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Abstract

We study 3-valent maps My, (p,q) consisting of a ring of n g-gons whose
the inner and outer domains are filled by p-gons, for p,q > 3. We describe a
domain in the space of parameters p, ¢, and n, for which such a map may exist.
With four infinite sequences of maps - prisms Mpy(p > 3,4), M4(4,q > 4),
Ma(5,5t +2 > 7), M4(5,5t + 3 > 8), we give 26 sporadic ones. The maps
whose p-gons form two paths are first two infinite sequences and 5 maps:
M1s(7,5), M12(6,5), Mio(5,6), M20(5,7), M2(3,6).
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Let M, (p,q) be a planar graph with all vertices of degree 3 having only p-gonal
and g¢-gonal faces such that the g-gonal faces form a ring R,, of n ¢-gons. We want
to know for which n, p and ¢ such maps exist. Clearly, the dual of M,(p,q) is a
triangulation, in which all vertices are p-valent, except n g-valent vertices forming
an induced simple circuit.

We dismiss trivial maps M3(2,2 + 4¢) (with ¢ consecutive digons on each of 3
edges of dual triangle) and M3(p,p), 3 < p < 5, of simple Platonic polyhedra. So,
one can counsider only the case ¢ > 4 since the map M3(3,3) is unique M, (p, 3).
We represent the ring R,, as a ring of quadrangles as follows. Each quadrangle has
two pairs of opposite edges. Edges of one pair belong to neighboring quadrangles.
Edges of another pair belong to the outer and inner boundaries of the ring. In
order to transform a quadrangle into a g-gon, we set ¢ — 4 vertices on the edges
of the quadrangle belonging to the outer and inner boundaries. If (7, j) is the pair
of numbers of the vertices on the outer and inner edges of quadrangles, then the
following pairs are possible: (0, —4), (1,¢ — 5),...,(¢ — 4,0). So any of our maps
will be a decoration of a n-gonal prism.

Denote by I, and O,, the parts of M,(p,q) consisting of the inner and outer
domains of R,,, with the common boundary of R,,.

If ¢ = 4, then the map M, (p,4) exists only for n = p. In this case I,, and O,
each is a p-gon, and M, (p,4) is the map of a p-gonal prism with quadrangle lateral
faces. Hence, from now on we suppose that ¢ > 5.

Consider the part I,, of M, (p, q) consisting of p-gons in the inner domain of R,,.
Vertices of I, have degrees 2 and 3. Let vy and w3 be the numbers of vertices of
degree 2 and 3 lying on the common boundary of I,, and R,,. The vertices of degree
2 are end-vertices of edges common to two adjacent g-gons. Obviously, there are
v = n such vertices. Let x be the number of interior vertices of I,,.

We are interested especially in maps M, (p,q) such that I,, and O, each is a
path of p-gons. We say in this case that M, (p,q) has two paths of p-gons.

Now we apply results of [1] to the map I,. The boundary of I, generates
a p-gonal boundary sequence studied in [1]. Each p-gonal sequence has the form
a = ajas...ay, where k is the length of the sequence a. Here a; is the number of



vertices of degree 2 between the tails t; and ;1. Namely, the tail ¢; is an edge of
I, having exactly one end-vertex (of degree 3) on its boundary.Hence we have

k
k = vs and Zai:vz. (1)

i=1

Note that if p = n, then there is a degenerate case, when one of the domains
I, and O,, or both (p-prism) may consists of one p-gon. In this case vy = 0, what
implies £ = 0. The corresponding p-gonal sequence a is degenerate also.

Similarly, let v4, v§, ' be the numbers of the corresponding vertices of the outer
domain O,,. The boundary of O,, generates a boundary sequence of length k' = v}.
Of course, we have

vy =wy =mn, wvy+wvs=(q—4)n. (2)

k k'
Mai=n Ydi=n k+k=(g-4n (3)
i i

We call the sequence a’ the g-complement of a, and vice versa. A sequence a is
called self g-complemented if a' is obtained from a by shifting or/and reversing.

Theorem 1 For p,q > 4, a map M,(p,q) may exist only for the following values
of the parameters n, p and q.
A If q=4, then n =p and Mp(p,4) is the map of a p-prism.
BIfqg>5, thenp <7, and if p > 6, then ¢ = 5. Besides
1)if p=17, then n > 28 and unique Ms(7,5) has two paths of 7-gons;
2) if p = 6, then all existing maps are four M12(6,5) and one of them has two
paths of hexagons (see Figure 1);
3)if p=2>5, then
a) if ¢ = 5, then there exist only two maps Mg(5,5) and one Ms5(5,5), all
three realizing the dodecahedron;
b) if ¢ = 6, then n < 10, and dall existing maps are: Ms5(5,6), two maps
Mg (5,6), Mg(5,6) and (with two paths of pentagons) M1o(5,6) (see Figure 1);
c)if q =17, then n < 20 and all existing maps are (except of undecided case
17 < n <19) following nine: Ma(5,7), M1o(5,7) and (with two paths of pentagons)
Mso(5,7) (see Figure 2), and (from [3], see Figure 3) 4 maps My2(5,7), 2 maps
M16(57 7)7
if ¢ > 8, then if a map M,(5,q) exists, it has not paths of pentagons, and
the following maps exist: Mo(5,10), M3(5,8) and M4(5,q), for any ¢ = 2,3(mod5),
but not for q = 9;
4)if p=4, then n < 4 and all existing maps are: My(4,8), M3(4,6) and (with
two paths of ¢ — 3 quadrangles) My(4,q) for any q > 4;
5) if p =3, then there exist exactly two maps M2(3,6) and M5(3,4), where the
last map is the special case p =3 of A.

Proof. The case A was described above. Consider the case B.

We use the Euler relation v — e + f = 1 for numbers of vertices v, edges e and
faces f of I,,. We have v = vo +v3 + , 2e = 2v9 + 3(v3 + ), pf = vy + 2v3 + 3z =
vy — vz + 3(vs + x). Substituting these values in the Euler relation, one get

209 — (p— 4)vg + (6 — p)x = 2p.
A similar equality is valid for O,,. Summing them and using (2), we get

(4=p)g—4)+4n+ (6 —p)(z + ) = 4p. (4)



Counsider at first the case p > 7. Rewrite (4) as follows:
(p=6)(z+2") = (4= (p—4)(¢—4)n - 4p.

Since p—6 > 0 and z + ' > 0, one has 4 — (p — 4)(¢ — 4) > 0. For p > 7, this
inequality holds only if ¢ = 5 and p = 7. For these values p and ¢, the equation (4)
takes the form

x+z' =n—28.

So, no map M, (7,5) exists for n < 28. For n = 28, x + 2’ = 0. Hence if a map
Mog(7,5) exists, then Iog and Osg consist each of a path of heptagons. In fact, such
map exists and it is unique for n = 28.

Now we consider the case p = 6. In this case (4) takes the form

(12 — 2q)n = 24.

Hence 12 — 2¢ > 0, i.e. ¢ < 6. Since ¢ > 5, we have ¢ = 5 and n = 12. There
exist four maps Mi(6,5), and only one of them has two paths of hexagons. (See
Proposition 9.1 of [2].)

The case p = 5 is the most rich case. Now (4) takes the form

r+ax' =20— (8 —q)n. (5)

For g < 8, this equality restricts n, since x + z' > 0.

Now we will use Table 1, which is Table 3 of [1] extended by the sequences
of length & = 9. For given n and ¢, we inspect pentagonal sequences of length
k < 1(g — 4)n and such that Zlf a; = n. Call such a sequence feasible. We seek
feasible sequences having pentagonal g-complements. At right of a feasible sequence
we give in parentheses the map related to this sequence.

Cousider at first the case ¢ = 5. The equality (5) gives n < 6. But now M,(5,5)
is a partition of the plane into pentagons. There exists only one such partition and
it is the dodecahedron. It can be realized as one map M;5(5,5) with a degenerated
sequence a, and two maps Mg(5,5), one with the self 5-complemented sequence 222
and another with the sequence 2121 and its 5-complement 33.

Table 1. Pentagonal sequences of length k at most 9.

n = Z’: a;, pentagonal sequences
33 (Mg(5,5))
222 (Ms(5,5))
2121 (Ms(5,5))
3130
11111 (M5(5,6))
21120
30220
100100 (M (5, 10))
101010 (M3(5, 8))
110110 (My(5,7))
201110
202020 (Mg(5,6)) 210210 (Mg (5,6))
301210
311300 310310
2001100
2010200
2101200
3011200
3102200 3020300
20002000 (M4(5,8))
30011100 21002100
30102100 30020200
31012100 30103010  (Mg(5,6)) 22002200
31113000 31103100 31013010
300011000
300102000 210012000
301012000
310112000 310021100 301103000 220012100
311022000 310203000 310022010 300300300
311002201
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Let ¢ = 6. The equality (5) takes the form x + 2’ = 20 — 2n. Hence n < 10.
One has to consider feasible pentagonal sequences of length & < n. For 2 < n < 10,
we find the following feasible pentagonal sequences:

n =75, k=5 11111. Tt is a self 6-complemented sequence giving M;5(5,6).

n = 6: for k = 2,3,4,5 we find the feasible sequences 33, 222, 2121, 21120, re-
spectively. (Note that the 5-complement of 222 is pentagonal giving a map Mg(5, 5)
of the dodecahedron.) For k = 6, we find two feasible sequences 202020 and 210210
(both are self-complemented), giving two distinct maps Meg(5,6).

For n = 7 all feasible sequences have no pentagonal 6-complement.

For n = 8 there is unique feasible sequence 30103010 of length 8, which is self
6-complemented and gives the map Mjz(5,6).

For n = 9: the 6-complement of unique feasible sequence is not pentagonal.

If n = 10, then = + 2’ = 0. There exists a map Mio(5,6) having two paths of
pentagons. It is unique for n = 10.

Let ¢ = 7. The equality (5) takes the form z + 2’ = 20 — n. Hence n < 20. We
have to consider feasible sequences of length k& < %n For n = 2 and n = 3 there
are no feasible sequences. Hence maps M,,(5,7) do not exist for n <3 .

For n = 4, Table 1 shows that amongst of all sequences of length ¥ < 6 there
is unique feasible sequence, namely 110110, This sequence is self 7-complemented.
Hence in this case both maps I, and O4 are isomorphic and contain 8 pentagons
each. We obtain the map My(5,7), starting the sequence My (5, 5t + 2).

For n = 5, Table 1 shows that amongst all sequences of length £ < 7 there are 3
feasible sequences 11111, 201110 and 2010200. But the 7-complements of all these
sequences are not pentagonal. So, there is no map M;5(5,7).

For n = 6, Table 1 gives 11 feasible sequences, but the 7-complements of all
these sequences are not pentagonal.

There exist Mio(5,7) with pentagonal sequence bb for b = 3010010; its 7-
complement is pentagonal sequence bb for b = 21001001.

Harmuth ( [3]) checked by computer all maps M, (5,7) with n < 16. He got six
new maps (four with n = 12 and two with n = 16); see them on Figure 3. Amongst
them, only 3rd and 4th have I,, # O,. The 4th map M;2(5,7) has non-periodic
pentagonal sequence, other five have it of form bb.

Note the extremal case n = 20. In this case k + k' = 60. There exists a feasible
self 7-complemented sequence of length 30. This sequence has the form bb, where
b =300100101011011. The inner and outer maps Isg and Osq of the map My (5,7)
are isomorphic. In this case z = 2’ = 0 and v = v§ = %n = 30. Hence each of
them consists of a path of f = 1+ %’Ug =1+ %vé = 16 pentagons. This map is
unique for n = 20; its symmetry is Sy.

If ¢ > 8, the equality (5) gives no restriction on n. There exist maps M;(5,8),
M, (5,10), corresponding to pentagonal self g-complemented sequences with param-
eters (k,n) = (6,3), (6, 2), respectively. Moreover, there exist maps M, (5, g) for any
qg=>5t+3>8and q=>5t+2 > 7. They have self g-complementary sequences
bb with b = 20...0 (5t — 2 zeros) and b = 110...0 (5t — 4 zeros), respectively. The
first is a decorated (not on the 4-ring) map M4 (4, 5t + 3); the second is a decorated
My4(4,5). See the smallest case t = 1 (i.e. ¢ = 7,8) of those maps on Figure 2; the
larger ones come by repetition of their I,,, O,, t times. One can check non-existence
of M4(4,9), using that its sequence a should be of form bb (since it period divides
4) and has k = 10 (since Table 1 has no needed sequence with n =4 and k£ <9 or
k' <09).

Let p = 4. In this case (4) takes the form

1
n:4f§(.r+z'),



that implies that n < 4. An inspection shows that there exist the following maps

M2(478) M3(46)7 M4(4:q)7 q Z 4.

Since & + ' = 0 for n = 4, the inner and outer domains of the map M,(4, q), each
consists of a path of ¢ — 3 quadrangles.

The map My (4, ¢) can be obtained from the prism M, (p,4) for p = g as follows.
Select a 4-gon @ in the ring R, of M,(q,4) and put in ) new g —4 edges parallel to
edges of () common with the two g-gons. Then @) will be replaced by a path of ¢ —3
quadrangles. The two 4-gons, which were neighboring to ), became g-gons that
form a ring of four ¢-gons together with the old two ¢-gons. (The dual of M,(4,5)
is the map of snub dishpenoid; its faces are 12 regular triangles.)

Now, consider the last case p = 3. In this case (4) takes the form

fa =4
z+x =4— —gn.
3(]

It implies that gn < 12 and ¢n is a multiple of 3. Since ¢ > 4, only two pairs
(n,p) = (2,6) and (n,p) = (3,4) are possible. Both corresponding maps M, (3, 6)
and M3(3,4) exist with isomorphic I, and O,,. |

Clearly, M,(p,q) has two paths of p-gons if and only if z + 2’ = 0 and such
paths consist of Zle p-gons. So, in this case (4) implies n = W and
(p,q) = (5,6),(5,7),(6,5),(7,5),(3,6). Any such map comes from M, (4, zf’j +3)
by addition of n — 4 edges on the 4-ring.

Corollary Besides two infinite sequences of maps: My(p,3) and My(4,q), there
are only 5 maps M,(p,q), having two paths of p-gons: My (3,6), one of 4 maps
M12(675), M10(5,6), M28(7, 5), M20(5,7) (566 Figures 1,2}.|:|

Remarks:

(i) Maps Mp(5,6) and M, (6,5) are instances of fullerenes, known in Organic
Chemistry; they are 9 maps (of cases B2) and B3)b) of Theorem 1) given on Figure
1. In notation F,(Aut), stressing their number of vertices (carbon atoms) and the
maximal symmetry, those 9 maps are: Fs6(Dag), Faa(Dsq), Fas(Dea), Faa(D2) and
F30(Dsn), F32(D2), Fio(D2), F33(D3a), Fz6(D2a)-

The 4 simple polyhedra with only 4- and 6-gonal faces and at most 16 vertices,
correspond to 4 maps My(4,4), Mg(6,4) (4- and 6-prisms) and Msz(4,6), M4(4,6).

The 26 maps My(p,q), given here (which are not covered by families M,(p >
3,4), Mg(4,q9 > 4), M4(5,q = 2,3(mod5)) are: 3 maps of the dodecahedron, 5 small
maps M, (p, q) (with (n;p,q)=(2;3,6), (3;4,6), (2;4,8), (3;5,8),(2; 5, 10); see Figure
2), 9 fullerenes and 9 azulenoids (a chemical term for the case {p,q} = {5,7}). All
undecided maps M, (p, q) are either other azulenoids (M, (7,5), n > 29, or M, (5,7),
17 < n < 19), or, prior to [5], other fulleroids (a chemical term for the case p = 5)
M,,(5,q) (with ¢ > 8, n > 4).

[5] gave new constructions of fulleroids M,,(5,q) forn = 8,¢ = 1,4(mod5),q > 9
(by S.Madaras) and four cases (by R.Sotak): 1) n =6,¢ =0, 1,4(mod5),q > 10, 2)
n = 10,9 = 0(mod 10),q > 20, 3) n = 14 + 4k, q = 10,k > 0, 3) n = 12+ 4k,q =
2,3(mod5),q > 17,k > 0. So any even n > 0 and any g > 4 are realized (separately)
by some map M, (5, q), but amongst impossible pairs (n, ¢) there are, for example,
(4,9), (n,6) for n > 10, (n,7) for n > 20 and, using [4], (n,q = 0(mod 10)) for odd
n. All known M, (p,q) with odd n are, besides of prisms M, (n,4) with odd n, the
map M3(4,6) and 3 maps M5(5,q) with ¢ = 4,5,6. There is a M,(5,10) for each
n = 2(mod4) (except of undecided case n = 10) and an infinity of maps M, (5, q)
for any n = 0(mod4) and for n = 6,10. The number of M, (5,q) with fixed ¢ is
finite for ¢ < 6, but it is infinite for ¢ = 10 and ¢ = 2, 3(mod5),q > 17.

(ii) Examples of two maps having the same graph G of p-gons in I, are:
M;5(4,6), one of 2 Mg(5,5) (for G = Kj3); M»(4,8), the second Mg (5,5) (for
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G =Ky —e); M5(5,6), M5(5,5) (for G being 5-wheel); one of two Mg(5,6), one of
four M12(6, 5) (for G = K3><2 — Kg)

The maps, given here (except of M5(5,5), one of two Mg(5,5), Mig(5,7) and
3rd, 4th My2(5,7) from Figure 3) are self-complementary (i.e. they have isomor-
phic domains I, and O,) since the corresponding p-gonal sequences are self g-
complemented. Suppose, without loss of generality, that I,, contain no more p-gons
than O,. Then exceptional maps M5(5,5), Ms(5,5), M10(5,7), M12(5,7) have (the
graph of p-gonsin I,,) G = K1, Ka, Po 1,9+ (1,3)+(2,4)+(5,7)+(6,8), Po.1,...0+
(0= 2)+(7= 9)7 P071,...,9+ (1= 3)"’(2: 4)+(7= 9)

All p-gonal sequences of the maps in the paper (except of non-periodical one for
4th map on Figure 3) are: either 222222 (for a M;2(6,5)), or 11111 (for M;5(5,5)
and M5(5,6)), or of form bbb (with b = 1, 10, 2, 20, 31 for 5 maps M5(4,6), a
Mqg(5,5), M5(5,8), Mg(5,6), a M12(6,5)), or of form bb (including b = 1, 10, 100,
110...0, 20...0 (with any number of zeros), 21, 210, 321, 411, 3010, 30101, 3010010).
Clearly, the period divides n and indicates the maximal symmetry of corresponding
polyhedron.

(iii) Denote by M¥(p,q) k-valent analogs of maps M, (p, q), i.e. k-valent (p,q)-
map, such that g-gons form a simple circuit. Unique map M2(p,3) is the map
My, (p,3) of p-gonal antiprism; all M}(3,4) are 3 maps with n = 4,6, 8, which are
decorations of cube, octahedron and rhombic dodecahedron, respectively.

The only k-valent planar graphs, admitting more than one map MF(p,p), are
the dodecahedron and the icosahedron. The dodecahedron has three maps: with
(n,G) = (5,K1),(6,K3) and (self-complementary one) with (6, K3). The icosa-
hedron has six maps M3(3,3): with (n,G) = (9, P1), (10, ), (11, P3) and (self-
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complementary ones) with (12, Py), (12, K, 3), (10,C5).

(iv) Denote by My, . n, (p,q) any 3-valent planar map, consisting of p- and ¢-
gons only, where all g-gons are organized into ¢,¢ > 2, rings of length ny,...,n; > 3.
We found 3 infinite families (of M3 3(6,4), Mg 6(6,5), M5.33.3(6,5)) and 30 sporadic
maps: 3 fullerenes (M3 3(5,6), M5 5(5,6), M3 6(5,6)= M3 9(6,5)), 15 azulenoids (12
Mn17n2 (57 7) M3’373’3(5, 7) M378’3(5, 7) MG79’3(5, 7):M3715712(7,5)) and 12 maps
M37...73(p=4) with (t7p):

(4,7),(4,8),(4,8),(4,9),(6,10),(8,9),(8,9),(8,12),(12,11),(12,11),(16,13),(20,15).

(v )For n = 2,3 only the maps Ms(p, 2p) and M3(p,2p — 2) for p = 3,4, 5 exist.
The maps with n = 2 are not polyhedral: two 2p-gons have two edges in common.

The maps M (p, 2p) with p = 3,4, 5 have symmetry Dsp,; two maps from Figure
1 have symmetry D34 (namely, fullerenes M14(6,5) and Mg(5, 6), which are the first
and the last in the right column). Those five maps are only centrally-symmetric
ones amongst the maps of Figures 1 and 2. They can be folded on real projective
plane: the ring of n g-gons became Mobius band from % g-gons, which is glued, by
the boundary circle, with a disc of (the half of original) p-gons.

.....
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Figure 1: All fullerene maps M,,(p,q) (i-e. with {p,q} = {5,6}): four maps
Mi2(6,5) and five maps M, (5,6) with n =5,6,10,6,8.
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Figure 2: Four azulenoids (M4 (5,7), Mio(5, 7)
(5,8)-maps (M3(5,8), M4(5,8)) and M2(4 8)
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Figure 3: azulenoids M, (5,7) from [3]: 4 with n = 12 and 2 with n = 16.
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