
Maps of p-gons with a ring of q-gonsMichel DezaCNRS and Ecole Normale Sup�erieure, ParisViatcheslav GrishukhinCEMI, Russian Academy of Sciences, MoscowAbstractWe study 3-valent maps Mn(p; q) consisting of a ring of n q-gons whosethe inner and outer domains are �lled by p-gons, for p; q � 3. We describe adomain in the space of parameters p, q, and n, for which such a map may exist.With four in�nite sequences of maps - prisms Mp(p � 3; 4), M4(4; q � 4),M4(5; 5t + 2 � 7), M4(5; 5t + 3 � 8), we give 26 sporadic ones. The mapswhose p-gons form two paths are �rst two in�nite sequences and 5 maps:M28(7; 5), M12(6; 5), M10(5; 6), M20(5; 7), M2(3; 6).1991 Mathematics Subject Classi�cation: primary 52B10; secondary 05C30Let Mn(p; q) be a planar graph with all vertices of degree 3 having only p-gonaland q-gonal faces such that the q-gonal faces form a ring Rn of n q-gons. We wantto know for which n, p and q such maps exist. Clearly, the dual of Mn(p; q) is atriangulation, in which all vertices are p-valent, except n q-valent vertices formingan induced simple circuit.We dismiss trivial maps M3(2; 2 + 4t) (with t consecutive digons on each of 3edges of dual triangle) and M3(p; p), 3 � p � 5, of simple Platonic polyhedra. So,one can consider only the case q � 4 since the map M3(3; 3) is unique Mn(p; 3).We represent the ring Rn as a ring of quadrangles as follows. Each quadrangle hastwo pairs of opposite edges. Edges of one pair belong to neighboring quadrangles.Edges of another pair belong to the outer and inner boundaries of the ring. Inorder to transform a quadrangle into a q-gon, we set q � 4 vertices on the edgesof the quadrangle belonging to the outer and inner boundaries. If (i; j) is the pairof numbers of the vertices on the outer and inner edges of quadrangles, then thefollowing pairs are possible: (0; q � 4), (1; q � 5),...,(q � 4; 0). So any of our mapswill be a decoration of a n-gonal prism.Denote by In and On the parts of Mn(p; q) consisting of the inner and outerdomains of Rn, with the common boundary of Rn.If q = 4, then the map Mn(p; 4) exists only for n = p. In this case In and Oneach is a p-gon, and Mp(p; 4) is the map of a p-gonal prism with quadrangle lateralfaces. Hence, from now on we suppose that q � 5.Consider the part In of Mn(p; q) consisting of p-gons in the inner domain of Rn.Vertices of In have degrees 2 and 3. Let v2 and v3 be the numbers of vertices ofdegree 2 and 3 lying on the common boundary of In and Rn. The vertices of degree2 are end-vertices of edges common to two adjacent q-gons. Obviously, there arev2 = n such vertices. Let x be the number of interior vertices of In.We are interested especially in maps Mn(p; q) such that In and On each is apath of p-gons. We say in this case that Mn(p; q) has two paths of p-gons.Now we apply results of [1] to the map In. The boundary of In generatesa p-gonal boundary sequence studied in [1]. Each p-gonal sequence has the forma = a1a2:::ak, where k is the length of the sequence a. Here ai is the number of1



vertices of degree 2 between the tails ti and ti+1. Namely, the tail ti is an edge ofIn having exactly one end-vertex (of degree 3) on its boundary.Hence we havek = v3 and kXi=1 ai = v2: (1)Note that if p = n, then there is a degenerate case, when one of the domainsIn and On or both (p-prism) may consists of one p-gon. In this case v3 = 0, whatimplies k = 0. The corresponding p-gonal sequence a is degenerate also.Similarly, let v02, v03, x0 be the numbers of the corresponding vertices of the outerdomain On. The boundary of On generates a boundary sequence of length k0 = v03.Of course, we have v02 = v2 = n; v03 + v3 = (q � 4)n: (2)The equalities (1) and (2) implykXi ai = n; k0Xi a0i = n; k + k0 = (q � 4)n: (3)We call the sequence a0 the q-complement of a, and vice versa. A sequence a iscalled self q-complemented if a0 is obtained from a by shifting or/and reversing.Theorem 1 For p; q � 4, a map Mn(p; q) may exist only for the following valuesof the parameters n, p and q.A If q = 4, then n = p and Mp(p; 4) is the map of a p-prism.B If q � 5, then p � 7, and if p � 6, then q = 5. Besides1) if p = 7, then n � 28 and unique M28(7; 5) has two paths of 7-gons;2) if p = 6, then all existing maps are four M12(6; 5) and one of them has twopaths of hexagons (see Figure 1);3) if p = 5, thena) if q = 5, then there exist only two maps M6(5; 5) and one M5(5; 5), allthree realizing the dodecahedron;b) if q = 6, then n � 10, and all existing maps are: M5(5; 6), two mapsM6(5; 6), M8(5; 6) and (with two paths of pentagons) M10(5; 6) (see Figure 1);c) if q = 7, then n � 20 and all existing maps are (except of undecided case17 � n � 19) following nine: M4(5; 7), M10(5; 7) and (with two paths of pentagons)M20(5; 7) (see Figure 2), and (from [3], see Figure 3) 4 maps M12(5; 7), 2 mapsM16(5; 7);if q � 8, then if a map Mn(5; q) exists, it has not paths of pentagons, andthe following maps exist: M2(5; 10), M3(5; 8) and M4(5; q), for any q � 2; 3(mod 5),but not for q = 9;4) if p = 4, then n � 4 and all existing maps are: M2(4; 8), M3(4; 6) and (withtwo paths of q � 3 quadrangles) M4(4; q) for any q � 4;5) if p = 3, then there exist exactly two maps M2(3; 6) and M3(3; 4), where thelast map is the special case p = 3 of A.Proof. The case A was described above. Consider the case B.We use the Euler relation v � e + f = 1 for numbers of vertices v, edges e andfaces f of In. We have v = v2 + v3 + x, 2e = 2v2 +3(v3 + x), pf = v2 +2v3 +3x =v2 � v3 + 3(v3 + x). Substituting these values in the Euler relation, one get2v2 � (p� 4)v3 + (6� p)x = 2p:A similar equality is valid for On. Summing them and using (2), we get((4� p)(q � 4) + 4)n+ (6� p)(x+ x0) = 4p: (4)2



Consider at �rst the case p � 7. Rewrite (4) as follows:(p� 6)(x+ x0) = (4� (p� 4)(q � 4))n� 4p:Since p � 6 > 0 and x + x0 � 0, one has 4 � (p � 4)(q � 4) > 0. For p � 7, thisinequality holds only if q = 5 and p = 7. For these values p and q, the equation (4)takes the form x+ x0 = n� 28:So, no map Mn(7; 5) exists for n < 28. For n = 28, x + x0 = 0. Hence if a mapM28(7; 5) exists, then I28 and O28 consist each of a path of heptagons. In fact, suchmap exists and it is unique for n = 28.Now we consider the case p = 6. In this case (4) takes the form(12� 2q)n = 24:Hence 12 � 2q > 0, i.e. q < 6. Since q � 5, we have q = 5 and n = 12. Thereexist four maps M12(6; 5), and only one of them has two paths of hexagons. (SeeProposition 9.1 of [2].)The case p = 5 is the most rich case. Now (4) takes the formx+ x0 = 20� (8� q)n: (5)For q < 8, this equality restricts n, since x+ x0 � 0.Now we will use Table 1, which is Table 3 of [1] extended by the sequencesof length k = 9. For given n and q, we inspect pentagonal sequences of lengthk � 12 (q � 4)n and such that Pk1 ai = n. Call such a sequence feasible. We seekfeasible sequences having pentagonal q-complements. At right of a feasible sequencewe give in parentheses the map related to this sequence.Consider at �rst the case q = 5. The equality (5) gives n � 6. But nowMn(5; 5)is a partition of the plane into pentagons. There exists only one such partition andit is the dodecahedron. It can be realized as one map M5(5; 5) with a degeneratedsequence a, and two maps M6(5; 5), one with the self 5-complemented sequence 222and another with the sequence 2121 and its 5-complement 33.Table 1. Pentagonal sequences of length k at most 9.k n n =Pk1 ai, pentagonal sequences2 6 33 (M6(5; 5))3 6 222 (M6(5; 5))4 6 2121 (M6(5; 5))7 31305 5 11111 (M5(5; 6))6 211207 302206 2 100100 (M2(5; 10))3 101010 (M3(5; 8))4 110110 (M4(5; 7))5 2011106 202020 (M6(5; 6)) 210210 (M6(5; 6))7 3012108 311300 3103107 4 20011005 20102006 21012007 30112008 3102200 30203008 4 20002000 (M4(5; 8))6 30011100 210021007 30102100 300202008 31012100 30103010 (M8(5; 6)) 220022009 31113000 31103100 310130109 5 3000110006 300102000 2100120007 3010120008 310112000 310021100 301103000 2200121009 311022000 310203000 310022010 30030030010 311002201 3



Let q = 6. The equality (5) takes the form x + x0 = 20 � 2n. Hence n � 10.One has to consider feasible pentagonal sequences of length k � n. For 2 � n � 10,we �nd the following feasible pentagonal sequences:n = 5, k = 5: 11111. It is a self 6-complemented sequence giving M5(5; 6).n = 6: for k = 2; 3; 4; 5 we �nd the feasible sequences 33, 222, 2121, 21120, re-spectively. (Note that the 5-complement of 222 is pentagonal giving a mapM6(5; 5)of the dodecahedron.) For k = 6, we �nd two feasible sequences 202020 and 210210(both are self-complemented), giving two distinct maps M6(5; 6).For n = 7 all feasible sequences have no pentagonal 6-complement.For n = 8 there is unique feasible sequence 30103010 of length 8, which is self6-complemented and gives the map M8(5; 6).For n = 9: the 6-complement of unique feasible sequence is not pentagonal.If n = 10, then x + x0 = 0. There exists a map M10(5; 6) having two paths ofpentagons. It is unique for n = 10.Let q = 7. The equality (5) takes the form x+ x0 = 20� n. Hence n � 20. Wehave to consider feasible sequences of length k � 32n. For n = 2 and n = 3 thereare no feasible sequences. Hence maps Mn(5; 7) do not exist for n � 3 .For n = 4, Table 1 shows that amongst of all sequences of length k � 6 thereis unique feasible sequence, namely 110110, This sequence is self 7-complemented.Hence in this case both maps I4 and O4 are isomorphic and contain 8 pentagonseach. We obtain the map M4(5; 7), starting the sequence M4(5; 5t+ 2).For n = 5, Table 1 shows that amongst all sequences of length k � 7 there are 3feasible sequences 11111, 201110 and 2010200. But the 7-complements of all thesesequences are not pentagonal. So, there is no map M5(5; 7).For n = 6, Table 1 gives 11 feasible sequences, but the 7-complements of allthese sequences are not pentagonal.There exist M10(5; 7) with pentagonal sequence bb for b = 3010010; its 7-complement is pentagonal sequence bb for b = 21001001.Harmuth ( [3]) checked by computer all maps Mn(5; 7) with n � 16. He got sixnew maps (four with n = 12 and two with n = 16); see them on Figure 3. Amongstthem, only 3rd and 4th have In 6= On. The 4th map M12(5; 7) has non-periodicpentagonal sequence, other �ve have it of form bb.Note the extremal case n = 20. In this case k + k0 = 60. There exists a feasibleself 7-complemented sequence of length 30. This sequence has the form bb, whereb = 300100101011011. The inner and outer maps I20 and O20 of the map M20(5; 7)are isomorphic. In this case x = x0 = 0 and v3 = v03 = 32n = 30. Hence each ofthem consists of a path of f = 1 + 12v3 = 1 + 12v03 = 16 pentagons. This map isunique for n = 20; its symmetry is S4.If q � 8, the equality (5) gives no restriction on n. There exist maps M3(5; 8),M2(5; 10), corresponding to pentagonal self q-complemented sequences with param-eters (k; n) = (6; 3); (6; 2), respectively. Moreover, there exist mapsM4(5; q) for anyq = 5t + 3 � 8 and q = 5t + 2 � 7. They have self q-complementary sequencesbb with b = 20:::0 (5t � 2 zeros) and b = 110:::0 (5t � 4 zeros), respectively. The�rst is a decorated (not on the 4-ring) map M4(4; 5t+3); the second is a decoratedM4(4; 5). See the smallest case t = 1 (i.e. q = 7; 8) of those maps on Figure 2; thelarger ones come by repetition of their In; On t times. One can check non-existenceof M4(4; 9), using that its sequence a should be of form bb (since it period divides4) and has k = 10 (since Table 1 has no needed sequence with n = 4 and k � 9 ork0 � 9).Let p = 4. In this case (4) takes the formn = 4� 12(x+ x0);4



that implies that n � 4. An inspection shows that there exist the following mapsM2(4; 8); M3(4; 6); M4(4; q); q � 4:Since x+ x0 = 0 for n = 4, the inner and outer domains of the map M4(4; q), eachconsists of a path of q � 3 quadrangles.The map M4(4; q) can be obtained from the prism Mp(p; 4) for p = q as follows.Select a 4-gon Q in the ring Rq of Mq(q; 4) and put in Q new q� 4 edges parallel toedges of Q common with the two q-gons. Then Q will be replaced by a path of q�3quadrangles. The two 4-gons, which were neighboring to Q, became q-gons thatform a ring of four q-gons together with the old two q-gons. (The dual of M4(4; 5)is the map of snub dishpenoid; its faces are 12 regular triangles.)Now, consider the last case p = 3. In this case (4) takes the formx+ x0 = 4� 13qn:It implies that qn � 12 and qn is a multiple of 3. Since q � 4, only two pairs(n; p) = (2; 6) and (n; p) = (3; 4) are possible. Both corresponding maps M2(3; 6)and M3(3; 4) exist with isomorphic In and On. 2Clearly, Mn(p; q) has two paths of p-gons if and only if x + x0 = 0 and suchpaths consist of n�4p�4 p-gons. So, in this case (4) implies n = 4p4�(p�4)(q�4) and(p; q) = (5; 6); (5; 7); (6; 5); (7; 5); (3; 6). Any such map comes from M4(4; n�4p�4 + 3)by addition of n� 4 edges on the 4-ring.Corollary Besides two in�nite sequences of maps: Mp(p; 3) and M4(4; q), thereare only 5 maps Mn(p; q), having two paths of p-gons: M2(3; 6), one of 4 mapsM12(6; 5), M10(5; 6), M28(7; 5), M20(5; 7) (see Figures 1,2).2Remarks:(i) Maps Mn(5; 6) and Mn(6; 5) are instances of fullerenes, known in OrganicChemistry; they are 9 maps (of cases B2) and B3)b) of Theorem 1) given on Figure1. In notation Fm(Aut), stressing their number of vertices (carbon atoms) and themaximal symmetry, those 9 maps are: F36(D2d), F44(D3d), F48(D6d), F44(D2) andF30(D5h), F32(D2), F40(D2), F32(D3d), F36(D2d).The 4 simple polyhedra with only 4- and 6-gonal faces and at most 16 vertices,correspond to 4 maps M4(4; 4);M6(6; 4) (4- and 6-prisms) and M3(4; 6);M4(4; 6).The 26 maps Mn(p; q), given here (which are not covered by families Mp(p �3; 4),M4(4; q � 4),M4(5; q � 2; 3(mod 5)) are: 3 maps of the dodecahedron, 5 smallmapsMn(p; q) (with (n; p; q)=(2; 3; 6), (3; 4; 6), (2; 4; 8), (3; 5; 8),(2; 5; 10); see Figure2), 9 fullerenes and 9 azulenoids (a chemical term for the case fp; qg = f5; 7g). Allundecided mapsMn(p; q) are either other azulenoids (Mn(7; 5), n � 29, orMn(5; 7),17 � n � 19), or, prior to [5], other fulleroids (a chemical term for the case p = 5)Mn(5; q) (with q � 8, n � 4).[5] gave new constructions of fulleroidsMn(5; q) for n = 8; q � 1; 4(mod 5); q � 9(by S.Madaras) and four cases (by R.Sotak): 1) n = 6; q � 0; 1; 4(mod 5); q � 10, 2)n = 10; q � 0(mod 10); q � 20, 3) n = 14 + 4k; q = 10; k � 0, 3) n = 12 + 4k; q �2; 3(mod 5); q � 17; k � 0. So any even n � 0 and any q � 4 are realized (separately)by some map Mn(5; q), but amongst impossible pairs (n; q) there are, for example,(4; 9), (n; 6) for n > 10, (n; 7) for n > 20 and, using [4], (n; q � 0(mod 10)) for oddn. All known Mn(p; q) with odd n are, besides of prisms Mn(n; 4) with odd n, themap M3(4; 6) and 3 maps M5(5; q) with q = 4; 5; 6. There is a Mn(5; 10) for eachn � 2(mod 4) (except of undecided case n = 10) and an in�nity of maps Mn(5; q)for any n � 0(mod 4) and for n = 6; 10. The number of Mn(5; q) with �xed q is�nite for q � 6, but it is in�nite for q = 10 and q � 2; 3(mod 5); q � 17.(ii) Examples of two maps having the same graph G of p-gons in In, are:M3(4; 6), one of 2 M6(5; 5) (for G = K3); M2(4; 8), the second M6(5; 5) (for5



G = K4 � e); M5(5; 6), M5(5; 5) (for G being 5-wheel); one of two M6(5; 6), one offour M12(6; 5) (for G = K3�2 �K3).The maps, given here (except of M5(5; 5), one of two M6(5; 5), M10(5; 7) and3rd, 4th M12(5; 7) from Figure 3) are self-complementary (i.e. they have isomor-phic domains In and On) since the corresponding p-gonal sequences are self q-complemented. Suppose, without loss of generality, that In contain no more p-gonsthan On. Then exceptional maps M5(5; 5), M6(5; 5), M10(5; 7), M12(5; 7) have (thegraph of p-gons in In) G = K1;K2, P0;1;:::;9+ (1; 3)+(2; 4)+(5; 7)+(6; 8), P0;1;:::;9+(0; 2)+(7; 9), P0;1;:::;9+ (1; 3)+(2; 4)+(7; 9).All p-gonal sequences of the maps in the paper (except of non-periodical one for4th map on Figure 3) are: either 222222 (for a M12(6; 5)), or 11111 (for M5(5; 5)and M5(5; 6)), or of form bbb (with b = 1, 10, 2, 20, 31 for 5 maps M3(4; 6), aM6(5; 5), M3(5; 8), M6(5; 6), a M12(6; 5)), or of form bb (including b = 1, 10, 100,110...0, 20...0 (with any number of zeros), 21, 210, 321, 411, 3010, 30101, 3010010).Clearly, the period divides n and indicates the maximal symmetry of correspondingpolyhedron.(iii) Denote by Mkn(p; q) k-valent analogs of maps Mn(p; q), i.e. k-valent (p; q)-map, such that q-gons form a simple circuit. Unique map M4n(p; 3) is the mapM42p(p; 3) of p-gonal antiprism; all M4n(3; 4) are 3 maps with n = 4; 6; 8, which aredecorations of cube, octahedron and rhombic dodecahedron, respectively.The only k-valent planar graphs, admitting more than one map Mkn(p; p), arethe dodecahedron and the icosahedron. The dodecahedron has three maps: with(n;G) = (5;K1); (6;K2) and (self-complementary one) with (6;K3). The icosa-hedron has six maps M5n(3; 3): with (n;G) = (9; P1), (10; P2), (11; P3) and (self-complementary ones) with (12; P4), (12;K1;3), (10; C5).(iv) Denote by Mn1;:::;nt(p; q) any 3-valent planar map, consisting of p- and q-gons only, where all q-gons are organized into t; t � 2; rings of length n1; :::; nt � 3.We found 3 in�nite families (ofM3;3(6; 4),M6;6(6; 5),M3;3;3;3(6; 5)) and 30 sporadicmaps: 3 fullerenes (M3;3(5; 6),M5;5(5; 6),M3;6(5; 6)=M3;9(6; 5)), 15 azulenoids (12Mn1;n2(5; 7), M3;3;3;3(5; 7), M3;8;3(5; 7), M6;9;3(5; 7)=M3;15;12(7; 5)) and 12 mapsM3;:::;3(p; 4) with (t,p)=(4,7),(4,8),(4,8),(4,9),(6,10),(8,9),(8,9),(8,12),(12,11),(12,11),(16,13),(20,15).(v )For n = 2; 3 only the maps M2(p; 2p) and M3(p; 2p� 2) for p = 3; 4; 5 exist.The maps with n = 2 are not polyhedral: two 2p-gons have two edges in common.The maps M2(p; 2p) with p = 3; 4; 5 have symmetry D2h; two maps from Figure1 have symmetry D3d (namely, fullerenesM12(6; 5) andM6(5; 6), which are the �rstand the last in the right column). Those �ve maps are only centrally-symmetricones amongst the maps of Figures 1 and 2. They can be folded on real projectiveplane: the ring of n q-gons became M�obius band from n2 q-gons, which is glued, bythe boundary circle, with a disc of (the half of original) p-gons.
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Figure 1: All fullerene maps Mn(p; q) (i.e. with fp; qg = f5; 6g): four mapsM12(6; 5) and �ve maps Mn(5; 6) with n = 5; 6; 10; 6; 8.
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Figure 2: Four azulenoids (M4(5; 7), M10(5; 7), M28(7; 5), M20(5; 7)), two(5; 8)-maps (M3(5; 8), M4(5; 8)) and M2(4; 8), M2(5; 10), M3(4; 6), M2(3; 6).
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Figure 3: azulenoids Mn(5; 7) from [3]: 4 with n = 12 and 2 with n = 16.References[1] M.Deza, P.W.Fowler, V.P.Grishukhin, Allowed boundary sequences for fusedpolycyclic patches, and related algorithmic problems (to appear)[2] M.Deza, V.Grishukhin, l1-embeddable polyhedra, in: Algebras and Combina-torics, International congress ICAC'97, Hong Kong, Springer-Verlag, SingaporePte. Ltd. 1999, 189{210.[3] T.Harmuth, personal communication, June 2000.[4] J.Malkevitch, A survey of 3-valent 3-polytopes with two types of faces, in:Combinatorial Structures and Their Applications, Proc. of Calgary Conference1969, ed.R.Guy et al. (1970) 255{256.[5] R.Sotak and S.Madaras, personal communication, September 2000.
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