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We consider sequences that encode boundary circuits of fused polycycles made up of polygonal faces with
p sides,p < 6. We give a constructive algorithm for recognizing such sequences whkerd or 6. A
simpler algorithm is given for planar hexagonal sequences. Hexagonal and pentagonal sequences of length
at most 8 are tabulated, the former corresponding to planar benzenoid hydrocagHpmgty up to 14.

1. INTRODUCTION and vertexes of degree 2 (respectively) of a polyhex, then
the polyhex represents an actual or potential molecule of
chemical formula ¢Hy. In the chemical realization as a
molecule, actual hexagonal rings will generally depart from
the equilateral, equiangular ideal to the extent allowed by
the molecular point group symmetry and governed by the
details of the energetics of interaction of their electrons and
nuclei.

Enumeration of polyhexes is an active research topic in
mathematics and mathematical chemistry (see the extensive
surveys in refs £3) and has been attacked in many ways.
It is usual to enumerate all polyhexes with a given number
of hexagons. The algorithm described here enumerates
boundaries with the chemical formula/g, for a fixed

Many problems in mathematical chemistry reduce to the
enumeration of polycyclic graphs havifiged configurations
of fusedp-faces and, in particular, to deciding the question
of when such graphs exist. In this paper we give an algorithm
for construction of some graphs of the polycyclic type. The
usual approach is to construct fused polycycles with a given
number ofp-faces. Here we construct them with a given
number of boundary vertexes of valency 3.

For this purpose, we consider one-connegtetygonal
systemsi.e., simple graphs consisting of polygons such that
the intersection of any two polygons is either empty or
consists of one edge. This implies that all interior vertexes
have valency 3 and any boundary vertex has valency either :
2 or 3. Such graphs (or maps) are of importance in organic, numbery. It can be applied not only to hexagonal sequences
physical, and mathematical chemistry, where the vertexesbUt also to pentagonal and square sequences, alth_ough N
usually represent carbon atoms, and boundary vertexes 01the last case an exact characterization renders its use

valence 2 are either left unsaturated or completed to valence/nnecessary (see section 6). Polycycles made up of pentagons

3 by addition of a hydrogen atom. (polypentagons) have been considered before in chemistry
We are interested especially irexagonal systen@lso and, in the special case of proper polypentagons (those that

calledbenzenoid systenas benzenoid graphswhich consist are subgraphs of the dodecahedron), listed exhausfiiélg.
entirely of hexagons. To the boundary circGiof lengthn present algorithm generates all pentagonal sequences, proper

. and improper.
is related a sequene€C) = a;...a¢ such than = k + Z'i a, .
wherek is the number of vertexes of valency 3 aadis It appears that the method of sequences described here

the number of vertexes of valency 2 between itteand may aIsp he useful ir.] any algqrithm .th‘?‘t enumerates
(i + Lth vertexes of valency 3. The sequer(€) is polycyclic maps with mixed ring sizes. Similar sequences

hexagonalif C is the boundary of a hexagonal system. are used in a fast algorit'ﬁnfor enumerating fullerenes

If the hexagons of a hexagonal system can be realized as(polyhedral cubic maps with 12 pe_zntagonal_ fac_es_and all
regular polygons, both equilateral and equiangular, then theo.ther.S hexagonal). The task O.f f|||_|ng the disk inside the
hexagonal system is callecpalyhex Polyhexes are used to cireut C by a planar graph Wh.'Ch.'S. a part of a fullerene
represent the molecular structure of polycyclic benzenoid map with C as the boundary circuit is called tm}entng .
aromatic hvdrocarbons. ¥andv are numbers of all vertexes Puzzle® Several known codes that represent boundary circuits

y ' y of planar maps are equivalent to our sequences (see ref 6

*To whom correspondence should be addressed. Phohg3 1 Tor a _Short review). For example, the sequermga,...a
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is a sequence dd zerog and if a = 0, the sequence®(s
empty. The sequence;a,...a is also equivalent to the
boundary-edges codg & 1,a, + 1, ...,a + 1 introduced
in ref 6.

Codes that concentrate on boundaries may have advantages
in a chemical context, as they lend themselves to description o
of the benzenoids and related molecules in terms of their Figure 1. Circuit C(a) (left), the mapM(a) (center), and the

e it ; : polyhex of chemical formula £Hs. (right) related to the sequence
overallshapesShape is intimately associated with molecular a = 403230. Note that all entries in the code lie between 0 and 4,

electric and steric properties, such as quadrupole momenigq that the code can be written unambiguously without commas or
or van der Waals envelope, which influence intermolecular spaces.

interactions and are implicated in structuativity relation-
ships of many kind& spanning such diverse phenomena as k. If C hasn vertexes, then the suif; & + k is equal to
odor perception (see e.g. various papers in the conferencen. The differencey a — k is the leftnessof C.22 (No
volume MSOQ) and carcinogenicity (as in the early bay- orientation ofC is implied by this term.)
region theory of the activity of benzenoids; see e.g. ref 10).
The present approach, in which polycycles are generated K @
according to the length of the code, has the property that Zai —k= Zai — 1@ =4(a) = 4(C) (1)
examples of large polyhexes appear sooner in the generation
sequence earlier than they would with methods Working Denote by'\Ap(a) a Submap OMp induced by the vertexes
strictly according to the increasing total number of faces. of C U D(C). In what follows, we suppose thad,(a) is
This feature may be an advantage in some chemical contextsgistinct on ap-gon. If ap-gonh of M(a) is adjacent tcC,
Maps containing mixtures of ring sizes, including the then there is at least one edgehafot belonging taC. Hence
fullerenes as noted above, but also fluoranthrenoids, in-\ye have
dacenoids, and more general structures, are of interest in the
chemistry of polycyclic hydrocarbons; the formal framework O<a=p—2, foralli (2)
of Euler relations described in sections 2 and 3 has been .
extended to cover the case of structures with various differentFor 0= r < p — 2, letn be the number of with & =r.
perimeterd? Then

Thg main aim of.the present paper is to present an A@) =3n,+2n,+n,— n, 3)
algorithm for recognizinghexagonal and pentagonal se-
quences; several intermediate tools for reduction of hexagonakyheren, = 0 if p < 6, andns = 0 if p < 5.
and pentagonal sequences are presented. In the final section There are |§ — 1)< distinct sequences of length k

of the paper, a simpler algorithm is given that recognizes gatisfying (2). Denote b(a) the disk whose boundary is

sequences related to planar polyhexes. the circuitC(a) related to the sequence. Call a sequeace
= aya...a p-gonalif it corresponds to the boundary circuit
2. BOUNDARY CIRCUITS OF A MAP of a partitionMp(a) of the diskD(a) into p-gons (Figure 1).

Forp =5 orp = 6, the sequence [g&ntagonabr hexagonal

Consider a simple cubic planar mip i.e., a planar cubic ~ respectively. Leth(a) be the number ofp-gons in this
graph embedded in the plane faceof M is a circuit ofM partition. Clearly, gp-gonal sequence satisfies (2), but most
that is the boundary of a simply connected part of the plane sequences satisfying (2) are rpgonal. Note thap — 2,
not containing vertexes and edges\fA p-gonal face g- p—2=(p—-2fandp—-3,p—3,p—3=(p—3) are
face, p-gon) is a face withp vertexes and edges. We  the shortest possible-gonal sequences, afifa) = 2 and
consider mapsvl, having a number of mutually adjacent 3, respectively. Ifa is p-gonal, then it may correspond to
p-gonal faces, for fixegh < 6, and review some definitions, ~more than one distinct mady(a). Hence, in what follows,
notation, and results needed in the later discussion. when discussing a-gonal sequence, we always have in

Consider a simple (i.e. non-self-intersecting) ciraDiof mind one possible mapl,(a), rather than a unique map.
M,. C is aboundary circuit SinceM, is planar,C has an A condition on the leftness(a) of a sequenca can be
inner domainD(C) and an outer domaib(C). SinceM, is obtained from the Euler re.latlon. Suppose that a planar map
cubic, each vertex o is incident additionally with an edge ~ Me(8) has the boundary circulC. The vertexes oC have
not belonging toC. valency 2 or 3. Let, andvs be the numbers of all vertexes

Call atail a vertex ofC with half of the edge oM, that of C of valency 2 and 3, respectively. & is the sequence

is incident to this vertex o€ but does not belong tG. Let C(zrreipondmg/{[cﬁ, t_hen ES Ien_g;H((:a) = kis equal tous,

C havek tailst;, 1 < i < k, lying in the inner domaiD(C). 218 = vz andA(a) = vz — vs = A(C).

We can relate t€ the sequenca(C) = aa...a, wherea _ Lemma 1.Let a be an arb|trary sequence. Suppose there
is the number of vertexes & lying betweent; and tj1;. is a map M(a) corresponding to a. Then, for g 6, the

(Tails incident on these; vertexes lie in the outer domain  €ftNessi(a) satisfies the following inequality

g(C).) The numbek is th(.elength. (a) qf the sequenca(C). 2/(a) < 2p — (6 — p)k (4)
equences(C) are considered identical up to reversal and

cyclic shifts; i.e., all the sequence8* = agi18g:2.. gk, with equality only for p= 6.

g=0, 1, ... (allindices with equal signs), are considered as Proof. We use the Euler relatiomn— e + f = 1, wherey,

identical, and indices in the sequences are to be taken module, andf are the numbers of vertexes, edges, and faces of
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of this paper we will give a simple polynomial algorithm
for recognizing hexagonal sequences corresponding to planar
polyhexes.

4. REDUCTIONS ORP-GONAL SEQUENCES

Figure 2. Nonplanar polyhex (right) and its map (left), relatedto  We want to know whether a given sequeaaerresponds

the sequence 420°. to the boundary circui€ of a mapMy(a). A natural way to
recognize whether a sequeree p-gonal is to reduce it to

My(a). We havey = v; + vs + 2, 26 = 20, + 3(vs + 2), and a shorter sequence, so we describe below some reductions

pf = vo + 2v3 + 32 = vo — v3 + 3(vs + 2), wherezis the that preservep-gonality.

number of interior vertexes ofl,(a). Substituting these Recall that there are; + 1 edges ofC between the tails
values in the Euler relation, we obtain t andti+1. Thesea + 1 edges are common @and ap-gon.
Denote thigp-gon byh;, and call these common edgesin

2w, — vy + (6 P)vs+2) =2p edges oh;. Denote byy; the vertex of the tait; common to

C. It is possible that a givep-gon h; has other edges that
are also common t€ in addition to its main edges. This is
the case wheh; coincides with gp-gonh;, j = i, and, without
loss of generalityi < j. Lemma 2 below describes one case
when this coincidence of faces can be ruled out.

Lemma 2. If a is a p-gonal sequence and & g >
p — 4, then the p-gons;fand h do not coincide

Proof. If h; and h; coincide, then the commop-gon
contains at least( + 1) + (g + 1) + 2 > p edges. This is

3. HEXAGONAL SYSTEMS a contradiction.
4.1. Reduction f;: Cutting Out a p-gon. This first

For hexagonal sequences (ie.= 6) we reformulate reduction corresponds to deletion opajon from the map

Recall thaty, — v3 = A(a) andvs = k. Forp < 6, we have
(6 — p)z = 0, and this equality implies (4).

The minimal nonempty sequenaéC) =p —2,p— 2=
(p — 2)? corresponds to the boundary of two adjageigbns
and hence has =2p — 2, v3=2, v, =2p — 4,2z= 0,
e=2p—1,f=2,andl = 2p — 6.

lemma 1 as follows. Mp(a).
Corollary 1. A hexagonal sequence a has leftness Suppose thah; has only main edges common with
Connect the tail§ andti+; in an arc. This arc belongs to the
M) =6 (5) boundary circuit of the-gonh;. If & = p — 2, thenh; has

p — 1 edges common witlC. The pth edge connects two

Equations +6 or equivalent results can be found in Vertexes ofC; i.e., thepth edge is a gluing of the taitsand
various places in the literature, e.g. ref 3, p 29. A chemical ti+1- This edge is also an edge of two coincidimgonsh; -,

formula can be associated with a hexagonal syReteta = Ni+1. If & = p — 3, thenh; hasp — 2 edges common with

sequence of lengthk = I(a) correspond to the hexagonal ~C. and two other edges of are edges dfi—, andh;... Hence

systemP. Let h(a) be the number of hexagons B Let thep-gonsh,—; andhi+; have a common edge that is incident

M(a) be the graph corresponding B Let x andy be the ~ t0 a vertex ofh. _

numbers of all vertexes and vertexes of degree ®A(H), In general, suppose that has no common edges with

respectively. In the notation of lemmadi= v, + v;+z  C(a) apart from main edges. Connect the neighboring tails

andy = v,. All vertexes of degree 2 lie on the boundary of 1 andti+s to form thep-gonh;. Consider the new circul®

P and therefore belong t6(a). that js the boundary dD(C) minus thep-gon h;. Then we
The parametersandy are related td& andh(a) as fokllows. obtain the new sequence

By definition of a hexagonal sequence= v, = Y _; a:. a(C) = fy(a,.. 4..3,).

Hence by corollary 1 and equality 1 we have

Here the operatioffiy transformsa(C) such that the triple
y=k+i(a)=k+6 a—1a:a.+1 (denoted as the triplebc) is changed in accordance

) with a value ofb, 0 < b < p — 2, as follows
By the Euler relation, we haveh@) = v, — vz +

3(ws+ 2 =A@ + 3(X — v2) = 6+ 3(x — y). This implies N +1.0 %P c+1ifb<p—3
x=y+2h(a) - 2;ie. fi(abe) = Z+c,+2 h ifb=E—2 ©)
x=2h(@+k+4 If abc= a_;aa+1, we say that the operatidnis applied to

the sequence a with respect tpaad closesthe p-gon h;.
It follows that all hexagonal systems with the same numbers For example, applyind, to the sequencep(— 3)® with
of vertexes of degree 2 and the same numbers of hexagonsespect to the middlp — 3, we obtain the shortest sequence
have the same chemical formulaHg. p— 2,p— 2 (Figure 3).

Recall that we represent hexagonal systems by planar Recall thatf; may be applied to close thegonh; if the
maps. If a hexagonal system represents a polyhex, thisonly edges oh; common toC are the main edges. In this
polyhex may be either planar or not. A polyhexpianar if case we say that the applicationfefs feasible
it can be embedded in the plane with no edges crossing; Note thatf; may increase, decrease, or leave unchanged
otherwise it isnonplanar(see Figure 2). In the final section the length ofa(C). If c=p — 2 orc = p — 3, then the
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Figure 3. Reductions of typé&, for p= 6. (a) A sequence ...231

is transformed to ...32 with exclusion of the shaded hexagon. This
is the casd = p — 3 of eq 6. (b) A sequence ...140s transformed

to ...3.. with exclusion of the shaded hexagon. This is the case
b=p—4ofeqb6.

(b)

length ofa decreases. The following lemma asserts that
preservegp-gonality: application of the operatiofy with
respect tea, = p — 2 ora = p — 3 in ap-gonal sequence
again produces p-gonal sequence.

Lemma 3.If a is a p-gonal sequence ang=a p — 2 or
a = p — 3, then the pgon h has only main edges common
with C.

Proof. If hj has an edge in common within addition to
thea + 1 main edges, then it coincides with sopigonh;,

j = i, with g = 0. Now lemma 2 implies lemma 3.

So, if a sequence has elemepts- 2 orp — 3, we can
reduce it to a shorter sequenceajlf< p — 4 for all i, then
the operation$; do not reduce the length et Call such a
sequencérreducible After application of the operatiorfs

J. Chem. Inf. Comput. Sci., Vol. 41, No. 2, 20BD3

Figure 4. Reductionf for p = 6 with g = 3. A sequence

LX2111%...i.e., . X(p — 4)(P — 5)%p — 4)y... is transformed to

..(Xx + )24y + 1)..., with elimination of the dotted portion of the
polyhex.

Letp = 6. An irreducible hexagonal sequence consists of
0’s, 1's, and 2’'s. A sequence of tyjpehas the formx2192y
(Figure 4).

Lemma 4. An irreducible hexagonal sequence always has
a sub-sequence xZly for some ¢ 0.

Proof. Let a be a hexagonal irreducible sequence. Ac-
cording to (3) and (5), fop = 6, the leftness o# is equal
to

A@=n,—n,=6

This implies that has at least six pairs of consecutive twos
without zeros between them. This proves the lemma.

Let p = 5. An irreducible pentagonal sequence consists
of 0’'s and 1's. A sequence of tygehas the fornx1(°ly.
The following is straightforward.

Lemma 5. An irreducible pentagonal sequence containing

several times to a sequence that is not irreducible, we obtainat least two ones has a sub-sequenceikt@or some ¢ 0.

either an irreducible sequence or the shortpgjonal
sequencep — 2, p — 2. Hence we need to be able to
recognizep-gonality of irreducible sequences.

4.2. Reductionf: Cutting Out Multiple p-gons.Now we

Now we give a sufficient condition for applicability of
the operationf to a sub-sequence of tyge of a p-gonal
sequence.

Consider a sequeneghat corresponds to a partitiétia)

describe a reduction procedure for an irreducible sequenceinto p-gons of the diskD(a) with the boundary circui€ =

Again we suppose that the only edgeshofommon withC
are the main edges.
Let a have the sub-sequence

b=xp—4,@—-5"p—4y

of lengthl(b) = g + 4. (It may be thai(b) = q + 3, if x
coincides withy, and therb = a.) If we applyf; to b with
respect to the firsp — 4, we obtain, according to (6), the
following sequence

b=x+1,0p—4 (p—5"%p—4by.

Now again applyf; to b" with respect to the firsp — 4, to
giveb" =x+1,1,0,p— 4, (p — 5)72 p — 4,y. Similarly,
applyingf; g — 2 times tob" with respect to the firgh — 4,
we obtain the sequencet 1, 190, p — 3,y. Now we apply
f, with respect tgp — 3 and obtain the sequence

flb)=x+1,1%" y+1

of lengthl(f(b)) = q + 3 =f(b) — 1. We denote byq + 1
consecutive applications of the operatifin If we apply
separate the operatidipto any member ob of type c =
p — 4 orc=p — 5, then according to (6) the length bifs
either unchanged (i€ = p — 4) or increased.

C(a). Let My(a) be the graph (map) dP(a). Suppose that
Mp(a) is such that there are two vertexesandy;, j = i +

1, connected by an edge. Call this edgeastof a. We say

that ap-gonal sequenca has no waistf no mapMp(a) has

a waist. If a has no waist, any two vertexes 6fa) are
connected by a path of more than one edge not belonging to
C(a). Hence we have the following analogue of lemma 2.

Lemma 6.If a is a p-gonal sequence without a waist and
a + g > p — 6, then pgons hand h are not coincident

An equivalent statement is as follows.

Corollary 2. If a is a hexagonal sequence without a
waist, then hexagons aBnd h, j = i + 1, coincide only if
a=4q=0.

If a is a pentagonal sequence without a waist, then no
two pentagons;hand h, j = i + 1, coincide.

This Corollary implies the following important property.

Lemma 7. If a p-gonal sequence has no waist, then the
operation f can be applied to a sub-sequence of type b

Proof. Recall that an application dfconsists ofq + 1
consecutive applications of the operatiin We have to
verify that each application dif is feasible. Obviously, the
first application off; is feasible. The next applications are
feasible if thep-gon closed byf;, sayh;, does not coincide
with anotherp-gon, sayh;. Clearly,h; may correspond only
to a new elemers; with j = i — 1. But any new elemerg,

j =i — 1, equals 1. By construction 6fay = p — 4. Hence
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Table 1. Hexagonal Sequences of Length at Most 8
k n(k) h(a) CHy hexagonal sequences
2 1 2 GioHs 44
3 1 3 GisHog 333
4 3 3 GuaHio 4240 4141
4 CieH10 3232
5 2 4 GHu 41330
5 CigH11 32231
6 12 4 GaHiz 404040 422400 421410 420420 411411
5 CooH12 403230 330330 412320
6 CooH12 322230 321321 313131
7 CoHiz 222222
7 14 5 GiHis 4203310 4130410 4113301 4114030 4213300
4131400
6 CosHis 4122310 3302320 4031320 4113220
7 CosHis 3221320 3213130 3212311
8 CoHis 3122221
8 50 5 GaHia 42224000 42214100 42204200 42124010 42114110
42104210 42040400 42024020 42014120 41214101
41114111 41040401
6 CoHia 42123200 42032300 42023210 41303300 41230400
41214020 41204120 41131310 41123201 41123120
41040320 41033030 41032301 40304030 33113300
33103310
7 CoeH14 41222300 41213210 41032220 40312310 40303220
40230320 33022310 32023202
8 CogHia 40222220 32212310 32203220 32130320 32123030
32113211 32031311 32023121 31303130
9 CaoH14 32122220 31222130 31221311 31213121
10 GsoH1a 22212221
i Suppose thaa is irreducible. Then for sequencg$(a)
to satisfy (2), it is necessary that
— a.+tas=p-4da,+as=p-4  (7)
j For the sequencaﬁ(a) to bep-gonal, their leftness must

Figure 5. Reduction by cutting a sequence at a waij$t Cutting

from the trivalent vertex betwees_; anda; to the trivalent vertex
betweena,—; and g gives sequences a(; + g + 2)... and
@+ g1t 2)....

a+a=p—3>p-—4. Now, lemma 2 asserts thiatand
hj do not coincide. The same result holds for the final
application off;, whenag = p — 3. Hence all applications
of f; are feasible. This proves the lemma.

4.3. Reduction ofg;: Cutting the Sequence in Two.lf
there is an edgejf of My(a) connecting the vertexésand
i, then the hexagorts-, andh; coincide, as do the hexagons

hi and hj_l.

The vertexes; andy; partition the circuilC into connected
component€’ andC''. These components are related to two
sub-sequences afdenoted byga'a—1 andaa’'a-1 (Figure
5). The edgeif) partitions the diskD(a) into two domains
with boundarie<C™ = C' U (ij) andC~ = C" U (ij). Denote

the sequences correspondingGb by gﬁ(a). Obviously

Call the transformation o# into the two sequencegi-r(a)

l(g@ <@

andg; (a) the reduction g.
It is easy to check that

g(@=a,a,+a+2 and gj(@=a', g ,+a+2

satisfy (4). Clearly, if both sequencaﬁ(a) are p-gonal,
then the sequenca is alsop-gonal. If at least one of the
sequencegﬁ(a) is notp-gonal, buta is p-gonal, theni{) is
not a waist ofa.

5. ALGORITHM FOR RECOGNIZINGP-SEQUENCES

Now we are ready to describe an algorithf for
recognizingp-gonal sequence# uses reductions of types
fi, f, andg; to reducea to a shorter sequence.

The reduction algorithmA is as follows. If a is not
irreducible, apply the operatioia with respect to ally =
p — 2 and allay = p — 3 untilais eitherp — 2,p — 2 (and
hencep-gonal), or irreducible. Then for all paifjssatisfying
(7), apply reductiongj;, and apply the algorithr to the
reduced sequencg$(a). If these sequences are mwgonal
for all pairs {j), thena has no waist and we can apply the
reductionf. After that we applyA again.

Unfortunately, forp = 5, algorithmA does not recognize
two classes of equivalence of pentagonal sequences of given
length k. These are the class consisting of the unique
sequence '0and the class containing the sequenc& 410
However, the pentagonality of these two sequences is easily
recognized.

Algorithm A applied to hexagonal sequences thus gives a
partial answer to the first question of Malkevitéhi.e.
“Characterize those binary sequences which can arise as the
boundary of some patch in the regular tiling of the plane by
hexagons”).
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Figure 6. Polyhex realizations of the hexagonal codes of lergth 8. The diagrams follow the order of Table 1.

Table 2. Pentagonal Sequences of Length at Most 8 Table 3. Irreducible Hexagonal Sequences of Lengthsl9
k nk h@ CHy pentagonal sequences k nk h@ CHy irreducible sequences
2 1 2 GHs 33 9 97 12 GHys 221221221
3 1 3  GoHe 222 10 313 12 GgHis 2222022220
4 2 3 GiH; 3130 13 CyHis 2221212220 2221122211
4 CpHe 2121 14 CyHie 2212122121
5 4 4 GsH; 30220 11 747 15 GgHiy 22211221220
5 GadHs 21120 16 CyHiy 22121212211
6 GCsHs 11111 12 2309 14 GHig 222210222210
11 GgHo 00000 15 CygHis 222202122210
6 9 4  GqHs 311300 310310 16 CgHis 222121122210 222120222120 222111222111
5  GgH; 301210 222022202220
6 CieHs 202020 210210 17 GHis 222112122120 221220221220 222022121220
7 GCHs 201110 18 GoHis 221212121220 221211221211 221122112211
8  GCpgHs 110110 19 GuHis 212121212121
9 GgHs 101010 13 6257 15 Gy 2222111222200 2221122022210
10 GoH. 100100 16 CgHi 2222012212210
7 6 5 GeHs 3102200 3020300 18 GaHio 2221202212210 2221112220220 2221112212201
6 G, 3011200 19 GuHie 2221121212210 2221112212120 2220221122120
7 GeHs 2101200 2212202122120
8 GdHs 2010200 20 GyHig 2212121122120 2212112211220 2212112122111
9 GuHs 2001100 21 GHye 2211212121211
8 11 5 G/Hy 31113000 31103100 31013010
6 CigHg 31012100 30103010 22002200 . )
7  CiH; 30102100 30020200 we give lists of hexagonal and pentagonal sequences of
8  GCuHe 30011100 21002100 length at most 8, along with the numbe&) of sequences
10 GeHs 20002000 of lengthk. Note that, forp = 5, the Euler relation gives
h(@ =6+ k— fia; for the number ofp-gons, and hence
6. SHORTP-GONAL SEQUENCES x=Kk+ 4+ h(@),y = k+ 6 — h(a) for the numbers of
Using algorithmA, we can find all shortp-gonal se- carbon and hydrogen atoms in the realization of the polycycle
quencesp = 5, 6, proceeding as follows. as a molecule of formula,&l,. The corresponding formula
For given lengttk, we generate in lexicographic order all for p = 6 was given in section 3.
sequencesa of length k satisfying (2). In the class of The isomer counts in Table 1 are in full agreement with

sequences equivalent up to shifts and reversals of order, weprevious tabulations:® Those in Table 2, for even C/H
take the lexicographically maximal sequence and check its formulas, can be compared with the “Periodic Table” PCH5/
p-gonality with a FORTRANT77 program. In Tables 1 and 2 PAH6**1%in the previous work it was necessary to inter-
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Figure 7. lllustrations of the pentagonal codes of lengtke 8. Each polycycle is shown as a subset (the shaded faces) of the Schlegel
diagram of the platonic dodecahedron. In two cases, a thick line is used to indicate a cut between two faces that are disjoint in the polycycle.
The diagrams follow the order of Table 2.

polate to obtain counts for odd formulas; the present Table as far as the tabulation runs, can all be presented without
2 does not have this limitation. overlap as subsets of the faces of the pentagonal dodecahe-
From a mathematical point of view, perhaps the most dron and are shown in this way on Schlegel diagrams. Most
interesting hexagonal sequences are those which are irreduclonger codes, those correspondingitigproper or helical
ible hexagonal sequences. They have the maximal numbempolycycles, could not be displayed in this way without
of hexagons among all sequences of a given length. Noteoverlap of some faces. In fact there are 38 proper pentagonal
that any partition corresponding to a reducible hexagonal polycycles, which together with the pentagon itself form the
sequence can be obtained from a partition corresponding toset of 39 5-gonal graphs that can be embedded on the surface
anirreduciblesequence by adding a hexagon that shares oneof a regular dodecahedron without overlap of edges or faces
or two edges with the original partition. In Table 3 we give (i.e. “proper polypentagons” in the terminology of ref 4).
the numbers(k) of all hexagonal sequences of lengitrs Figure 7 shows all but six of the proper pentagonal
9, 10, 11, 12 and their corresponding irreducible sequencespolycycles. The remaining six, which have codes of length
The accompanying Figures® show a filled polycyclic 9, are the 6-pentagomn &y polycycles with codes 300300300,
patch for each distinct code in Tables3, given in the same 301022001, 300230020, the 6-pentagesHy; 2110021100,
lexicographic order as the codes. The hexagonal polycyclesand the 7-pentagon,gHs polycycles with codes 310021100
are shown in a “chemical” presentation, suitable for geo- and 220012100. The 34 codes of Table 2 include two
metrically planar hydrocarbons. The pentagonal polyhexes,improper pentagonal polycycles, 31113000 and 20002000,
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Figure 8. Polyhex realizations of the irreducible hexagonal codes of lengthkd< 13, following the ordering of Table 3.

P ever, there is a simple combinatorial algorithm (calBijt
[ \| for recognition of sequences that correspond to planar, simply
1 connected polyhexes. The complexityBis n (log n), where
N n is the length of the sequence.
T Lete, 1 < i < 6, be the two-dimensional vectors:
}
i
e =(20).,6=01-1),6=(-1-1),
. . &= "6, 6="6,6= "6
A .
~ Note thate, = e; + e;5. These vectors generate a hexagonal
Figure 9. Hexagonal sequence and its correspondisgquence.  latticeL, which consists of hexagons squeezed in the vertical
The four stringsg; are indicated by alternately full and dashed sets direction. We take this form of the’s to allow algorithm B
of arrows running around the perimeter of the polyhex 3232. g work entirely in integer arithmetic. They are the shortest

o . . . lattice vectors of the cubic mdp If we take the end of the
shown in Figure 7 with overlapping edges marked by thick vectore as origin, therg is adjacent irL to the vector®.;

black lines. ande_;. If we go frome to an adjacent vector, then we
In passing, we note that the case for 4 can be solved 1 right or left depending on whether we mest or
completely without the intervention of the algorithm. The a1, respectively.

polycycles with _aII faces 4-gonal are as follow_s: the cube Any path inL naturally generates ansequencef vectors
(09, the cube minus a vertex (111), thlezcube minus an edgeg ' and, in particular, any closed path generates such an
109), any finite path ofh squares (20%)2for h > 1), and ¢ qequence. This path determines an orientation of the
the two infinite paths (0) and 2(0y. Only the first three, ;o egponding closed curve. For any closed curve, ime
plus the paths witln < 3 areproperin that they are partial  \q5se the clockwise orientation. For example, the boundary
subgraphs of the cube. of a hexagorh of L generates the-sequenc@e16+...6+s.

As we go along the boundary of the hexagon, we always
7. SIMPLE ALGORITHM FOR HEXAGONAL

turn right.
SEQUENCES RELATED TO PLANAR POLYHEXES From now on, we consider the vectador any integer
In general, the algorithmA requires a time that is i > 0, supposing thate = g, wherek = i (mod 6),

exponential in the length of the recognized sequence. How-1 < k < 6, and, for simplicity, denote it bg(i).
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Consider a simply connected planar polyhex. Its boundary embedded into the hexagonal lattice of regular hexagons,
C is a plane circuit without self-intersection. Shifting and then its hexagonal sequence does not determine théitep
reversing operations o generate the full set of equivalent uniquely. Examples and details are given in ref 17.
hexagonal sequences, and from this set, we take the Finally, a remark about nonplanar cases can be made. It
lexicographic maximal sequenee= a(C), which determines  appears that all nonplanar polyhexes discussed in the
uniquely the first vertex o€. The clockwise orientation of literature can be embedded in the infinite hexagonal lattice
C generates a sequene@i)e(iz)...&(in) corresponding t@ if several edges are allowed to occupy the same position
= qa...a With n = Z]!(:l a + k. Although thee-sequence  but on different levels and no two hexagons in the same
determines uniquely the hexagonal sequene@edetermines  position have a common edge. We believe that if we delete
the corresponding-sequence up to a vectefi), 1 < i < 6. the condition on pairs, then algorith® will in addition
We choose(i) such that the first vector of thesequence  recognize hexagonal sequences corresponding to nonplanar
is e(1). polyhexes.

The e-sequence corresponding to a hexagonal sequence
consists of the strings

E = e(i) e(ij+1) e(ij+2)..&(+a), 1=<i=<Kk
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