vectors of the icosahedral fullerenes C ~ ahead path going alternately under and over at consecutive
with n < 2000 are listed in Table 5. A number of Intersections.
observations can be drawn from them. First we note that it As a single-component link is lenot, it is appropriate to
is sufficient to study only the case where the Goldberg call those fullerenes that have only a single zigzag circuit,
parametersandj arecoprime This is because, by the nature and hence whose medial is a projection of an alternating
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Table 6. Statistics of Occurrence of Knots in Small Trivalent
Polyhedra (Equivalently, Planar Triangulations) mWertices

n Ne Niknot Niin Symmetries

4 1 0 0

6 1 1 1 Day(1)

8 2 0 0

10 5 3 1 Cu(1)Ca(1)Dsn(1)

12 14 4 0 Ci(2).Ci(2)

14 50 22 4 Cy(8),CxA3).C2(4).Co6).Dm(1)

16 233 70 0 Cy(53)Cy15)Ca(2)

18 1249 482 13 C4(398)Cy(45)Cx(27)C2(10) Dan(1),

Dsn(1)
20 7595 2955 0 Cy(2816)C«(138)Ci(1)
. 22 49566 17901 168 Cy(17306)C«(366 196)Cs(5),

Figure 3. Examples ofz-knot fullerenes. (a) The smallezknot 1(62 (33))&(141))&( )C(5)
fullerene, isomer 34:1Q;). The unique zigzag vector is (1024, T RE0/

. . - ‘ 24 339722 114642 0 C4(113604)C4(1026)Cs,(8),Cs(4
with self-intersections of type | on one-third of the edges of the i Jed )Ca.(8) Ca(4)

polyhedron (marked by thick lines in the Schlegel diagram). These  a ot each n, Np is the total number of nonisomorphic polyhedra,

17 edges are disjoint and hence span a perfect matching (KekuIeNknot is the total number of knot polyhedra, aNgin is the number that
structure) on the fullerene. 34:1 is not only the smallekhot

" are minimal knots (knots where every vertex is incident to exactly one
fullerene, but the smallestinimal zknot fullerene. Dotted curves  gqge of type 1). A breakdown of theknots by symmetry is given in
indicate lines of latitude of the ‘Tppl structuré® of the vertices. the final column.

(b) A z-knot fullerene, 40:22@,), with z-vector (120, 39. Thick

lines mark the 21 edges of type I; dotted curves denote lines of

latitude. This is the smallestear-Kekulez-knot fullerene. Table 7. Statistics on Allz-Knot Fullerenes ¢with n < 74
Vertices

knot, z-knot fullerenegwith obvious extension to other n N Ninot ~ Nmin  N(C1)  N(C) N(C3) N(Ds)
trivalent polyhedra). Clearly, the dual ofzsknot fullerene 34 6 1 1 0 1 0 0
is itself az-knotted polyhedron, and both ténot fullerene 36 15 0 0 0 0 0 0
and its dual are-uniform, ztransitive, ancz-balanced. 38 17 4 1 1 2 0 1
: ) 40 40 1 1 1 0 0 0
The smallest-knot fullerene (isomer 34:1) and another 4, 49 6 > > 3 0 1
small z-knot fullerene (40:22), the onlgknot fullerene on 44 89 9 6 9 0 0 0
40 vertices, are illustrated in Figure 3. Both are smallest 46 116 15 2 6 9 0 0
examples ofzknot fullerenes with respect to minimality 48 199 23 13 23 0 0 0
properties related to Kekulstructures derived from their 52 g% 2(2) 12 fé g 8 (1)
unigue zigzag circuits (section 7). 54 580 93 16 69 23 0 1
In passing, it can be noted that the knots whose projections 56 924 87 26 87 0 0 0
appear forz-knot fullerenes are all nontrivial, i.e., are not 58 1205 186 11 155 30 1 0
disguised presentations of the simple circuit. This observation 6(2) %gég 52(15 gg ggg 4(1) (2) (1)
follows from the algorithm for reducing a presentation of g4 3465 437 148 436 0 1 0
an alternating knot to a simple form: unfold every one of 66 4478 567 64 507 59 0 1
the vertices that disconnect it, until we obtain a 2-connected 68 ~ 6332 894 203 892 0 2 0
4_—va|lent graph; if this _2—conne9ted grgp_h is not a simple ;g 1?13?) ﬁig gg 1%?72 88 i 8
circuit, then the alternating knot is nontrivial, by application 74 14246 1970 200 1865 104 0 1

of the Jones polynomidlAs all fullerenes are 3-connected,
and since vertex-connectivity implies edge-connectivity, it  *For each value of, Ninot is the total number of-knot fullerenes,
is impossible to reduce the#knots in this way, and all .N"“.” is the number of minimat-knot fuIIerene.s (where every vertex is

. incident to exactly one edge of type 1), aNd is the number of-knot
fullerenez-knots are therefore nontrivial.

" e . fullerenes with point group symmeti@. Note thatNkno: = O for all
Tables 6-8 give the statistics at-knot polyhedrain small  fullerenes withn < 32. The groufDs appears first as the point group
trivalent polyhedra, general fullerenes, and isolated fullerenes.of a z-knot fullerene at 90 vertices.

Table 6 shows that, in the range studied, the numbzikabt

trivalent polyhedra is increasing far= 10, and an increasing  only for n = 2 (mod 4), where the number of edges of the
proportion of thez-knot polyhedra have only triviaC, fullerene is odd, and, sina is found to be odd for al-knot
symmetry. The proportion of polyhedra that are knots starts fy|lerenes (see (3) below), this is consistent with a structure

to decrease from = 20. By n = 24, 34% of the polyhedra iy which theC, axis passes through one edge of type | and
are z-knots, and 99% of those-knots haveC,; symmetry. one hexagon center.

Forn < 24, minimal knots are found only far = 2 (mod As Table 8 showsz-knot fullerenes account for only 19
4) and, though increasing in number, still account for less oyt of a total of 2706 isolated-pentagon fullerenes with

than 1% of thez-knots on 22 vertices. 100, and of these 19 only 7 are Kekideots, occurring at
The tabulation of-knot general fullerenes (Table 7) shows g6, 94, and 98 vertices (Table 8).

some similar patterns. In the range studied, the number of

z-knots shows an odeeven effect between = 0 (mod 4)
andn = 2 (mod 4), each subseries increasing from 40,
the number of minimal fullerenes increasing more strongly e, for anyz-knotted trivalent plane graph is odd (3)
for n = 2 (mod 4). Thezknots are predominantly of;

symmetry, and, in the rangeknots of C, symmetry occur

We now make the following very general conjecture about
e

This conjecture is supported by extensive computations. For
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Table 8. Isolated-PentagomKnot Fullerenes @with n < 100
Vertice$

n signature Kekdule
86 43, 86 Cy2 yes
90 47, 88 Cy7 no

53, 82 C:19 no
71, 64 C,:6 no
94 47,94 C1:60;C2:26,C,:126 yes
65, 76 Cx121 no
69, 72 Cu7 no
96 49, 95 C1:65 near
53,91 Cy:7,C1:37,C1:63 no
98 49, 98 C2:191,C»:194,C,:196 yes
63, 84 C1:49 no
75,72 Ci1:29 no
77,70 Ci1:5; C221 no
100 51, 99 C1:371,C1:377,C3:221 near
53, 97 C1:29,Cy:113,C1:236 no
55, 95 C;:165 no
57,93 C1:21 no
61, 89 Cy:225 no
65, 85 C1:31,Cy1:234 no

aFor each vertex numberand signature (i.e. the pair of numbers
e, &), thez-knot fullerenes are listed by symmetry and position in the
spiral lexicographic orderKekule z-knot fullerenes are those with
= n/2; near-Kekuleare those witte; = n/2 + 1. No isolated-pentagon
z-knot fullerenes are found far < 84.

example,e; is found to be odd for allz-knotted cubic
polyhedra < 24), all z-knot fullerenes € (n < 74), and

all isolated-pentagomknot fullerenes ¢(n < 120), a total

of over 140 000z-knots. The condition of trivalence is a
necessary restriction in this conjecture, as, for example, the
dual of the (X + 1)-gonal prism hag; = 4k + 2, as
mentioned earlier and illustrated fe&r= 1 in Figure 1(c).

6. SYMMETRIES OFZ-KNOT FULLERENES

The symmetry groups describing fullerenes are limited in
number: a fullerene may have (maximal) point group
symmetry drawn from a list of 28 possibiliti€g? Iy, I, Ty,

Ta, T, Den, Ded, De, Dsp, Dsd, Ds, Dan, Dzg, D3, Don, Dog, Do,

S, S, Can, Con, Cs,, Cs, Cy,, Co, Cs, Ci, Cy. Fullerenes of
low symmetry are predominant at largebut examples for

all of the possible groups appear early in the $es (the

last to appear, at 140 vertices). Inspection of the computa-
tional results foz-knot fullerenes in Tables 7 and 8 suggests
that the symmetries of knot fullerenes are drawn from a much
smaller list of possibilities. In a search that includes all
fullerenes withn < 100 and all isolated-pentagon fullerenes
with n < 120, only groupsC;, C, Cs, D3, and Ds are
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number of orbits of5, as must the set & edges of type II.
Recall that, in a spherical polyhedron, the site symmetry of
an edge isC,, or one of its subgroup€,, Cs, or C;. The
orbits that may occur in the edge sets are therefore limited
to sizesG|/4, |G|/2, or|G|/1, though not all edge site groups
occur for every fullerene group; site grou@s and C; are
mutually exclusive, for example.

We now use the conjecture (3) thatis odd for all knot
fullerenes. Ife; is odd, then the set of edges of type | must
be spanned by an odd number of orbits of odd size. Oddness
of e; rules out all fullerene groups where the edge-compatible
orbits are all even. In particular, centrosymmetric groups are
not possible forzknot fullerenes with odde;, since the
inversion operation pairs the edges of a spherical polyhedron.
Application of the orbit-parity argument to the grand list of
28 fullerene point groups reduces it to a minilist of 11
candidates for-knot fullerene groups:

Dst D5, Dy D3, Cay G0 C50 G G5 G €y (4)

All five pure rotation groups in the minilist have been
found as point groups of sonzeknot fullerene. In contrast,
the others, all groups that contain at least one mirror plane,
have not been found. It is tempting to conjecture that all
z-knot fullerenes are chiral and that the set

Ds, D3, C;, Cy, Cy (5)

is the complete list of point groups available zeknot
fullerenes. It is interesting that there is no such restriction
to chiral symmetries for more general trivalent polyhedra:
the (X + 1)-gonal prisms hav®+1n Symmetry and are
all zknots; there are mangknots of Cs symmetry in the
series of bipartite trivalent polyhedra that have six square
faces and all other faces hexagoftal.

7. KNOTS AND KEKULE STRUCTURES

A useful though not infallible indicator of stability ofa
framework is that the system should possess a large number
of Kekulestructures (KS). Every fullerene has at least three
and typically very many more; icosahedrap@as 12 508
KS and is surpassed in this by 20 of its fullerene isomiérs.
An interesting feature of the definition of a knot-fullerene
is that, in some special cases, a particularly simple Kekule
structure can be derived from the knot. The key to the
connection is that we will be able in these cases to associate
a formal double bond of a Kekukructure with each edge
of type | in thez-knot fullerene.

encountered. Smallest cases for four of these groups are given Consider am-vertex trivalent plane grap6 that is also

in Table 7, and the smalleBt z-knot fullerene is 90:99130,
the uniqueDs fullerene with 90 vertices. Trivial symmetry
appears to dominate; indeed for= 4m < 64, all zknot
fullerenes have&C; symmetry. Notably, alt-knot fullerenes
found in our study are chiral.

Symmetry can be assigned not only to the underlying
fullerene but also to the knot projection formed by its single,
self-intersecting zigzag. Mark all edges of type | with one
color, all edges of type Il with another. Now, the zigzag
must transform into itself (up to reversal of all arrows) under
all symmetry operations belonging to the point groGppf
the underlying fullerene, as otherwise it would not be unique.
Thus the set ok, edges of type | must comprise a whole

a projection of a knot, i.e., hasvector (()ere2). It is €asy
to see (Figure 4) that (i) every vertex is incident to an even
number of edges of type Il, and (ii) every face is incident to
an even number of edges of type I.

The proof of both statements is straightforward. SiGce
is zknotted, one can choose an orientation in which edges
of type | carry two opposite arrows and edges of type Il
carry two arrows in the same direction. By a Kirchhoff-like
argument based on incoming and outgoing arrows, it can be
seen that the vertices of a knotted trivalent graph then fall
into two classes:n; vertices belong to class 1, where all
three incident edges are of type |, amg= n — n; vertices
belong to class 2, where only one incident edge is of type I.
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counting: the number of faces of a fullerene trivalent

\ polyhedron withn vertices isn/2 + 2, and, denoting byo,
) p. the numbers of faces containing respectively zero and two
\\ \\‘\\ edges of type |
n2+2=p,+p, C)]
and counting edges
2p, +0p, =2, =n (10)
@ () with unique solutiorp, = n/2, po = 2.

Figure 4. Pictorial proof by a Kirchoff-like argument that every The two faces without edges of type | define uniquely the
vertex of az-knot fullerene is incident to an even number of edges set of edges of type | over the whole fullerene. (Proof: Take
of type Il, and, by duality, every face to an even number of edges gne faceF, with zero edges of type I. This face is adjacent
of type I. to a set of faces, safy, ..., Fp. Every pairF;, Fis1 is incident

Thus, at each vertex, the number of incident edges of typet0 one edge, sag, that must be of type | sinagis incident

lis odd, and the number of incident edges of type Il is even. t0 one vertex of,. The faceF; is incident to edges and

So, (i) is proved. Furthermore, as the dual graph has a zigzag®-1 @nd so, all other edges Bf are of type II. By induction,
structure in whiche; and e, are exchanged, application of One is able to assign a type to every edge.)

the same reasoning to the vertices of the dual shows that in An immediate consequence of the construction is that the
a trivalent knotted graph every face contains an even numbertW0 empty faces of the minimal knot are antipodal, in the

of type | edges. So, (i) is also proved. sense that they span a diameter in the dual. Their centers
An association with Kekulstructures follows by counting ~ ¢an be taken as poles of the (in general distorted) sphere on
edges and vertices. We have which the fullerene is embedded. Making the equivalence
between type | edges with formal double bonds of a carbon
2¢,=3n,+n,=2n,+n (6) cage, it can be seen that a mininzeénot fullerene defines
a characteristic Kekulstructure: the North and South poles
and are the centers of the two faces devoid of double bonds, the
26, = 2n,=2n — 2n, ) remaining single bonds form latitudinal circuits and all

double bonds lie on lines of longitude. The lantern-like
structure with horizontal single bonds separated by vertical
double-bond struts is reminiscent of théppb presentation
e = n/2 8) of polyhedra®®®°in this case the polyhedron is a stack of
circuits of vertices, without a vertex at either pole. The
with the equality being achieved only fog = 0. In other fullerene 34:1 in Figure 3(a) is an example of a fullerene
words,e; = n/2 when the edges of type | are disjoimi & polyhedron of this type.
0) and span all verticesn(= 2e;) and so form a perfect An observation, though not a proven result, is that in all
matching (Kekulestructure).G has signature (8nz2n)- minimal-z-knot fullerenes found so far the two faces that
We consider now more closely the case-&hot fullerenes are empty of type | edges are either both hexagons or both
for which every vertex is incident to exactly one edge of pentagons but never a pentagon/hexagon pair.
type |, i.e., for which the number of edges of type | is equal  Chemically, this special Kekulstructure is not, of itself,
to the minimaln/2. By extension, we will term such graphs indicative of special stability, as by definition it excludes
minimal zknots. Granted the conjecture (3) enthe number benzenoid hexagons. Kekiug&uctures of this type, i.e., with
of edges of type | of a-knotted graph is odd, and hence the lantern-like organization of single and double bonds, are not
number of vertices in a minimatknot fullerene is doubly  limited to z-knot fullerenes; icosahedral,&and Gy have
odd, i.e.,n = 2 (mod 4). them, for example, without any association with knots or
By (ii) above, we know that every face contains an even zigzags.
number of edges of type I. As the faces of a fullerene are all Minimal knots, as defined above, hani edges of type
pentagons or hexagons, and as the edges of type | are disjoint, and are in complete correspondence with a Kektiecture
it follows that every face of @knot fullerene is incidentto  based on a decoration of the edges in“ggt@resentation.
zero or two edges of type I. In fact, since the argument A similar near-Kekuleconstruction can be found for knots
depends on the independence number of the cycle of edgeshat are near-minimal. We have so far called a trivalent graph
that constitute a face, it applies equally well toaknotted minimalif it is z-knotted withe; = n/2 andn = 2 (mod 4).
trivalent plane graphs in which no face is of size larger than z-knotted graphs wittm = 0 (mod 4) cannot have, = n/2
7; in all such graphs every face is incident to 0 or 2 edges but may reachke; = n/2 + 1, which if conjecture (3) holds,
of type I. Generalized fullerenes with face sizes 4, 5, and 6 is the minimum value o€ for a graph of this vertex count.
or 5, 6, and 7 have been considered as competitive in stabilityBy (3), whene; = n/2 + 1, n; = 1 and so there is exactly

and hence

with the classical 5, 6 fullerenes in some size rarfgés. one vertex from which three edges of type | emanate. Solving
Furthermore, exactly two faces of the minimaknot (9) and (10) with2=n+ n; = n + 1 givesp, = 1 andp;
fullerene (or of thez-knotted trivalent plane graph with no = n + 1, showing that exactly one face is empty of edges

face of size larger than 7) contain no edges of type |, and all of type |, and all others contain exactly two edges of type I.
other faces contain two edges of type I. This follows by The unique empty face (which may be either a hexagon or
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a pentagon in different cases) and the distinguished vertex
are again antipodal, by construction.

Figure 3(b) shows an example of such a fullerene. The
edges of type | cannot in this case correspond to a perfect
matching, since; = n/2. However, their distribution differs
only at one pole of the Hipl arrangement, which for these
near-Kekuleknots has a vertex at one pole and the center of
a face at the other. Three edges of type | radiate from the
pole vertex, and the face at the antipode is empty of type-I
edges. A Kekulestructure can be formally recovered by
imagining the pole vertex to be truncated, to give an empty
triangular face, from which double bonds radiate, and an
enlargement of the three bordering faces by one edge.

The conjecture (3) thae; is odd for trivalent knotted

graphs implies that the equality cannot be reached wifizn . _ o . .
: . . , Figure 5. Railroad structure in icosahedragfCA simple railroad
IS even. We will call @-knot trivalent graph a Kekulgraph (dashed circle) runs through 10 hexagons around each cap of six
if it has pentagons; each such railroad is intersected in all pairs of opposite
hexagons by railroad from the same orbit, centered on the second-
e =n2;n=2(mod 4); n,=0 (12) neighbor pentagons of the icosahedral arrangment. Railroads
centered on antipodal pentagons do not intersect.

and a near-Kekullgraph if it has . _ - _ o
each railroad circumscribing a motif comprising a pentagon

e=n2+1Ln=0(mod4), n=1 (12) and its first and second neighbors, i.e., running around an
equator of the polyhedron; every pair of railroads intersects
8. RAILROADS AND KNOTS in two hexagons; each hexagon is at the intersection of two

A railroad in a fullerene is a circuit of hexagonal faces railroads (Figure 5).

(called simpleif it is not self-intersecting) such that each _(iii) If a fullerene has no railroads, then the number of
hexagon is adjacent to its two neighborsappositesides. ~ 2i9Zags is at most 30, as each zigzag must be adjacent to at

Simple railroads are also callefraight zones! To each least one pentagon on the right and at least one on the left,
railroad is associated a pair of boundary zigzags, which are@nd €ach such contact involves two pentagon sides. For
parallel (in the sense of disjoint) if the railroad is simple, €Xample, Gso hasz-vector (289. In fact, in computations

but which intersect if the railroad has self-intersection(s). ©" several hundred thousand fullerenes, we have not
Fullerenes that have no railroads, simple or otherwise, are€ncountered more than 15 zigzags in any tight fullerene, and
calledtight, as in a sense the pentagons of the fullerene arelt Sééms reasonable to conjecture that 15 is the true upper
then pulled as tightly together as possible in such a Ease. Pound to the number of zigzags in such fullerenes.

The z-knot fullerenes are of course all tight by definiton. =~ To each railroad, we can associate a closed curve,
We conjecture on the basis of calculations on fullerenes with constructed, for example, by connecting the centers of
n < 74 (general) and < 120 (isolated-pentagon) that there neighboring railroad hexagons through the midpoints of

is at least one tight fullerene at every vertex connt 20, opposite edges. This curve may be simple (without self-

n=22. intersection), or it may admit self-intersection. Points of
It is easy to check the following three statements about intersection can be double, where the curve passes twice

railroads. through a given hexagon, or triple, where it passes through

(i) Any simple zigzag circuit separates the 12 pentagons three times. The smallest fullerene to exhibit a simple railroad
of the fullerene into six that are “internal” and six that are iS 30:1 Ds) with an equatorial band of five hexagons. A
“external” to the circuit. On the spherical surface, any two fullerene with a triple intersection is illustrated in Figure 6.
disjoint zigzags can thus be seen as concentric. This is theFigure 7(a) shows the smallest general fullerene (50:13) to
simplest case of a local Euler formula that expresses the€xhibit a double self-intersection of a railroad, and Figure
number of pentagons enclosed by a curve in terms of the8(a) shows the smallest isolated-pentagon fullerene of this
balance of in- and out-pointing free valences of the vertices type (96:187, obtained by application of the “quadrupling”
on the curvé?? The so-called zigz&§ nanotubes consist Or “chamfering” operatioff to the unique fullerene of 24
precisely of stacks of simple railroads, which may be topped Vvertices).
and tailed by two hemispherical caps. Insertion of extra, Railroads without triple self-intersection can be seen as
parallel zigzags between the railroads generates an infiniteprojections of alternating knots, and every fullerene with
series of tubular fullerenes with the same caps. simple or doubly intersecting railroads has therefore an

(i) A fullerene has a simple railroad if and only if it has associated list of knots. This is a second context in which
at least two disjoint simple zigzags. If there is a simple knots and fullerenes appear together: we have seen that a
railroad, then there are two disjoint simple zigzags, by fullerene itself may be a zigzag knot, and now we see that
definition. If there are two disjoint simple zigzags, then, as the railroads of a fullerene may yield knots. The two
each separates the 12 pentagons into two sets of 6, a simplsituations are mutually exclusive in that the first requires
railroad must exist between the two zigzags. The smallestthe fullerene to have only one zigzag, the second to have at
icosahedral fullerene with a simple railroad has 80 vertices; least two. Each simple railroad is just a minimal projection
this fullerene (80:7) has 6 such railroads, each of length 10, of the trivial knot, but self-intersecting railroads can also
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Figure 6. A case of a railroad with triple self-intersectiolsThe
fullerene illustrated here has 176 vertices and i€gfsymmetry.

Figure 7. General fullerenes with self-intersecting railroads.
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Figure 8. Isolated-pentagon fullerenes with self-intersecting
railroads (indicated by dashed lines). (a) The smallest isolated-
pentagon fullerene with self-intersection of railroads, 96:187
(Ded), has a railroad that is a projection of the Conway-graph knot
(4 x 6)*. The two polar hexagons are not involved in the railroad,
but every other hexagon is traversed twice, leading to 24 self-
intersections of the railroad. (b) 104:82B3f) is the smallest
isolated pentagon fullerene with a railroad that is a projection of
the knot Qo ((3 x 3) in the Conway graph notation). This fullerene
also supports three simple railroads of length 12, so that its railroad
set is a projection of a four-component link. Apart from three
eqguatorial hexagons, each hexagon is traversed either twice by the
knot railroad or once each by two distinct railroads. (c),(d) The

Railroads are indicated by dashed lines on the Schiegel diagram.fullerene 112:3341 has railroads that correspond to projections of
(a) The smallest fullerene with self-intersection of railroads, 50:13 W0 nontrivial knots: the figure-of-eight or Flemish knot (c) and

(C2,), has a railroad that is a nonminimal projection of the trivial
knot; (b) 52:94 D,y) is the smallest fullerene with a self-intersecting
railroad that is a projection of a nontrivial knot (in this case the
figure-of-eight or Flemish knot). This fullerene isomer is also the
smallest example of a fullerene that is rzhalanced; (c) 54:119

(Dgp) is the smallest fullerene that corresponds to a trefoil knot.

give this knot in a realization from which the crossing can
be removed by simple untwisting; if the railroad has no loops,
the projection is minimal. In fact 50:13 in Figure 7(a) shows
a nonminimal projection of the trivial knot. More interesting
are the cases in which nontrivial knots appear. We may call
a fullerene that contains a railroad corresponding to a
nontrivial knot, anr-knot fullerene.

Cases of self-intersecting railroads are listed in Table 9
for general fullerenes with < 60 vertices and in Table 10
for isolated-pentagon fullerenes with< 114 vertices. In
these ranges of, triple intersection of a railroad is not found,

and so all the tabulated fullerenes are projections of alternat-

ing knots. The tables give data on thgector and the knots

associated with the railroad(s). It can be seen that many are

simply disguised trivial knots,,Qbut a variety of well-known
knots also appear. 52:94 and 54:119 adenot fullerenes.
Figure 7 shows the smallest fullerenes in which the knots

the knot 8g = (2 x 4)* (d).

Table 9. Fullerenes ¢ (n < 60) Having Self-Intersecting
Railroads

isomer group orbits z-vector knots
50:13 Ca 2,11 20,245 1, 8215 0
52:94 Dag 2,2 385405, 4
54:13 C 2211 20524, 54 0,
54:119 Dan 321 16% 363, 42,3 3
60:27 Cs 1111 14;26],, 114g14 01
60:34 Cs 11,1 2651, 12810,7 01
60:207 GCs 11,1 28, 124721 0,
60:208 Ca, 211 28, 6Qyg, 642 0,
60:1379  Ca 2,2 28,62 0,

aFor each fullerene, listed by symmetry and position in the spiral
lexicographic ordef,the zigzag vectoe is given, together with the
sizes of the orbits of zigzags and the list of railroad knots. A bold
entry in az-vector shows the origin of a significant knotted railroad.
For completeness the trivial knots arising from simple railroads (if any)
are also listed, with multiplicity, in brackets. Knots are named in the
Rolfsen notatio#??* and illustrated in Figure 9.

figure-of-eight knot, also known as the Flemish or Savoy
knot. Trefoil fullerenes with isolated pentagons are not found

01, 31, and 4 appear as a consequence of self-intersection in the investigated range (Table 10), but Flemisknot
of railroads. The smallest isolated-pentagon fullerenes to fullerenes with isolated-pentagons do occur (114:1738 and

yield projections of three of the more complicated knots are
shown in Figure 8.

Figure 9 shows projections of the six different knots found
in the range. 3is the trefoil or overhand knot, and & the

114:3419). Examples of isolated-pentageknot fullerenes
corresponding to three more complicated knots also appear
in the tabulated range. These are all knots that have Conway
graphd! as projections.
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Table 10. Isolated-Pentagon Fullereneg @ < 114) Having Self-Intersecting Railroads

isomer group orbits z-vector knots
96:187 Ded 2,2 242 120%212 (0y); (4 x 6)*
104:823 Dan 3,32 2485 8439 (01)3; 90= (3 x 3)*
106:624 Cs, 311 5031, 8439 0= (3 x 3)*
108:897 Dan 6,2 265 8439 0= (3 x 3)*
112:3341 D, 2,22 242 6434, 80<2),s 4, 815= (2 x 4)*
114:9 Ca 2,21 405 1, 8656 9056 0,
114:1738 C: 1,1,11,1 501, 6434, 826 8217 4,
114:2338 Cy 1,111 42, 803,8: 1401412 815= (2 x 4)*
114:3419 C 1,11 6412)'4, 214346 4,

aConventions as in Table 9. Where the Rolfsen notation is not available, the Conway-graph Hasatieed for the alternating knot corresponding
to the railroad. All knots are illustrated in Figure 9.

Figure 10. Three symmetric railroad knots in isolated-pentagon
isomers of Gy Self-intersecting railroads in (a) 120:10678, (b)
% 120:10733, and (c) 120:766.

@ (©) ® @ ® @

Figure 9. Knots that appear in fullerenes with self-intersecting Figure 11. The three parallel classes of zigzag in the graphite sheet.

railroads. (a)(c) The top row shows the three knots (including In graphite, all are infinite and simple i.e., without self-intersection,
the trivial knot Q in a nonminimal projection) that appear for ~and fall into a single orbit. In achiral nanotubes, one of the classes

fullerenes withn < 60 vertices: @ 3;, and 4 = (2 x 2)*. (d)—(f) becomes an infinite set of parallel finite zigzags, the others remain

The bottom row shows the first three Conway-graph knots that infinite; in chiral nanotubes, all three remain infinite (see text).

appear for isolated-pentagon fullereness & (2 x 4)*, 94 =

(3 x 3)* and (4x 6)*. conditions for those curves that can occur for railroads in a
fullerene.

The Conway graphk(x m)* is a generalization of the
antiprism with twom-gonal, 2n triangular, and K — 2)m 9. CONCLUSION
quadrangular faces, constructed from a singleycle by Finally, it should be noted that the zigzag/railroad formal-
successively inscribing a furth&r— 1 m-gons, the vertices  ism is also applicable to infinite graphs, for example, the
of each newm-gon being the edge midpoints of its predeces- open nanotubes and the graphite sheet, where both zigzags
sor, finally addingm edges to link the consecutive vertices and railroads can become doubly infinite rays (which can

of the original cycle. The point group of the graghx m)* be seen as circuits including the point at infinity). The
is Dmn for k even, andDnq for k odd, apart from the small  graphite sheet has three parallel classes of infinite railroads,
cases (2 3)* and (3x 4)* where it isO. In this notation, each of them simple; accordingly it has three parallel classes

(2 x 3)* is the octahedron, (X 4)* is the cuboctahedron, of infinite simple zigzags (Figure 11) that form a single orbit.
and (2x m)* is them-gonal antiprism. The three Conway Graphite is therefore a-transitive graph. Nanotubes are
graphs relevant to Table 10 are shown in Figure 9. More formally constructed by rolling up the graphite sheet, with
complex knots will be encountered for larger numbers of each tube identified by a two-parameter lattice vector, and
vertices; Figure 10 shows three striking symmetrical knots their zigzag structure derives from that of graphite itself. The
that appear among the isomers ab4-for example. three types of nanotube, zigzag, armchair, and cPitzdyve
The projection of a railroad curve is itself a plane graph. parameter signatures,(0), (n, n), (n, M) (n = m). Zigzag
It can be shown, using arguments following from local Euler structures of these three types are as follows: (a) Rdb)(
formulas for the regions enclosed by the cut¥ége., the two orbits of simple zigzags, one composed of finite circuits
faces of the graph, that no curve for which there would be of length 2y, the other of doubly infinite rays. The first orbit
a face of size six or more can correspond to a railroad. It consists of concentric circuits around the body of the tube,
would be interesting to know necessary and sufficient the second of two parallel classes related by reflection. (b)
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For (n, n): two orbits of simple zigzags, both consisting of
doubly infinite rays, one “vertical” and one “oblique”. (c)
For (n, m), n= m: three orbits of doubly infinite rays, each
consisting of a parallel class of helically wound zigzags
wrapping around the long axis of the tube.

In all three cases, all zigzag vectors of the nanotube are
without self-intersection, and the stack within each parallel
class of zigzags corresponds to a stack of doubly infinite
railroads. Unlike graphite, the open ended infinite nanotube
is not z-transitive.

The concept of the zigzag is not limited to fullerenes and
spherical polyhedra. A similar analysis can be applied to the
zigzags of polyhex tori, carbon networks on surfaces of
higher genus such as in the plumber’'s nightmare carbon
foams, and, the definition of left/right edges being local, to

analogues of fullerenes on nonorientable surfaces, such as

the Klein bottle and projective plarié.The analysis also
extends to 3D crystals such as diamond.

Zigzag circuits andz-vectors give a different way of
looking at polyhedral and related structures, complementing
the more immediately apparent face and vertex information.
Use of the computer to explore this hidden structure reveals
a number of properties of fullerenes as a chemically

interesting subset of trivalent polyhedra. Hidden in the zigzag (19)
structures of some fullerenes are complicated knots based

on their zigzags, and hidden in some of their knots are
specific Kekulestructures. Pairing of nonintersecting zigzags

gives rise to hexagon-based railroad structures and the

appearance of further complex and beautiful knots. It remains

to be seen how these mathematical structures impinge on

the chemical properties of fullerene isomers, butzvector
already shows potential for chemical application through its
connections with both electronic and combinatorial structure.
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